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L im it a n a ly s is  fo r  c ra c k e d  a n d  la y e re d  s o ils  

L’analyse limite des sols fissurés et stratifiés

A .F L O R K IE W IC Z , P oznan  Techn ica l Univers ity, P oznan, Poland 

Z .M R Ô Z , Ins titu te  o f F u ndam enta l T e chn o lo g ica l R esea rch , W arsaw , Poland

SYNOPSI S:  The  me t h o d  o f  l i mi t  a n a l y s i s  i s  a p p l i e d  t o a p r o b l e m o f  a r i g i d  f o u n d a t i o n  o n  c r a c k e d  a n d  

l a y e r e d  s o i l .  Th e  k i n e ma t i c a l l y  a d mi s s i b l e  f a i l u r e  me c h a n i s m i s  c o n s t r u c t e d  a n d  u p p e r  b o u n d  t o  l i mi t  

l o a d  i s  s p e c i f i e d .  Th e  p r e d i c t e d  v a l u e s  o f  l i mi t  l o a d  a g r e e  f a i r l y  we l l  wi t h  a v a i l a b l e  e x p e r i me n t a l  

d a t a  .

1 I NTRODUCT I ON

Th e  p r o b l e m of  e v a l u a t i n g  l i mi t  l o a d  f o r  a f o ­

u n d a t i o n  r e s t i n g  on  c r a c k e d  or  l a y e r e d  s o i l  i s  

of  f o u n d a me n t a l  i mp o r t a n c e  f o r  e n g i n e e r i n g  d e ­

s i g n .  Ho we v e r ,  d e s p i t e  e a r l y  s o l u t i o n s  of  t h i s  

p r o b l e m f o r  a h o mo g e n e o u s  s o i l  ( Pr a n d t  1920 ;

Hi l l  1 9 5 0 ) ,  t h e  e f f e c t i v e  and  o c c u r a t e  me t h o d s  

o f  s o l u t i o n  f o r  c r a c k e d  a n d  l a y e r e d  s o i l s  a r e  

s t i l l  n o t  a v a i l a b l e .  So me  a t t e mp t s  t o u s e  s t a ­

t i c  ( l o we r - b o u n d )  a p p r o a c h  t o t h i s  p r o b l e m we r e  

p r e s e n t e d  by  Ry c h l e ws k i  ( 1 9 6 6 ) ,  St r o g a n o w 

( 1 9 7 1 )  a n d  Gi r o u d  ( 1 9 7 1 ) .  I n v i e w of  d i f f i c u l ­

t i e s  a s s o c i a t e d  wi t h  g e n e r a t i n g  a n a l y t i c a l  s o l u ­

t i o n s ,  s o me  e mp i r i c a l  f o r mu l a s  a r e  u s e d  f o r  t he  

a s s e s s me n t  of  l i mi t  l oad .

I n  t h i s  p a p e r ,  t he  k i n e ma t i c  a p p r o a c h  wi l l  be 

p r e s e n t e d  a n d  t h e  p r o p e r  f a i l u r e  me c h a n i s ms  

wi l l  be  c o n s t r u c t e d .  The  a s s o c i a t e d  v a l u e s  of  

t h e  l i mi t  l o a d  wi l l  b e  o b t a i n e d  by  e q u a t i n g  t he  

i n t e r n a l  r a t e  o f  d i s s i p a t i o n  t o t he  r a t e  o f  

e x t e r n a l  wo r k .

2 KI NEMAT I C APROACH TO L I MI T  ANAL YSI S

Th e  t h e o r e ms  o f  l i mi t  a n a l y s i s  a r e  b a s e d  on t he  

a s s u mp t i o n  o f  a r i g i d - p l a s t i c  ma t e r i a l  mo d e l  

a n d  t h e  a s s o c i a t e d  f l o w r u l e .  The  u p p e r  b o u n d  

t h e o r e m b a s e d  on a k i n e ma t i c a l l y  a d mi s s i b l e  

f a i l u r e  me c h a n i s m i s  t h e n  v a l i d  ( s e e  Ch e n ,

1 9 7 5 ;  I z b i c k i  a n d  Mr d z ,  1 9 7 6 )  a n d  wi l l  be 

a p p l i e d  i n t h i s  p a p e r .

