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Constitutive properties and modelling of silty soils 

Les propriétés et la modélisation des sols limoneux
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SYNOPSIS: A brief description of the characteristics of silty soils is presented. Results are given 
from undrained triaxial tests on Swedish silts, which show contractant behaviour at small strains 
whereas the behaviour becomes dilatant close to the critical state. The undrained effective stress 
path then changes direction at the critical state line which will be followed while the shear 
strain increases.

A simple constitutive model was adopted to predict the transitional behaviour. The model, which 
is based on the Cam-Clay concept, includes shear hardening in addition to volumetric hardening. 
Comparisons of predicted and experimental results in the undrained case show a very good agreement, 
in particular with respect to the transitional behaviour represented by a "hook" in the effective 
stress path.

1 INTRODUCTION

In those parts of the world which have experi
enced glaciation or alluviation, silty soils 
or mixtures of silt and sand with a small con
tent of clay are widespread. With respect to 
grain size distribution, silty soils (including 
silt, clayey silt, and clayey sand) can gen
erally be described as a transitional soil 
featuring properties that are pertinent to both 
sand and clay, two materials that have been 
studied extensively in the literature. On one 
hand, silt exhibits plasticity, swelling, sen
sitivity to chemical effects, etc., that are 
typical for clay. On the other hand, it may 
dilate under shearing and, possibly, liquify 
under cyclic loading like sand.

Most reported studies on silt are primarily 
aimed at describing the physical characteristics 
and do not attempt to find the causes for the 
mechanical properties or to establish the macro- 
scopical constitutive relations.

In recent years, an experimental program to 
resolve some of those issues has been undertaken 
at the Soil Mechanics Division at the University 
of LuleS, Sweden. (Borgesson 1981, Borgesson & 
Axelsson 1981, Yu £ Axelsson 1987). In the 
following, we shall first present and discuss 
some results of the pertinent laboratory tests, 
and then predict the undrained behaviour in 
triaxial compression using a simple constitutive 
model.

2 CHARACTERISTICS OF STRESS-STRAIN RELATIONSHIP 
AND STRENGTH

2.1 General

The mechanical behaviour of silty soils are here 
illustrated by laboratory experiments on two 
different types of soils, one of which is undis
turbed. This was taken from the northern Sweden, 
having a density of 1.89 t/m3 and a water con
tent of 36% (on the average). Another soil was

prepared in the laboratory. A special technique 
and equipment were adopted to duplicate the in
ternal structure and the stress state in-situ.

According to this investigation and others 
(Kezdi 1974, Nacci £ D'Andrea 1976), the charac
teristic features of silty soil deposits may be 
summarized as follows:

1. The natural water content is in the range 
30-38%.

2. The liquidity index is well above 1.0, 
whereas the plasticity index is below 10.

3. The high natural water content suggests a 
meta-stable internal structure and high sensi
tivity to disturbance at sampling.

4. In the electrone-microscope the silt par
ticles are seen to be partly in direct contact 
and partly surrounded by clay particles.

e (* )

Figure 1. Stress-strain relationship in un
drained shear for a silty soil from northern 
Sweden.
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Figure 2. Pore pressure development during un- 
drained shear for a silty soil from northern 

Sweden.

2.2 Characteristics of the stress-strain rela
tionship

Typical results from consolidated-undrained 
triaxial tests on normally consolidated or 
slightly overconsolidated samples are shown in 
Figs. 1 and 2. From the curves it is seen that, 
with increasing axial strain e  , the shear 
stress (a -a )/2 is first increasing rapidly 
and then witfi a lower rate until the stress in
crease continues at uniform rate. Even for 
strains up to 15%, most samples did not show 
any peak stress which indicates shear-induced 
hardening characteristics, correspondingly, the 
excess pore pressure in the undrained samples 
increases till a peak value is reached, where
after it drops. This behaviour reveals that silt 
tends to contract at small strains, whereas it 
tends to dilate at large strains. Evidently, 
such characteristics are not the same as for 
clay with a high plasticity index. Furthermore, 
the stress-strain relationship cannot be de
scribed by a simple hyperbolic relationship 
such as in a pseudo-elastic model (Duncan 6 
Chang 1970). We note that the observed prop
erties are consistent for undisturbed as well 
as for laboratory-prepared samples.

