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Le développement et la modélisation de l’essai de torsion libre

W.F.VAN IM P E , Soil M echan ica l D epartm ent, S ta te  U n ivers ity  G hent, B e lg ium  

M .VAN  D E N  B R O E C K , Soil M echan ica l D epartm en t, S ta te  University, G hent, B e lg ium

SYNOPSIS : The evaluation of the response of soil deposits under seismic loading conditions requires 
mainly the determination of a dynamic shear modulus and damping characteristics. A wide variety of 
procedures, including laboratory and field tests have been used before. Free torsion pendulum tests 
are easy-to-perform low-cost tests, compared with other procedures as resonant column devices. They of 
course have their specific application domain as far as the range of amplitudes is concerned. The 
purpose of this paper is to present on the one hand the new developments of this test device at the 
Ghent State University and on the other hand to analyse some recent test results for the dynamic 
shear modulus in comparison with the domain of such modulus obtained by other laboratory and field 
test devices.

1 INTRODUCTION

In 1973, Prof. Zeevaert established the prin
ciples of the free torsion pendulum. A modified 
free torsion pendulum apparatus iras also built 
years ago by Prof. Van Impe at tlie Soil Mecha
nical Department of the Ghent Scate University 
(RUG) (Van Impe 1977). Recently, here sone mo
difications of the original equipment were per
formed (Van den Broeck & Van Impe 1928). Also, a 
micro-computer, equiped with an analog to digi
tal converter was connected to control the whole 
testing procedure and to store the various 
readings.

A testing soil sample with a radius of R =
+ 50 mm and a height of h = + 200 mm, covered by 
a rubber membrane is installed under drained con
ditions in a slightly adapted conventional tri- 
axial cell (fig. 1). In this cell the soil sample, 
caught by an upper and a lower plate with small 
lamellae (fig. 1 ), is subjected to an estimated 
confining pressure 0 C and an inner back pressure 

This set-up condition is represented by the 

"fixed base" model shown in figure 2. The lower 
plate and so the base of the specimen too is at
tached rigidly to a large mass. This end is cal
led the passive end plate. The upper or active 
end plate can be attached later on with the exci
tation device (the horizontal arm). The mass and 
rotational inertia of the active end plate and 
all rotating parts of the vibration excitation 
device connected and moving with it is well known. 
The sample is allowed to consolidate freely un
der the applied hydrostatic confining pressure 
oc . Due to the lamellae, no slip between the 

plates and the sample can occur.
After primary consolidation, the vibration ex

citation device - a heavy weight horizontal arm 
provided in the centre with a vertical hollow 
torsion shaft (0O = 25.4 mm; 0^ = 4 mm; length 1 =
2 0 0  mm) - is installed symmetrically on the axis 
of the active end plate of the sample. Due to 
the special construction of the mentioned torsion 
shaft (length, diameter, a gear-wheel shaped lo
wer part with conical plug) and also due to the 
specially conceived upper plate (a symmetrical 
identical gear-wheel shaped gap), it always re

mains possible, only after consolidation to con
nect the arm rigidly to the soil sample without 
any slipping (fig. 1, 3). Normally, the tests 
are performed after primary consolidation. The 
whole of the weight (horizontal arm, measuring 
device, torsion shaft, upper sample plate and 
air pressure chamber and the rotating parts) is 
well-balanced to prevent any or excessive axial 
stress or compressive failure of the specimen.

S t e e l  w i r e  f o r  b a l a n c i n g  t h e  

r o t a t i n g  p a r t s  o f  t h e  a p p a r a t u s

C o u n t e r  w e i g h t s  

P  t o r  t h e  r o t a t i n g  

p a r t s  o f  t h e  a p 

p a r a t u s

Figure 1. Lay-out of the test equipment.
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vi br at i on devi ce 
r i gi dl y connect ed 

t o act i ve pl at e

act i ve end pl at e ( f r ee end)

soi l  sampl e

passi ve end pl at e ( f i xed end)

Figure 2. Model of the free torsion pendulum 
device.

D E T A IL  S K E T C H

Spring

Figure 3. Detail of the frictionless bearing.

By changing this counter-balance weight a non
isotropic consolidation can be applied. However, 
in the literature, the influence of deviatoric 
stresses at consolidation has been reviewed many 
times and was found to be very small and certain
ly much less important to the shear modulus and 
damping in soils than the effective mean princi
pal stress. This is the reason why we mostly only 
apply an ambient isotropic consolidation stress.