Wi t h i n  p l a s t i c  d o ma i n ,  t he  y i e l d  c o n d i t i o n

f(5ij) = 0 ( i)

a n d  t he  a s s o c i a t e d  f l o w r u l e

. *>0 (2)
dOjj

o c c u r  at  e a c h  ma t e r i a l  p o i n t  u n d e r g o i n g  p l a s t i c  

f l o w.  He r e  6j j  . a n d  ¿¡j  a r e  s t r e s s  a n d  s t r a i n  

r a t e  t e n s o r s ,  X > 0 i s  a p l a s t i c  mu l t i p l i e r  s p e ­

c i f i e d  i n t e r ms  o f  t he  s t r a i n  r a t e .  I n s o me  c a ­

s e s ,  t h e  f a i l u r e  me c h a n i s m i s  c o n s t r u c t e d  of  

r i g i d  d o ma i n s  s l i d i n g  o v e r  e a c h  o t h e r  a l o n g

t h e  v e l o c i t y  d i s c o n t i n u i t y  s u r f a c e s .  The  v e l o c i ­

t y  d i s c o n t i n u i t i e s  a l o n g  t h e s e  s u r f a c e s  i n n o r ­

ma l  a n d  t a n g e n t i a l  d i r e c t i o n s  a r e  d e n o t e d  by  

[Vn]  and  [ V t ]  . As s u mi n g  t he  c o n t a c t  l i mi t  c o n ­

d i t i o n  a l o n g  t h e  d i s c o n t i n u i t y  s u r f a c e  i n 

a f o r m

f ( 6 n , T n )  =  | T n | - 5 n t g i p * C  ( 3 )

Wh e r e  6 n  and  T n  a r e  t h e  n o r ma l  a n d  t a n g e n t i a l  

c o n t a c t  s t r e s s  on  t he  d i s c o n t i n u i t y  s u r f a c e ,  

wh e r e a s  C a n d  if d e n o t e  c o h e s i o n  a n d  t he  f r i c ­

t i o n  a n g l e .  Th e  a s s o c i a t e d  f l o w r u l e  ( 2)  t h e n  

p r o v i d e s

IV"1=-x l s r =>,OT ■ M1= x

and  t h e  v e l o c i t y  d i s c o n t i n u i t y  v e c t o r  [ V ]  i s  

n o w i n c l i n e d  at  t h e  a n g l e  if t o  t h e  d i s c o n t i ­

n u i t y  l i ne .  The  k i n e ma t i c a l l y  a d mi s s i b l e  f a i l u ­

r e  me c h a n i s m c o mp o s e d  of  r i g i d  b l o c k s  s h o u l d  

s a t i s f y  t he  c o n d i t i o n  of  p o s i t i v e  i n t e r n a l  d i s ­

s i p a t i o n  r a t e  and  t he  e x t e r n a l  wo r k  r a t e .  The  

s p e c i f i c  d i s s i p a t i o n  r a t e  a l o n g  t he  d i s c o n t i ­

n u i t y  l i n e  p e r  u n i t  l e n g t h  i s  p r o v i d e d  by  t he 

f o r mu l a

DS=c [ V] c OSt p  ( 5)

and  t he  t o t a l  d i s s i p a t i o n  r a t e  s h o u l d  be  i n t e ­

g r a t e d  a l o n g  a l l  d i s c o n t i n u i t y  l i n e s .  The l i mi t  

l o a d  mu l t i p l i e r  i s  o b t a i n e d  f r o m t he  e q u a l i ­

t y  of  e x t e r n a l  wo r k  a n d  i n t e r n a l  d i s s i p a t i o n  

r a t e s

X K {P iV P id s  ♦  j G i VGjd v = D t = S D ? l i ( 6 )