A typical effective stress path in an undrained 
test is shown in Fig. 3. It appears that the 
stress path is similar to that of soft clay in 
the stress region below the critical state line. 
However, for silt the stress path changes its 
direction and moves along the critical state

[x102]

P (kPa)

line, which reflects hardening in connection 
with dilatancy. The same phenomenon has occa
sionally been observed for loose sands, (Bishop, 
Webb & Skinner 1965), although less pronounced 
than for silty soils.

2.3 Characteristics of the strength

It is of interest to compare the drained and un
drained shear strength provided the sample is 
sheared for the same confining stress o . From 
Fig. 4 it appears that the peak strength ob
tained in the drained test is approximately 
equal to the maximum shear stress that is 
reached in the undrained experiment at large 
magnitude of strain. Hence, the drained behav
iour shows a much more brittle stress-strain 
relationship than does the undrained, whereas 
the ultimate strength is of the same order of 
magnitude. Typical behaviour of the excess pore 
pressure in the undrained case and the volumet
ric strain in the drained case are also shown 
in Fig. 4.

3 CONSTITUTIVE MODELLING

3.1 Choice of model

In order to solve problems of practical import
ance for example by finite elements, it is 
necessary to predict the soil behaviour by a 
proper constitutive model. From the described 
features of silty soils, it follows that 
neither a model for sand, yet sophisticated 
like that by (Lade 1977), or a conventional 
model for clay, like the Cam-Clay model, can 
sufficiently well predict the essential charac
teristics. Especially the drastic change from 
contractant to dilatant behaviour close to the 
critical state, that is followed by hardening 
in the undrained triaxial experiment, requires 
due attention. This behaviour cannot be pre
dicted by these conventional plasticity models, 
that are based on either pure deviatoric harden
ing/softening or volumetric hardening (Cam-Clay 
models).

Figure 3. Effective stress pathes of two un- Figure 4. Results of an undrained test and a
drained triaxial tests on silt from Alvsbyn. drained test
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In this paper we shall not develop any new con
stitutive model to predict the behaviour of 
Swedish silty soils. Rather, we shall adopt a 
theory based on the Cam-Clay concept but in
cluding volumetric as well as deviatoric harden
ing (Nova 1977, Nova & Wood 1979).

3.2 Assumptions of the constitutive model

We shall briefly summarize the main assumptions 
of the adopted model. For the triaxial stress 
state, the following invariants are used

P = 3 (oi
2o3 ), q

e +
3

2e

( 1 )

( 2 )

The effective pressure and the deviator of the 
effective stress are denoted p and q respective
ly, whereas v and e are the volumetric and de
viator strains. A superposed dot denotes (time) 
rate. In accordance with the basis of plasticity 
theory, we may decompose the strain rate into 
elastic and plastic parts

' e p 
v = v + v , ' e . ’ p 

e +  e c

The elastic parts are defined by

( 3 )

xE
P

(4)

where x represents the slope of the swelling 
line (and defines nonlinear elastic behaviour), 
whereas G is the (constant) shear modulus.

The yield surface is chosen as in the Cam- 
Clay model

from an isotropic consolidation test (where

vp/0, e p = 0 )  and from a test along the CSL (where

vp=0, e ^/O. That no plastic volumetric strain 
will develop along the line n = M is consistent 
with the concept of Critical States and is 
obtained if an associated flow rule is adopted. 
In accordance with evidence given in the lit
erature, (Scofield 6 Wroth 1968, Nancy 1970,
Nova 1977, Nova & Wood 1979), we choose the 
following hardening laws

a P.

a  v

where C

u'
(7)

x and D are material parameters.