In order to avoid important damping caused by 
the equipment itself, other special devices are 
developed in the Ghent-type free torsion pendu
lum. For a full-detailed description reference 
can be made to previous papers.

For testing, the horizontal very stiff arm is 
given a small well-known impulse, allowing the 
system (soil sample and all rotating parts of the 
equipment) to vibrate freely. The response of the 
elastic behaviour of the grain skeleton is assumed 
to produce a damped oscillating vibration which 
can be accurately measured through the horizontal 
arm displacement measuring system (fig. 1). Out 
of theoretical considerations it can be shown 
that the period of this vibration depends on the 
square of the mass polar.

2 TEST PROCEDURE AND MODELING

Assuming elastic deformations of the soil sample 
during such damped oscillating vibration, out of 
the measured free oscillating vibration ( fig. 4-a) 
the dynamic shear modulus of elasticity G(jyn can 
be derived.

bj

s p r in g = k

h A / W W W W - t

d a s h  p o t :  c

Figure 4. Typical result and corresponding rheo- 
logical model.

The derivation and discussions of the governing 
equations (Van Impe 1977, Van den Broeck & Van 
Impe 1988) is omitted here ; so we briefly can 
repeat :

,, 2
2 h

Jdyn
1  -

HR
(la)

with J (a)

(s)

»! 4(a)
(s)

the mass polar moment of inertia of 
the equipment oscillating parts 
the mass polar moment of inertia of 
the sample and equipment oscillating

^ " the undamped natu
ral circular fre
quencyd, (a) 

(s)
/ 1 - D 2

(a)
(s)

d, (a) 
(s)

(a)
(s)

the average period of the measured 
damped vibration (fig. 4-a)

Ma)
(s)

+ 4tt ■

(a)
(s)

2 tt

the damping ratio (for oscillating 
vibrations with small values for
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Out of the dynamic shear modulus G^yn of elas
ticity, the wave velocity v^ can be derived as :

dvn (lb)

with P =  the bulk density of the soil sample.

For each soil sample, three different confining 
pressures a c are applied during the complete test. 
These ambient stresses normally correspond appro- 
ximatively to 1, 2 and 4 times the natural in situ 
effective mean principal stress. After primary 
consolidation for each of the confining stresses 
a number of free torsion tests were performed 
with different values of the initial deformation

0 R
amplitude ^o,s with ^o,s = — °J^ '—  , the maximum 

shear strain amplitude at the periphery of the 
sample (9o s : the initial angular distortion of 
the whole system at the active end-plate). The 
figure 5 shows some results of free torsion tests 
on a silty soil sample taken at a depth of 4. 50 m - 
4.70 m.

For each initial amplitude 6 0  s a damped oscil
lating vibration is measured ancl a corresponding 
mean logarithmic decrement As and mean damped pe
riod T(j s are derived. Out of these values the 
dynamic shear modulus G<3 yn and the shear wave 
velocity v̂ - for the corresponding maximum shear 
strain Ymax are obtained. On figure 6 an example 
of such analysis is given, showing the shear mo
dulus G£yn and the shear wave velocity vt as a 
function of the maximum shear strain at varying 
consolidation stresses.

From numerous studies about the damping nature 
of soils it appears that soil damping is largely 
hysteretic (Hardin 1965, Palaniappan, 1978). If 
one refers to the classical viscous damping model 
(constant spring k in parallel with constant dash- 
pot c) hysteretic damping is characterized by a

variable damping coefficient c = —jj— . A fully 

satisfactory mathematical model is not yet avai
lable to simulate such behaviour. In the case of 
cyclic loading at given circular frequency io , 
equation mx + cx + kx = f can be particularized to 
this frequency. This is not possible for a tran
sient motion where frequencies vary. By lack of 
any meaningful differential equation for hyste
retic damping, time integration will be performed 
by approximating the hysteretic damping by viscous 
damping, which requires the values of shear mo
dulus G(jyn and the damping coefficient C. Deter
mination of C is not obvious. The only known 
quantity from free torsion test results is the 
damping coefficient c of the single degree of 
freedom system.