S  v 1

wh e r e  Pi  a r e  e x t e r n a l  l o a d s  s p e c i f i e d  t o wi t ­

h i n  a mu l t i p l i e r  , G j  a r e  t he  b o d y  f o r c e s ,  

Vpj  , V &  a r e  t he  v e l o c i t y  c o mp o n e n t s  a l o n g  

Pj  a n d  G j  , a n d  D*  , a r e  t h e  s p e c i f i c  d i s ­

s i p a t i o n  r a t e s  a n d  l e n g t h s  of  p a r t i c u l a r  d i s ­

c o n t i n u i t y  l i n e s .
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3 L I MI T ANAL YSI S OF A CRACKED SOI L

I t  i s  q u i t e  c o mmo n  t o e n c o u n t e r  a c r a c k e d  s o i l  

or  r o c k  f o r  wh i c h  a p a r a l l e l  s e t  of  d e n s e l y  

d i s t r i b u t e d  c r a c k s  e x i s t .  Th i s  s e t  i mp o s e s  a 

a n i s o t r o p i c  s t r u c t u r e  on  s o i l  wi t h  s p e c i f i c  

we a k  o r i e n t a t i o n  a l o n g  wh i c h  t he  p r e f e r r a l  s l i p  

ma y  o c c u r .  L e t  us  c o n c e n t r a t e  on  a r i g i d  f o o t ­

i ng  p r o b l e m a n d  p r e s e n t  a p r o p e r  mo d i f i c a t i o n  

o f  c l a s s i c a l  s o l u t i o n .

3 . 1  Mo d e l  of  a c r a c k e d  s o i l

Th e  s o i l  i s  d e f i n e d  by  i t s  s p e c i f i e  we i g h t  y  , 

c o h e s i o n  c  a n d  a n g l e  of  i n t e r n a l  f r i c t i o n  

As s u me  t h a t  t he  s e t  o f  p a r a l l e l  c r a k s  i s  i n c l i ­

n e d  at  t he  a n g l e  X  t o  t h e  h o r i z o n t a l  a x i s .

Fi g .  l a,  a n d  t he  ma t e r i a l  p a r a me t e r s  a l o n g  t h i s  

d i r e c t i o n  a r e  c *  a n d  < p * , wh e r e  c *  <  c and  

i p*  <  i p -

i s  r e p r e s e n t e d  by  a s u r f a c e  e a c h  p o i n t  o f  wh i c h  

b e l o n g s  t o a s e t

A  = { R , X , Y  1 R m i n  [ f ( x . v ) . n x . v ) ] }  ( a )

wh e r e

R = 4 [ ( 6 > - 6 y)2 + 4T*y]T tg2v =
L Ox - Oy

( 9)

f  = Xs i r u p  + c c o s i p  , f  =

Th e  c o n d i t i o n  ( 8)  i s  on  i n t e r s e c t i o n  o f  t wo  

c o n t a c t  l i mi t  c o n d i t i o n s  s p e c i f i e d  b y  f * =0  and  

f  =0,  wh e r e

f ’ = | Tn | - 6 n t g ( p ’ - c ‘  = 0 ,  f = | Tn l - 6 n t g i p - C= 0  ( 10)

♦ Xsi ni p* » c' cost p*  

si n( 2x + <p“ -2i t i )

- Fi g u r e  1.  St r i p  f o o t i n g  on  c r a c k e d  s u b s o i l  -  ( a) .  

Yi e l d  c r i t e r i o n  i n X, Y, Z  -  s p a c e  f o r  c r a c k e d  

ma t e r i a l  o f  Tr e s c a  t y p e  -  ( b) .

Th i s  t y p e  o f  ma t e r i a l  c a n  be  d e s c r i b e d  by  t he  

l i mi t  c o n d i t i o n  wh i c h  i n t h e  s t r e s s  s p a c e

X=4-(6x + 5y), Y = 4-(6x-6y), Z = Txy (7)

an d  c o n d i t i o n  f * =0  i s  s a t i s f i e d  a l o n g  t h e  c r a c k  

d i r e c t i o n ,  wh e r a s  f =0  i s  s a t i s f i e d  a l o n g  t he  

Co u l o mb  s l i p  d i r e c t i o n s .  Su c h  c o n d i t i o n s  a r e  

d i s c u s s e d  i n d e t a i l  by  F l o r k i e wi c z  ( 1 9 8 6 ) .

