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Group effect for laterally loaded piles in sand 

Effet de groupe pour des pieux chargés latéralement dans les sables

F.HAAHR, Soil Mechanics and Foundation Engineering, Technical University of Denmark, Lyngby, Denmark

B.HANSEN, Soil Mechanics and Foundation Engineering, Technical University of Denmark, Lyngby, Denmark 

K.PETERSEN, Danish Geotechnical Institute, Lyngby, Denmark

SYNOPSISt Group effect for horizontally loaded piles in sand ie normally taken into account by means 
of linear elastic approaches (Foulos and Davis 1980, Randolph 1981). Those approaches are compared 
with more accurate calculations, by means of the flow net method as well as finite element analysis 
using a non-linear elastic soil model. Finally a comparison has been made with results from cen
trifuge model tests with flexible fixed-headed piles in sand.

1 EXISTING THEORIES

Several authors have published different methods 

for handling group effect for laterally loaded 

pile groups. One of the best known is the method 

based on interaction factors, first published 

by Poulos in 1971, and modified in 1980.

1.1 Two-pile interaction

It is convenient to express the additional dis

placement at the pile head in terms of the inter

action factor a , the ratio of the additional 
p

displacement caused by adjacent pile to the dis

placement of pile caused by its own loading.

There are different values of a for various
/>

conditions of loading and head fixity. Poulos 

presented a wide range of charts for their evalu

ation (Poulos and Davis 1980), as function of 

pile length, the spacing between the piles (s), 

departure angle ( 0) and the properties of the 

pile and the soil.

Randolph (1981) suggested empirical formulae 

for evaluating interaction factors (free-head 

pile and shear load)i

o® - 0.2,c (Ep/Gc )1/7(f)(l + cob»;) (1)

and

t1 ------ b r n 't  ' for ” 1/3 <2>
f (27a ) p

v p ‘

where the factor pc gives the degree of homogene

ity, equal to 1.0 for a homogeneous soil and 0.5 

for a soil where the stiffness is proportional to

the depth; Ep is the equivalent Young's modulus 

of the pile, given by

Ep = (®l)p/(»d /64) (3)

(El)p being the flexural rigidity of the pile; 

Gc is the value of the parameter G at a depth 

of half the critical length lc given by

1„ = d (E /G ) c 1 p c '
2/7

(4)

and

G = G(1 + 3l//4) (5)

In (5) G is the shear modulus and v Poisson's 

ratio of the soil.

Based on centrifuge tests with model piles, 

Barton (1982) modified (1), for the spacing ra

tio s/d > 2, to

- 0.4„c (Ep/Gc)1/7(f)2(l + cos * fi ) (6)

For a free-head pile subjected to moment only, 

the corresponding interaction factor (accord

ing to Randolph 1981) is given by

M
(?)

Equations (1) - (7) faciliate the evaluation of 

the interaction factors and their inclusion in

to computer programmes.

1.2 Pile group interaction

An extension of the analysis for two piles to 

the case of a four-pile group has revealed that 

the principle of superposition can be applied 

to a pile group (Poulos 1980). Consequently, it
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la reasonable to extend the uae of the super

position principle to the analysis of the dis

placement and rotation of any general pile group 

subjected to lateral load and moment.

For example, for a group of n fixed-head piles 

subjected to horizontal load and moment, the la

teral displacement, at the soil surface, for a 

pile 1 in the group is, by superposition,

_ TH H „ tM M m 
'i " ZP “ij Hj ' Zp “ij “j (8)

where

IH , IM = elastlc-influence factors for dls- 
p p

placement caused by horizontal load and moment,

for linearly varying E .
s

H M
“ij' “ij " valueB ap ^or a free-head pile

subjected to horizontal load (H) only or to mo

ment (M).

Hi “ jHM ^ijpj
(12)

For a fixed-head group in which each pile dis

places equally p  ̂ (the group displacement), 

equation (12) may be reduced to

Hi ■ 5  ¿ij “ Ho ; ^ij

p

(13)

where HQ is the lateral force on a single pile 

for a deflection of ¿>Q .

Hansen and Haahr (1984) defined the group ef

fect factor f^ as

(14)

f^ being a group-effect factor for pile No. i 

in the group.

From equations (13) - (14) a relation between 

f^ and is obtainedi

H H 
aij = “ij

1 , for 1 = j.

As the moment M, at the soil surface, for a 

fixed-head free-standing pile is expressed by 

the lateral load H (Haahr 1986), equation (8) 

may be modified to the simple relation

_ THM HM „ 
-  I o, j Hj

’ij j
(9)

where

THM (1 + a) I*;

tm  ,th ,h .
L» (Ig - V  

" (I ? + a" )p  '  e s ’

( 1 0 )

H . „ M 
al 1 + aal 1 
1 + a

HM 

“ij

= elastlc-influence factors for ro-

ij

2 THE FLOW NET METHOD

(15)

Figure 1. Cylindrical pile in elastic soil layer.

tation of an embedded pile caused by horizontal 

load and moment, for linearly varying Eg .

