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Finite element method approach for collapsing soils 

Methode des éléments finis appliquée aux sols collapsibles

A.N.MIRANDA, Associate Professor, UFC, Fortaleza, Brazil 

D.VAN ZYL, Principal of Welsh Engineering Inc., Denver, USA

SYNOPSIS: This paper describes the incorporation of the unsaturated constitutive relationships that 
take into account the changes in the set of independent variables (a -u ) and (ua-uw > into the fi

nite element method and its use in the evaluation of collapsible soil behavior during saturation. It 
is finally shown how the model can be applied to the analysis of small dams during initial filling.

INTRODUCTION

During first filling of the reservoir, earth dams 
suffer deformations caused by changes in the 
stress within the embankment (Wilson and Marsal, 
1979) . In the recent past, studies attempted to 
explain that those deformations were due to changes 
in the "effective stress" and in the stress-strain 
relationships (Nobari and Ducan, 1972, Lourens 
and Czapla, 1987) . Now, a more complete set of 
independent variables ( a  -u ) and (ua-uw ) is a-

vailable to describe the stress state in unsat
urated soil (Fredlund, 1979). These variables 
were used combined with the finite element meth
od by Miranda (1988) to analyse the behavior of 
small dams (height smaller than 10 meters) dur
ing initial filling. This approach takes into ac
count the changes in ( a  -ua) and (ua_u ) caused

by the transient unsaturated-saturated flow
through the embankment. Constitutive relationship 
that independently account for changes in ( a  _ua>

and (u -u ) are used to define the stress-strain 
a w

relationship (Fredlund, 1979) of unsaturated soils.

STRESS STATE VARIABLES

The stress state variables for unsaturated soils 
are similar to the effective stress in saturated 
soils. The complete stress state at a point of 
an unsaturated soil is represented by two inde
pendent stress tensors (Fredlund, 1979):

where a = the total stress,
ua= the pore-air pressure

uw= the pore-water pressure

t  = the shear stress

FINITE ELEMENT DEVELOPMENT

The finite element program UNSTRUCT (Miranda, 
1988) is intended for the stress-strain analysis 
of a small earth dam under transient saturated- 
unsaturated water flow. Plane-strain condition 
is assumed. UNSTRUCT can calculate the initial 
stress state due to the weight of the embankment 
and the subsequent stress-strain states caused by 
external loads, by change in water content (in
creasing the unit weight of unsaturated soils), 
by collapse of poorly compacted materials, and 
by seepage forces and the hydrostatic thrust in 
saturated zones of the dam.

UNSTRUCT is used to calculate the stress-strain 
states of the embankment at the end of construc
tion, immediately after the reservoir filling, 
and at the end of sequential intervals of time 
after the filling while the transient saturated- 
unsaturated water flow through the dam is taking 
place. This flow is modeled by UNSAT2 (Davis and 
Neuman, 1983) which calculates the development 
of water pore pressure and the water content with
in the embankment over time.
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Constitutive Relationship

Within the unsaturated zone, the program UNSTRUCT 
uses the two variables (a -ua ) and (ua~uw )to rep

resent the state of stress. The effective stress
(o -u ) is used to describe the behavior of the 

w
saturated zone.

In the plane strain condition, the constitu
tive relationship for unsaturated soils (Fredlund, 
1984) are expressed as:
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e = 0  
z 3o" B(a°+va°) A (ua-uw > (5)

where E^= Young's modulus with respect to

(o -ua),

v = Poisson's ratio and
Hi = elastic modulus with respect to

(u -u ) . 
a w

The constitutive relationship for saturated 
soil in plane strain are:

e = —5 -[o -u — v(o + 0  - 2 u )] 
x E x w y z w

e = —= - [ a -u -v(a + 0  - 2 u )] (2 )
y E y w  x z  w

where Es= Young's modulus with respect to 

(o -u) ,

where 6 = a coefficient that relates H with

normal stress (— 5 — = 3 o) and
tl

0 1  ' ° 2 ' 0 3 = pri^ipal stresses in the initial 

of the matric suction change.