I n Fi g .  l b,  t h i s  c o n d i t i o n  i s  p r e s s e n t e d  i n t he  

s p a c e  X, Y, Z  f o r  a c r a c k e d  ma t e r i a l  o f  Tr e s c a  

t y p e  .

3 . 2  Ri g i d  s t r i p  on  a c r a c k e d  s o i l

L e t  us  n o w c o n s i d e r  t h e  k i n e ma t i c  a p p r o a c h  t o 

t h e  l i mi t  a n a l y s i s  of  a r i g i d ,  r o u g h  f o o t i n g  

o f  wi d t h  B on  a c r a c k e d  s o i l .  The  f o o t i n g  

i s  l o a d e d  v e r t i c a l l y  by  t h e  v e r t i c a l  f o r c e  P.  , 

a n d  t h e  d i s t r i b u t e d  l o a d i n g  q  a c t s  on  s o i l  

on  b o t h  s i d e s  of  t h e  f o o t i n g .  I n v i e w o f  a n i s o ­

t r o p i c  p r o p i e r t i e s  o f  s o i l ,  t h e  c l a s s i c a l  t y p e  

o f  Pr a n d t l  me c h a n i s m wa s  a s s u me d  -  Fi g .  2.

F i g u r e  2.  F a i l u r e  me c h a n i s m o f  s o i l  b e l o w f o o t ­

i ng  a n d  h o d o g r a p h .

The  v a l u e  of  Pk i s  o b t a i n e d  f r o m t he  e x p r e ­

s s i o n  f o l l o wi n g  f r o m t h e  e q u a l i t y  of  i n t e r n a l  

d i s s i p a t i o n  a n d  wo r k  r a t e s :
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PK = . ,  1 Q [Ê îc p iV iC O S iJ i ♦  ¿ C |b i  [ V i c o s  tp *
K Vt COs Qt i  i  ( i l )

-  q b NVN c o s 0 N -  7 ' i : SiV i c o s 9 i ]

Wh e r e  S.  d e n o t e s  t he  a r e a s  o f  N r i g i d  t r i a n ­

g u l a r  b l o c k s  l i mi t e d  by  t he  s i d e s  a^  a n d  b^  

a nd  mo v i n g  wi t h  t he  v e l o c i t i e s  V.  . He r e  [ V^ ]  

a r e  t he  v e l o c i t y  d i s c o n t i n u i t i e s  De t we e n  t he  

r i g i d  b l o c k s .  The  v e c t o r s  V,  a n d  [ V. ]  a r e  

i n c l i n e d  at  a n g l e e  (pj  t o  t he  d i s c o n t i n u i t y  l i ­

nes .  The  ma t e r i a l  p a r a me t e r s  a r e

i f  t h e  d i s c o n t i n u i t y  l i n e s  c o i n c i d e  

wi t h  t h e  c r a c k  d i r e c t i o n ,  

i f  t he  d i s c o n t i n u i t y  l i n e s  a r e  

o r i e n t e d  d i f f e r e n t l y  f r o m c r a c k  d i ­

r e c t i o n  .

Th e  e x p r e s s i o n  f o r  P,  i s  n o w a f u n c t i o n  of  a 

s e t  of  p a r a me t e r s  a,  , b . ,  s o t h a t  ( Xj  = OCi l Oj ,  bj )

Bi  = Ri ( ai , bi )  . Nu me r i c a l  So l u t i o n  wa s  o b t a i n e d  

a s s u mi n g  I3j  = TT/ N a n d  d e t e r mi n i n g  t h e  f i n a l  v a ­

l u e s  of  OL,  t h r o u g h  t he  o p t i ma l i z a t i o n  p r o c e d u r e .  