Bc,1 w  = 2 4 .9  %  v  = 9 2 . 2 %

; the average logarithmic 
Jn+ 1  1 decrement of the measured 

oscillating vibration 

: a peak amplitude of the measured vi
bration = shear strain Y at the pe
riphery of the sample (fig. 4) = 
maximum shear strain in the sample : 
v
max

= radius of the sample 
= height of the sample

are referring to the corresponding 
value, valid for the apparatus it
self (a) and the sample-apparatus sys
tem (s), respectively.

ps 265
2 1 5 8 .9  q

C'1 1 8 . 6 4 - 5 -  t 9 . 6 8 3 2 c m 3  
I*

■- 1  = 0 . 6 8 5

Ts (= 3.31 Nm s e c 2 ) 2 ; i  
— ---------------= Kc i = 71.52 kNsec^/mz

n  0  c,1

3 2  h
c,1

Figure 5. Example of a test on silty soil.

The value of c is expressed as a function of C,

2 h
A

and as a function of the damping ratio D = — ; 

the mass m of the sample and all rotating parts ; 
and G^yn , as :

c = 2D . /IT Tm (3)
dy n

One could use the viscous damping model, known 
as the Voigt or Kelvin-Voigt model and the clas
sical rotational dynamic equation of motion for 
a single degree of freedom system : J s 9 + cs$ + 
g s 6 = f for the schematical configuration of 
figure 2. If Ja , the mass polar moment of inertia 
of the equipment at the top of the sample is much 
higher than the mass polar moment of inertia of 
the sample Jp, as in the case for the free torsion 
pendulum, the variation of the angular rotation 0 

along the specimen axis becomes nearly linear to 
obtain almost uniform strain distribution through
out the length of the sample. If the apparatus 
spring constant ga (of the torsion stiff rod) is 
large compared to the spring constant gp of the 
sample, or for the schematical model of fig. 2 , the 
system spring constant gs equals

9 = G T T  yp 2 h
(4)
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Cur ve f i t t i ng:  Vf  = a + b' ^n^ os

c, 3 =46. 0 kN/ m2

c.2 =23. 0 hN/ m2

° c,1 '  11-5 k N/ m2 °

1. 5*10' '

I ni t i al  shear  st r ai n i n r ad.

JC150

I ni t i al  shear  st r ai n y 0 s i n r ad.

cal symmetrical plane. The static torsional ri

gidity matrix coefficients are integrated nume

rically. Inertia of the rotating parts is handled 

by a fictitious plate on top of the sample with 
fictitious elastic properties and identical glo

bal inertia. A torsional moment is introduced by 

means of a linearly distributed pressure on top 

of the sample.

Figure 6 . Results of shear wave velocity from 

the torsion pendulum test.

In such case, the solution of the differential 

motional equation above may be written in the 

form ert (in which r is a constant) and is a 
function of the value of c, according to whether 

this value is larger or smaller than the critical 

damping,

c . . = 2 / g J = 2J ii (5)
c n t  rs s s s

The torsional wave in the free torsion pendulum 

test propagates along the vertical z-axis and pro

duces only angular distortions perpendicular to 

the wave propagation. Only as long as such dis
placements remain small, radial and vertical dis
placement can be neglected and the only non zero 
strain is the shear strain Y  = ^ez"

The discretization of the global dynamic system 
(sample + all rotating parts of the equipment) by 
finite element method leads to the matrix equation 
of motion :

[ X I ( 0 > + [cj (0) + Q G  (0) = (f) (6)

This system of equations is solved by the fre
quency analysis method. Each term is expanded in 
a Fourier series. The method was first applied to 
equivalent systems for which analytical solutions 
already were available and correspondence between 
analytical and frequency solution was found to be 
excellent. The interpretation of the results of 
such systems enabled us to determine the influence 
of some parameters as the natural frequency ws 
and the number of harmonics taken into account in 
the theoretical infinite summation.
The one-dimensional finite element program TORSIN 
simulates as described in Storrer, Van den Broeck, 
Van Impe (1986) the free torsion vibration of an 
axisymmetric linear visco-elastic solid. Eight- 
nodes quadratic elements were used in the verti

3 CONSIDERATIONS ON THE TEST RESULTS

Several free torsion pendulum tests were perfor
med in the laboratory on undisturbed silty soil 
samples. Results of such tests are gathered on 
figure 7 presenting the variation of the real mo
dulus G(jyn and the shear wave velocity v̂ - as a func
tion of the confining effective stress with boun
dary values of the maximum shear strain as varying 
parameter. In figure 7 some physical properties of 
the various undisturbed soil samples are shown. 
All data presented on figure 7 show the importan
ce of the influence of strain amplitude and state 
of stress on the shear modulus. In the literature 
(Hardin & Black 1968) it has been shown that for 
normally consolidated soil the variation of the 
dynamic shear modulus G(jyn with the state of stress 
(effective mean principal stress) tends towards :

Gdyn = F ■ °c'5’ Those considerations are mostly 
based on resonant column devices. Out of the re
sults in figure 7, such relationship is not very 
well fitting for the free torsion pendulum test 
results presented here ; even a rectilinear re
lationship in semilog scales sometimes shows a 
better correlation coefficient than the power curve.