A1?, A*? = elastlc-influence factors for ro-
6 )

tation of the free-standing restrained pilesec- 

tion above the soil surface.

Defining as

U J -  [-??]" (11)

the lateral force H^ may then be expressed as 

follows, using equation (9)i

The displacement field in the soil layer, the 

reactions on the pile, and the group effect be

tween piles can be estimated by means of an ap

proximate method, the so-called flow net method 

(Hansen 1973, Hansen and Haahr 1984).

In thiB method the basic assumption is that 

all displacement vectors in the soil are paral

lel. For a laterally loaded pile, displaced in 

the x-direction, this means that the displace

ment field is decribed completely by the func

tion ux (x,y,z).

The elastic soil properties are characterized
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by the modulus of consolidation M and the earth 

pressure coefficient at rest CQ together with 

the shear modulus Gi

G = MF (1 - C0 )/2 (16)

If C can be assumed to be constant, the trans-
o

formationi

xx = xF, yĵ  = y, z^ = z, M^ = MF (17)

reduces the equilibrium condition in the x-di- 

rection to«

,  flu

ü 5 r < M i7* r > +  =  0  ( 1 8 >

» aux n aux 
t £-( Miy.'“lay 8 z,

This equation can be solved by separation of va

riables. If the transformed pile section is ap

proximated by a circle with radius rQ, the pro

blem is axi-symmetric and the solution to (IB) 

can be written*

Difi(rl)9i (zl) ' rl ° X1 + yl (19)

It follows that p can be written in a way cor

responding to (21)«

pfz^ = 2irroM1 r C^sln (23)

where

Ci = Di°iKl(oiro )

K1 is the modified Bessel function of the second 

kind and first order.

The total deformation work in the soil is gi

ven by«

rd

W = J0 P(zl)u(zl)ôzl = *roMl f  AiCi (24)

From this a mean subgrade reaction km (kpa) can 

be defined byt

km J n u2<zi)*zi = w

? AiCi
k = nr M. i--=--
m 0 1 Z A?

(25)

For a constant M^ in a soil layer with a rigid 

boundary at z1 = 0 and a free surface at z1 » 

d, the functions f^ and g^ become«

fi (ri) - K0(“iri>

g1(z1) = sin aLz1

( 2 0 )

Except for the special case, = 0 for i > 1, 

p(z^) will not be proportional to u(z^). km 

will typically be of the same order of magni

tude as M.

For a group of piles the displacement field 

ux may k® found by superposition«

K is here the modified Bessel function of theo
second kind and zeroth order.

For a single pile the boundary condition for

(19) is that the pile deflection u(z^) is a 

known function of z^. This function may be ex

pressed as a series of the same form as (19) -

(20). Agreement for r^ - rQ then requires«

u(z1) - : Aĵ  sin ô Zĵ

Di Ko<“iro>

* DiKo<°iro>Bln "izl

(21)

for all values of 1.

It can be shown that the reaction from the 

soil on the pile, p(z^) (force per unit of pile 

length), is given by«

Pt^) - 2»r M.
o 1

au

8r,
( 22 )

ux = * Z DmiKo<°irm>sin “izl
1 m

(26)

where m = 1. .. N represents a summation over N 

piles, and rm is the distance from pile No. m 

to the point in question. The boundary condi

tion corresponding to (21), valid for each of 

the N piles, now becomes«

ni
(27)

r_is the distance between the piles No. m andinn
n. If m - n, r_ = r « The radius of pile No.

mn on c
n. (27), which represents N linear equations in 

the N unknown quantities for each value of 

1, can be used even if the N piles have differ

ent radii r and different modes of displace-on c
ment.

The soil reactions on the individual piles can 

be found by using (23) for each pile with the 

coefficients as found by (27). If Cn^ are 

the coefficients found in this way for a pile
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in the group, and are corresponding coeffi

cients (same A^) for the pile regarded as a 

single pile, then the group effect on the pile 

may be expressed as the ratio:

f = —  = 
n W

(28)

For the entire group the total group effect ft 

can be defined correspondingly, the enumerator 

and the denominator in (28) being summed each 

over all N piles. If all piles have the same 

value of r and also the same deflections u(z,)
O ' 1 '

this reduces toi

3 MODEL TEST RESULTS

(29)

Randolph 1981 and Barton 1982).

4 FINITE ELEMENT ANALYSIS

In order to make more accurate calculations of 

the interaction between piles within a group, a 

3-dimensional finite element program 'PLANET' 

(Hinton and Owen 1980) was modified to take into 

account a non-linear behaviour of the soil. This 

non-linear E-modulus variation of the soil was 

revealed by the centrifuge tests on laterally 

loaded model piles in dry sand by means of an 

asymmetrical load distribution in a symmetrical 

pile group (Haahr 1986, 1987 and 1988a). Hence 

the following expression for a more general and 

realistic soil model was implemented in the F.E.- 

program 'PLANET'i

All centrifuge tests were carried out at an ar

tificial gravity of 75 times the gravity of the 

earth. The model piles were made of aluminium 

tubes (outer diameter: 16 mm and inner diameter: 

10 mm), closed at the pile tip and with a length/ 

diameter ratio of 24.3. For a more detailed de

scription of the loading equipment, see Haahr 

(1987) .