The flow rule is choosen to be associated with 
the yield function in (5), i.e.

vp = A. | Î  = X M l n E ,  
ap Pu

e p  = X  =  X ( 8 )  
3q

where the plastic multiplier X is obtained from 
the consistency condition in plastic loading and 
from the relations (5) and (7)

df ,dpu 3f

a f  ■ a f  : 

a p  p  a g  q

a p

( — -  +
u avp ap at

u af

(M In E— )p + q

C _______fu______

M p(M In 2- + D) 
Pu

(9)

From eq. (5) we may eliminate p in (9) to 
obtain

• _ C Mp + pp 
M p(M-n+D)

vp A.(M-n ) ( 1 0 )

f = q + Mp(lnE- -1) = 
pu

(5)

where M is the slope of the Critical State Line 
(CSL) in the (p,q)-space, and where pu defines

the intersection of the current yield surface 
and the CSL, see Fig. 5.

The key ingredient in the present theory is 
the assumption that the hardening parameter pu

depends both on vp and e p , i.e.

3.3 Prediction of the undrained stress path

The undrained condition of incompressibility, 

v = 0, gives with (3), (4) and (10) the relation

xE + C Mp + pn . . . 0 
p M p(M-n+D)

which can be rewritten as

p = p ( vp ,e p ), 
u u

a p  a p

p  = vp + — Ï Ï  E P

u avp 3e p

( 6 )

The partial derivatives 3pu/dvp and 3p u /3e p are 

needed in the flow rule and may be determined

£
P

c ( M - n )

XM( M~n ) + h MD
( i i  :

This equation can be integrated to give the un
drained stress path in the (p,q)-space. However, 
by inserting eq. (11) into (10a) we obtain

E P
M A.(M-n )+xD

( 1 2 )

which can be integrated in straight forward 
fashion to yield

exp( -
Me1

* ( 1T )
( 13)

where we used the initial condition that ep = 0 
when n = 0 .  It is readily concluded that the

(vp,0)
—►—-

Pu Pc' P', vp

Figure 5. Cam-Clay surface
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maximum stress ratio n is approached

asymptotically as e p increases indefinitely

n f  = M > M (14)

Clearly, in order to reach this state, the CSL 
defined by n = M has to be passed.

Predicted undrained stress paths are compared 
with an experimentally observed path in Fig. 9. 
The corresponding excess pore pressure develop
ment versus the shear strain is shown in Fig.
10. In particular, the characteristic "hook" 
at the transition from decreasing to increasing 
effective pressure is predicted. In fact, it can 
be seen from the stress path equation that the 
stress path changes direction at the CSL, i.e. 
when n = M. Hence, the values of M and (or D

if K and k  are known) can be extracted directly 
from the undrained experiment.

-=—». experim ental

-•—»-predicated

----- Cam  Clay Model (jÿj= o )

Despite the frequent occurrence of silty soils 
in many parts of the world, the constitutive 
behaviour seems not to be fully understood. 
Results from undrained triaxial tests on Swedish 
silts show that they exhibit properties that re
semble both sand and clay. For example, at low 
strains the behaviour may be contractant (as for 
normally consolidated clay), whereas for large 
strains strongly dilatant behaviour is observed 
(as for sand).

In order to predict this transitional behav
iour, we have adopted a simple extension of the 
Cam-Clay model that has previously been sug
gested for sand by (Nova 1977). This model in
cludes deviatoric hardening that allows the 
shear stress to increase when the critical state 
is reached. The stress ratio at failure will be 
larger than the slope of the CSL.

The adopted model should be considered a first 
step towards a realistic constitutive descrip
tion of silty soils. Obviously, the next step 
is to extend the model to multiaxial conditions, 
for example by adopting a three-invariant yield 
function, in order to test the behaviour in ex
tension and for more complex stress paths.

4. CONCLUSIONS
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Figure 7. Undrained excess pore pressure versus 
shear strain

Figure 6. Undrained effective stress
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