Mean ef f ect i ve pr i nci pal  st r ess oc i n kN/ m2

Figure 7. Results of free torsion tests as a func
tion of the mean effective stress.
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Each of the measured G<jyn and damping ratio D 

corresponds to an average shear strain (in the 

sample) and assumes that soil has a linear be
haviour within the shear strain domain. In reali

ty due to the non-linear behaviour of soil those 

values in fact only depend on the real local shear 

strain y . The question arises to which strain 

the values of G(jyn and D should be related. In 

the case of torsional motion on a solid sample 
the local shear strain in each cross section va

ries from zero along the axis of rotation to a 

maximum Y max at the perimeter of the specimen.
For a non-linear material behaviour, the local 
shear strain Y doesn't change linearly with the 
radius, while the local shear stress t can do. 
This phenomenon also will affect the p-value. As 
long as displacements remain small only y = Y g z  

shear strain exists and as long as the linearity 
principle holds this strain y will change linear
ly with the radius of the sample. In this case, 
as stated by Hardin and others the average shear 
strain for each cross section occurs at a radius 
equal to two-thirds the radius of the specimen. 
Weighed with respect to the mass this leads to 
an average value ya calculated for a circular 
cross-strain given by :

strain to ij, ( 1  + a e
-b(Y. :,r>) with

P with p = (7)

According to some authors (Van Cauteren 1987) 
it is nevertheless more logic to weigh the shear 
strain with respect to the moment of inertia :

Y =

giving :

nR
Y r 2 d ¡2 with y max R (8 a)

with p = O.i (8 b)

It is also, after Parton-Taylor, possible to 
take into account the energy principle :

Gn<l ( y  ) =  G £ ( y  ) +max max

d G
( W

d  y .
( 9 )

with nl = referring to the non-linear soil be
haviour

and i. = referring to the equivalent linear 
soil behaviour.

I
If we assume now an equation for G ^ jyn  ( y  ) 

such as :

G, = a + b £n y 
dyn max

( 1 0 )

within the domain (p Ymax, Ymax) the value of p 

for G1  (Ymax) = Gn i (P Ymax) is given by :

in (—  ) = 4 "  or p = 0. 779 (11)
p 4

This value agrees rather well with the value 
p = 0 . 8  as mentioned before.

On the figures 6 and 7 the values of G and v̂ - 
are plotted with the maximum shear strain Y m a x  

as parameter. From back calculations and numeri
cal analyses a p-value was tried out for these 
results of the free torsion pendulum test. Values 
for G(jyn and D were plotted as a function of Y m a x .

It was tried out to fit to this set of results 
the well-known Hardin-Drnevich hyperbolic stress 
strain relation established for resonant column 
tests (Van den Broeck S. Van Impe, 1988).

As already stated by Hardin the assumed hyper
bolic functions for G (Y ) and D (Y) are not in 
accordance with the real deformation behaviour 
of soils. Therefore he proposed to scale the shear

Ymax,r ,d
Yh = a hyperbolic shear strain, a and b parameters to 
be determined out of a set of test results (Drnevich, 
Hardin, Shippy 1978). However such results were 
obtained based on resonant column tests where the 
number of cycles was large (N > 100). As shown by 
A. Gusman (1986) and for the range of strains high
er than the elastic threshold strain (y| s 1 0 ~3%), 
such as some of the strains applied in free tor
sion pendulum tests, the relationship for a few 
cycles cannot be expected to fit the same hyper
bolic relationship. As it is often the case in 
resonant column tests the strains are close to 
the elastic threshold value where there appears 
to be no difference between the moduli for diffe
rent numbers of cycles.

Out of the results of the free torsion pendulum 
tests on silty soil with G and D as a function of 
Tmaxi UP to now, a rather good correlation better 
than simple hyperbolic equations was obtained by 
means of a simple logarithmic curve fitting :
Gdyn = a + b In Ymax.