The model piles were founded in a uniform ho

mogeneous deposit of dry fine dense sand (aver

age grain diameter d^g = 0.22 mm and uniformity 

coefficient dgg/d^ = 1.61). The sand displayed 

a density of 16.9 kN/m3 with a relative density 

Dr " 0.85 at an average void ratio of 0.56.

From back-calculation of the test results, 

concerning single piles, it is possible to find 

the variation of E0, given by N^ when assuming 

an E-modulus proportional to depth (Es = N^z). 

Tests carried out on rigid model piles have been 

used for estimating a parabolic E-modulus vari

ation of the soil to be used as input to the 

finite element analysis.

For a horizontal displacement pG = 0.2 mm of 

the pile cap, group-effect factors are calcu

lated from the centrifuge tests using equations 

(14) and (29) and compared with the factors 

evaluated using the above mentioned theories 

and equations (15) and (29).

In this paper only a 3-pile configuration has 

been analyzed (f i = 0° and s/d = 2). Haahr 

(1988a) has compared test results from 2-, 4- 

and 5-pile configurations with results found by 

analytical solutions (Poulos and Davis 1980,

[ 5]
(30)

where Eq and are reference values at the pile 

tip for E-modulus and mean stress respectively, 

?0 = (o^ + aj + o'3)/3f the actual mean stress 

for the soil at the sampling point in question 

and a a dimensionless factor (0 £ a £ 1 ).

Figure 2. View of the F.E.-model of the 3-pile 

configuration showing node numbering and pile 

node numbering of the 20-nodes isoparametric 

elements.

In figure 2 a schematic view of the F.E.-model

ling for a 3-pile configuration is shown. A net 

of 96 elements was chosen and parametic studies 

performed to find reasonable element sizes for 

a realistic displacement distribution of the

4 3 0
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Figure 3. Normalized E-moduli behind the pile 

as a function of the horizontal pile top de

flection p.

Figure 4. Normalized E-moduli in front of the 

pile as a function of the horizontal pile top 

deflection p.

Table I. Comparisons of group effect factors based on different theories, F.E.-analyses and centri

fuge tests.

Variation of

E -modulus 
8

: i*

Analytical calculations

Elastic behaviour

Poulos

(1980)

Randolph

(1981)

Barton

(1982)

Hansen

(1988)

F.E.-analysis Centrifuge
tests

Non-linear elastic

Haahr

(1988)

Haahr

(1986)

0.62

0.35

0.62

0.53

0.69

0.50

0.69

0.63

0.77

0.45

0.77

0.66

0.60

0.40

0.60

0.53

0.62

0.44

0.62

0.56

0.61

0.43

0.61

0.55

0.62

0.44

0.62

0.56

0.71

0.47

0.55

0.58

0 . 8 8

0.67

0.65

0.73
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nodes and node reactiona at the boundaries of 

the element net.

5 DISCUSSION

Some results from the F .E .-analysis are plotted 

in figures 3 and 4 showing the variation of the 

non-linear E-modulus (equation (30)) distribu

tion with depth and as a function of the pile 

top deflection p,  partly behind the pile (figure

3) and partly in front of the pile (figure 4).

Ae revealed by figure 3, for a negative mean 

stress 0̂  the corresponding E-value is set to 

zero, indicating that tensile stresses in the 

soil are impossible.

From Table I, where different group effect 

factors are shown, it is obvious that none of 

the pure elastic methods are capable of simula

ting true unsymmetrical interaction as revealed 

by model tests. However, F.E.-analyses, taking 

into account a non-linear elastic E-modulus, re

sults in unsymmetrical group effect factors for 

a symmetrically loaded pile group.

6 CONCLUSIONS

A number of interesting features have been found 

from the 3-dimensional F.E.-analysis with the 

program 'PLANET' attempting to simulate pile 

group interaction, by using a non-linear elas

tic soil model. The results of this analysis of 

pile group interaction can be concluded as fol

lows i

(1) The modified program 'PLANET' can be used 

for calculation of group effect for small pile 

goups (< 4 piles) using a linear elastic soil 

model (constant, proportional with depth or a 

parabolic variation). The results from these cal

culations are comparable with results based on 

more analytical theories.

(2) For the first time a non-linear elastic 

F .E .-analysis has been performed to estimate 

realistic group effect factors for a laterally 

loaded pile group.

(3) The analyzed pile group (3 piles, p = 0° 

and s/d = 2) showed a non-linearly elastic beha

viour as found by model tests in the centrifu

ge, though the extent of the group effect is 

still overpredicted by F.E.-analyses, as for 

other pure elastic analyses.
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