Secondly, the strains in x and.y directions are 
calculated by coordinate transformation:

Exo= ~  (E lo+e3o) + ~ T  <E lo + e3o) COS 2X

where

I " (Elo+E3o> - T (Eio+£ao) cos 2X
( 6 )

—*— (£. ) sin 2 \
2 lo 3o

angle between the axes XX and 11.

The elastic modulus E for unsaturated soil is 
u

obtained by interpolation of the elastic modulus
(E ) for soil in the same condition as the mate-
o

rial that would be placed in the embankment and 
the elastic modulus (Eg) for saturated soil (see 
Figure 1) .

E

(l-T^) [
(ua~uw )

(ua - V o

(3)

- 1]+1

where (u -u ) = 
a w o

(ua“uw>

initial matric suction of

specimen used to define Eq

(assumed constant during 
the test) and
matric suction during the 

step of calculation.

The elastic modulus E is obtained from a stand- 
o

ard one-dimensional consolidation test. The spec
imens should be compacted under the same condi
tions as the material placed in the embankment. 
The elastic modulus is calculated using:

E = 
o

(1 + v) ( 1-2 v) 
( 1 — v )

(4)

where a = vertical stress and 
v
e = vertical strain 
v

The elastic modulus E for saturated soil is 
s

obtained through a consolidation test, where the 
specimen is compacted the same way that the ma
terial placed in the embankment would be, except 
that in this case the specimen is soaked before 
the loading.

In order to take into account the anisotropic 
behavior of the elastic modulus H, the strains 
caused by changes in matric suction are first 
calculated for the principal directions using:

Elo= B<o°-va°) A(ua-uw )

TOTAL

STRESS

Figure I: Stress-Strain Relation for Variable 
Matric Suction

The coefficient g is defined by the double 
oedometer test described by Jennings and Knight 
(1957), using:

2  A £

(1-^) v (7)

3v - 2 v+l a (u -u ) 
v a w

where Ae = 
v

the vertical strain corresponding

to the diference between the void 
ratios in unsaturated and satu
rated curves of the double oed
ometer test at the vertical stress 
(a ) where (3 is being calculated.

Defining 3 in this way assumes that the strain 
is linearly related to the suction variation. 
This assumption is corroborated by results ob
tained by Matyas and Radhakrishna (1968) and 
Maswoswe (1985).

Stress-strain Analysis

The stress-strain analysis starts with the stress 
at the completion of construction and continues

626



7/16

through calculation of the stress-strain changes 

caused by the transient unsaturated-saturated wa

ter flow through the dam. In the first situation 
(End of Construction), the loading results only 

from the weight of the embankment.
When water begins flowing through the dam, the 

embankment can be divided in two parts: the sat

urated and unsaturated zones. The effects of the 

flow in these two zones are:
1.strains in the unsaturated zone, caused by 

change in matric suction when the embankment 

presents collapse or swell

2.an increase in the total unit weight of the 

soil in the unsaturated zone, resulting from 

increase of the water content
3.seepage forces and hydrostatic thrust in the 

saturated zone
The strains caused by changes in matric suc

tion when the embankment presents a collapsible 

behavior are calculated as explained before. They 

are handled in UNSTRUCT as self-strains in Hooke's 
law:

D (e +

where _2 = stress vector
D = stress-strain matrix
£ = strain vector
£ = self-strain vector resulting

( 8 )

of

crystal growth, shrinkage, or tem
perature changes (Zienkiewicz , 
1985)

£ = initial stress vector.

The change in total unit weight of the soil 
(Ay) is calculated by:

A y = A9 y (9)

A sample of residual soil derived from gneiss 
was collected from the Borrow Area 1 of Cauipe 
Dam in Municipality of Pacatuba, State of Ceará 
in the Northeast Brazil. Laboratory tests were 
done with this sample to define the set of data 
to run UNSAT and UNSTRUCT programs for two dif
ferent situations:

1. well compacted dams
2. poorly compacted dams
With the results of these tests, the calcula

tions were done to define the stresses at the end 
of the construction, the stress-strain state re
sulting of the water load acting on the upstream 
slope of the embankment immediately after the res
ervoir filling, and the stress-strain states re
sulting of the changes in water content and water 
pore pressure produced by the water flow devel
opment within the dam.