Ap p l y i n g  t he  g r a d i e n t  me t h o d ,  t he  v a l u e s  o f  Pk 

we r e  mi n i mi z e d  f o r  a l l  v a l u e s  of  d i  and  Qt * = X-  

T + E t t j - 1  s p e c y f y i n g  t he  s t r i p e s  of  r i g i d

b l o c k s  of  Fi g .  3.

F i g u r e  3.  Ex p l a n a t i o n  o f  a o p t i ma l i z a t i o n  p r o ­

c e d u r e  u s e d  f o r  l i mi t  l o a d  c o mp u t a t i o n s .

Th e  f a i l u r e  me c h a n i s m ' so s p e c i f i e d  i s  s h o wn  

i n Fi g .  3 wh e r e  t h e  b o u n d i n g  d i s c o n t i n u i t y  l i n e  

ABDE c o i n c i d e s  p a r t l y  wi t h  t he  c r a c k  o r i e n t a ­

t i o n .  Fo r  o t h e r  c r a c k  o r i e n t a t i o n s  t he  e x t e r ­

n a l  d i s c o n t i n u i t y  l i n e  i s  ABDE.

The  l i mi t  l o a d  v a r i a t i o n  wi t h  t h e  a n g l e  X  

c r a c k  o r i e n t a t i o n  -  i s  s h o wn  i n Fi g .  4.

I t  wa s  a s s u me d  t h a t  8 = 1 , 0  m,  c * / c  = 0,  i p = i p = 0 .  

Ot h e r  e x a mp l e s  a r e  d i s c u s s e d  by  F l o r k i e wi c z  

( 1 9 8 0 )  .

4 L I MI T ANAL YSI S FOR A L AYERED SOI L

No w we  c o n s i d e r  t he  c a s e  wh e n  t he  s o i l  p a r a me ­

t e r s  ma y  c h a n g e  d i s c o n t i n u o u s l y  i n c o n s e c u t i v e  

l a y e r s ,  wh o s e  o r i e n t a t i o n  ma y  be  a r b i t r a r y ,

F i g . 5.

L A Y E R  I

L A Y E R  I I I  

(*3.c3 .ft)

L A Y E R  I I  

( ̂ £.C2 1^2 !

z

F i g u r e  5.  St r i p  f o o t i n g  on  l a y e r e d  s u b s o i l .

Fo r  t h e  c a s e  of  a t wo - l a y e r  c o n t i n u u m t h e  a s s u ­

me d  f a i l u r e  me c h a n i s m i s  t h a t  s h o wn  i n Fi g .  6.

F i g u r e  4.  Re l a t i o n  b e t we e n  a l i mi t  l o a d  and  

c r a c k  o r i e n t a t i o n  x

F i g u r e  6.  Ge n e r a l  f a i l u r e  me c h a n i s m f o r  l a y e r e d  

s u b s o i l  a n d  h o d o g r a p h .

The  p a r a me t e r s  z a n d  t| s p e c i f y  t he  p o s i t i o n  

of  t he  s t r a i g h t  i n t e r f a c e  l i n e  b e t we e n  t he  t wo

l a y e r s .
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The  u p p e r  b o u n d  on  t he  l i mi t  l o a d  i s  s p e c i f i e d  

f r o m e q u a t i o n

P *  =  V i  ¿ o s  8 7  { C 1 C 0 S  <Pi [ ^ ¡ V i  +  ^ J p i V j  ♦  E  t J i t V i . - , ]  ♦  

+ 5 \ b i  -  h i  ) [ V i l i l ]  +  c 2 c o s  < f c ( i  c i j  V i
M +1 M +1

+J 2n [V ,3] ) -  q b NVNc o s 0 N- ^ ( E S i V j c o s 0 ,  ♦  (1 2 )  

♦  S m - i  V m -i c o s  9 m + 1  + J 3 V 'S ’ rc o s 0 '  c o s  0  j )  -

" Ï 2 (Sm»i c o s  0 M*-,+ Î  SjVj c o s  0 | + i s * n V * c o s 0 ‘ J}

Wh e r e  a. ,  b. ,  h . ( a . ,  b. ,  z .r , ) ,  r  . ( a , , b i  , z , T[ ) 

a r e  t h e  g é o mé t r i e  p a r a me t e r s  s p e c i f y i n g  t he  p a r ­

t i t i o n  of  s o i l  o n t o  r i g i d  d o ma i n s  mo v i n g  wi t h  

t h e  v e l o c i t i e s  V,  and  Vf  wi t h  r e s p e c t  t o f i ­

x ed  s o i l  ma s s  l y i n g  o u t s i d e  o f  t he  s l i p  l i ne .  