As already mentioned, from back calculations 
and numerical analyses, it could be seen from our 
tests that there is no significant scatter in the re
sults if Y is taken as y = pYmax with p = 0.5. The 
value of p = 0.5 seems to be in accordance with 
what was found by R. Bellotti et al. (1988) for 
the interpretation of the modulus G from self-bo
ring pressuremeter tests in sand for strains ten
ding to the plastic deformations and certainly 
above the elastic "threshold" strain Yt s 1 0 ” *•

Laboratory research (Dobry et al. 1980) has 
shown that below an elastic "threshold" shear 
strain Yt the soil behaviour is approximately 
isotropic and linear elastic. Below a shear strain 
of about 1 0  5 the shear modulus is practically 
constant and equal to the maximum shear strain 
Graax. This elastic threshold shear strain is in 
agreement with the data reported by Hardin (1969, 
1972) and by Whitman, Holt and Murphy for resonant 
column tests. Those data show that for a value of 
the shear strain of 0.25 . 10-1* the shear modulus is 
within about 3 % of the value Gmax at zero strain. 
Above the elastic threshold strain the soil be
haviour is non-linear elastic with some "micro
plasticity" until a plastic "threshold" shear 
strain is reached. Above this plastic threshold 

strain (s 6 to 1 0  . 1 0 — 5) , the elastic-plastic 
soil behaviour starts.

Out of the mentioned considerations it must be 
expected that the value of p will decrease with 
increasing shear strain y.

Out of results of the free torsion pendulum 
test and fixing y  as a fraction of Y m a x  ( Y  = P Ymax)' 
non-linear laws for G ( y ) and D ( y ) are obtained. 

With these laws as input to TORSIN, one has tried 
to match the linearized experimental results : pe
riod T and logarithmic decrement A . Although re
sulting from a non-linear computation the calcu
lated result does not differ in a significant way 
from the "linear" visco-elastic form Ae_“t COs (bt); 
i.e. characterized by a period and constant loga
rithmic decrement, giving a single value for G 
and D. The fact that the non-linear behaviour does 
not affect significantly the global response is 
probably due to the high ratio between the iner
tia of the rotating parts of the apparatus itself 
on the one hand and that of the sample on the other 
hand.

As a conclusion of the discussion about the va
lue of p to be taken into account for purposes 
of comparisons or compatibility, the shear strain

2
domain with p = -j— for the free torsion pendulum
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test is compared with the domain of other test 

procedures as given by Ishihara (1971) and Sil
ver M.L. (1984) and is shown on figure 8 .

Shear

st r ai n
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Figure 8 . Range of applicability for the free 
torsion pendulum test.

Finally, to compare the quality of the free 
torsion pendulum for measuring dynamic soil pro
perties, the table prepared by M. Silver (1981), 
indicating the relative quality of different lab
oratory techniques, is completed with our results 
of the free torsion tests (Table I).

The Gdyn-value can be obtained with a suffi
cient high accuracy, while the material damping 
determination is only fairly well derived, be

cause the logarithmic decrement only interferes 
in a second order in equation (la) as far as the 
damping remains small compared to the critical 
damping, equation (5).

4 CONCLUSIONS

Free torsion pendulum tests are easy-to-perform 
and low-cost tests, compared with other procedures 
such as resonant column devices. Attention must 
be paid to the determination of damping ratio.

It is important for the derived G and D values 
to determine an average value for the shear 
strains on the cross section if comparisons must 
be made with other test device results. Out of 
the numerical simulation it became possible, 
using the free torsion pendulum test results, to 
obtain the non-linear variation of shear modulus 
and damping ratio. Multiplying the maximum dis
tortion by a factor of 0.5 and introducing G (y) 
and D (y ) from the test results used as input to 
a finite element program, the user can analyse 
thoroughly this type of laboratory test results 
and evaluate quite well the non linear behaviour 
of soil deposits under seismic loading.

The Ghent-type pendulum will be equiped 
now with a vibration excitation device (electro
magnetic) in order to assure also, if needed, a 
steady-state (sinusoidal) torsional vibration.
In this way it is possible to construct a forced 
torsion pendulum and to determine the (lowest) 
resonant frequency of the single-degree-of-free- 
dom system to obtain shear modulus, damping coef
ficient, influence of the number of cycles, etc.., 
as it is the case with the resonant column test 
device.
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