The stress-strain states of well and poorly 
compacted embankments were examined in order to:

1. follow the development of the strains with 
the water flow

2. compare the strains in the two embankments
3. follow the development of stress with the 

water flow
4. compare the stress in the two embankments
5. compare the water pressures and the total 

stresses developed within the ambankments.
The comparison of total principal stresses and 

pore pressures guides the study of cracking. The 
following cracking criterion was adopted: hydrau
lic fracture may occur when at least one of the to
tal principal stresses is reduced to a value less 
than the reservoir water pressure at the same lev
el .

Table I: Development of stresses and pore pres
sures with the water flow advance through the 
poorly compacted dam - element 8

where A0 = change of volumetric water content 
and

y ~ unit weight of water, 
w J

The effect of the water in the saturated zone 
is taken as a body force equal to (Louis, atal., 
1977) :

_F = - gradient uw (10)

The body forces due to changes in the total 
unit weight of the soil, the hydrostatic thrust 
and the seepage force, are distributed among the 
nodes of the finite element mesh used in UNSTRUCT,

APLICATION OF THE PROPOSED MODEL

The model was applied by Miranda (1988) to anal
yze the behavior of small earth dams constructed 
in the Northeast Brazil. In that region, the main 
cause of failure of small homogeneous earth dams 
is the collapse of the embankment during the 
first filling of the reservoir (Miranda, 1974, 
1983) . These dams are constructed with residual 
soil derived from gneiss. It has been observed 
that small dams buit with this soil at the opti
mum water content and compacted to 100 percent 
of the maximum dry unit weight of the standard 
Proctor survive the first filling without cracks 
or at least with no significant cracks. While 
embankments constructed with the same soil at 
its natural water content and poorly compacted 
present many cracks and normally fail by piping.

DESCRIPTION
(°i-ua)
or

foi-uw>

C°3-ua)

or

(° 3-u„)

(°2‘ua)
or

fo 2"uw>

(ua-uw)

or

uw

End of Construction 30.37 12.24 12.78 -5393.85

Immediately after the 
reservoir filling 58.30 35.16 28.04 -5393.85

After the reservoir 
filling :

10 days after 31.83 14.45 8.30 -34.30

20 days after 29.85 9.70 6.24 21.55

30 days after 25.61 3.16 3.01 30.01

40 days after 23.48 1.39 1.84 32.58

50 days after 20.25 -0.52 0.30 35.99

60 days after 17.60 -2.03 -0.95 38.66

70 days after 16.33 -2.63 -1.51 39.76

100 days after 14.08 -4.17 -2.64 42.26

The collapsing behavior of the poorly compact
ed embankment was demonstrated when the stress 
states corresponding tc the different steps of 
the water flow development are analysed. The ef
fects of increasing the water content of an unsat 
urated embankment could be visualized not only 
by examining the displacements, but by observing 
changes in the second (o2) and third principal

(Oj) stresses. These stresses show a marked re

duction with the water flow advance through the
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the dam and present values less than the water 

pressure. For example, note the stresses and pore 

pressures calculated for the element 8 (situated 

in the upstream slope) of the finite element mesh 

for the poorly compacted dam. The principal to

tal stresses (o -ua) before the saturation of

this element and the principal effective stresses 

(o -uw ) after the saturation are presented in Ta

ble I. This table also shows the matric suction
(u -u ) before the saturation and the positive 
a w  r

water pressure (u ) after the saturation of the 
w

element.
In general, the results obtained from the mod

el application are consistent with the observed 

behavior of small earth dams built in the North

east Brazil with residual soil derived from 

gneiss.
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CONCLUSIONS

Analysis of the behavior of unsaturated soil when 
subjected to saturation and loading can be done 
using the finite element method and the complete 
set of independent variables for unsaturated soils , 
(a ~u ) and (ua~uw ). Due to the flexibility of

the finite element method, complex boundary con
ditions, material heterogenity and even material 
anisotropy in respect of permeability can by eas
ily handled.

The application of the proposed model is dem
onstrated by applying it to the analysis of two 
small dams which are poorly and well-compacted, 
respectively. It is concluded that model simu
lates the observed behavior of such dams very 
well.
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