AMTN.  The  s l i p  v e c t o r s  V.  m a n d  Vf  a r e  i n c l i ­

n e d  at  t he  a n g l e s  0j  a n d  0 *  t o t h e  -  a x i s .  The 

v e l o c i t y  d i s c o n t i n u i t i e s  of  V.  a n d  Vf  b e t ­

we e n  t he  b l o c k s  5,  a n d  Sf  a r e  d e n o t e d  by  

[ V?]  a l o n g  t he  s e g me n t s  b.  or  b - -  h . , by  [ V?]  

a l o n g  t he  s e g me n t s  a n d  by  I V?]  a l o n g  t h e  s e g ­

me n t s  r . , of  Fi g .  6.  L e t  us  n o t e  t h a t  b e c a u s e  

of  d i s c o n t i n u i t y  of  a l o n g  t he  i n t e r f a c e  l i ne ,  

s e c o n d a r y  s l i p  s e g me n t s  r ^  o c c u r ,  wh o s e  d i ­

r e c t i o n s  ma y  c o i n c i d e  wi t h  t h e  i n t e r f a c e  l i n e  

i n s o me  d o ma i n s  , of  Fi g .  5.

The  v e l o c i t y  h o d o g r a p h  i n Fi g .  6 c o r r e s p o n d s  

t o t he  c a s e  wh e n  > l p2 •
The  p r e s e n t  a n a l y s i s  wa s  a p p l i e d  i n p a r t i c u ­

l a r  t o a c o h e s i o n l e s s  s o i l  ( c . = c ? =0)  wi t h  h o ­

r i z o n t a l  i n t e r f a c e  l i n e  ( t \  = 07 , a n d  t h e  r e s u l t s  

c o mp a r e d  wi t h  t h e  e x p e r i me n t a l  d a t a  r e p o r e d  by  

Ha n n a  ( 1 9 8 1 ) .

F i g u r e  7.  Co mp a r i s i o n  of  t h e o r e t i c a l  r e s u l t s  

wi t h  t e s t  d a t a .

I t  s h o u l d  be  n o t e d  t h a t  t he  ma t e r i a l  p a r a me t e r s  

s p e c i f i e d  i n t h a t  wo r k  we r e  t e s t s  a n d  we r e  d i ­

f f e r e n t  f o r  p a r t i c u l a r  t e s t s .  I n Fi g .  7 t he  

t h e o r e t i c a l  p r e d i c t i o n s  we r e  p r e s e n t e d  f o r  t wo 

v a l u e s  of  f r i c t i o n  a n g l e s  i n b o t h  l a y e r s  and  

c o mp a r e d  wi t h  t he  e x p e r i me n t a l  r e s u l t s .

5 CONCL UDI NG REMARKS

The  p r e s e n t e d  k i n e ma t i c  a p p r o a c h ,  c o mp l e me n t e d  

wi t h  o p t i mi z a t i o n  t e c h n i q u e s ,  p r o v i d e s  an e f f e ­

c t i v e  t o o l  i n h a n d l i n g  l i mi t e d  a n a l y s i s  p r o ­

b l e ms  f o r  b o t h  c r a c k e d  a n d  l a y e r e d  s o i l s .  The 

me t h o d  c a n  be  a p p l i e d  t o  a wi d e  v a r i e t y  o f  g e o ­

me t r i c a l  c o n f i g u r a t i o n s  a n d  l o a d i n g  c o n d i t i o n s .
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