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S Y N O P S IS :  M ic r o m e c h a n ic a l m e c h a n is m s  o f  fa b r ic  e v o lu t io n  in  g r a n u la r  m a t e r ia ls  a r e  e x a m in e d  w it h  t h e  o b je c t iv e  t o  p r o v id e  q u a n t it a t iv e  

d e s c r ip t io n  o f t h e  e le m e n t s  o f  fa b r ic  r e le v a n t  t o  m a c r o s c o p ic  s t r e s s - s t r a in  r e s p o n s e  o f  g r a n u la r  m a t e r ia ls .  P h y s ic a l id e a s  p r e s e n t e d  in  t h e  

p a p e r  g e n e r a lize  n u m e r o u s  o b s e r v a t io n s  o n  n u m e r ic a lly  s im u la t e d  p la n e  g r a n u la r  a s s e m b lie s . T h e o r e t ic a l r e s u lt s  r e la t e d  t o  d e v e lo p m e n t  

o f  in d u c e d  a n is o t r o p y , m e c h a n is m s  o f  d ila t a n c y  a n d  e n e r g y  d is s ip a t io n  le a d  t o  s t r e s s - s t r a in  r e la t io n s h ip s  fo r  p la n e  g r a n u la r  a s s e m b lie s . 

C o n v e n t io n a l m a c r o s c o p ic  p a r a m e t e r s  s u c h  a s  a n g le  o f  fr ic t io n  a t  c o n s t a n t  v o lu m e  a n d  p e a k  d ila t a n c y  r a t e  a r e  e x p lic it ly  e x p r e s s e d  in  

t e r m s  o f m ic r o s t r u c t u r a l c h a r a c t e r is t ic s . B a s ic  t h e o r e t ic a l r e la t io n s h ip s  a r e  v e r ifie d  o n  t h e  b a s is  o f  n u m e r ic a l e x p e r im e n t s  w it h  p la n e  

g r a n u la r  a s s e m b lie s .

1 IN T RODU CT ION

T he difficulties  in  unde rs tanding the  physics  of granular  mate r ials  
are re lated to the  fact tha t  the  fabr ic  of sands  (i.e. the  ar range ­
me nt of par tic le s ) continuous ly changes unde r  applie d loads . Such 
changes are trace able  in  exper iments  on photo- elas tic disks , nu ­
mer ical s imulat ions  of plane  gr anular  assemblies  and phys ical tests 
on s and in  which the  system of int.erparticle contacts  is  carefully 
monitore d (e.g. Cunda ll and Strack 1979, Od a  1972). T he  ob ­
je ctive  of this  pape r  is to  introduce  quantita t ive  aspects  of fabric  
de s cr iption tha t  are necessary for de rivation of cons titutive  re la ­
t ions hips  for  s ands  from phys ical cons iderations . Although the  
micros copic mechanis ms  discussed in the  pape r are be lieved to be 
of a  general nature , the  mathe matica l aspects of fabric  de scr ip­
t ion are  s implifie d and directed to e xplain the  be haviour  of plane  
assemblies  in  exper iments  without  stress rotations .

2 DE S CRIP T ION  OF  F ABRIC

Pe rhaps  the  easiest way of ga ining a  phys ical ins ight in to  the  na ­
ture  of fabr ic  changes is to monitor  the  to ta l numbe r  of inte rpa r ­
ticle  contacts  in  a  s imulate d ’’biax ia l” test on an assembly of disks 
(Ba thur s t  1985). T he  be haviour  of the  assembly of par ticles  in  this  
nume rical e xpe rime nt features  att r ibute s  of s and response such as 
s oftening and dila tancy (Figure  1). T he  dila tant  be haviour  of the  
assembly leads  to dis inte gration of fabric  manife s te d by the  loss of 
contacts  (Figure  2a). T he  loss of contacts  is or ie ntat ionally non-  
unifor m in  the  sense tha t  contacts  or iented along the  dire ction of 
tens ile s tr ain dis integrate  mos t rapidly while  some contacts  are

Figure  2 (a) Var iation in the  total numbe r  o f contacts  dur ing s im­
ulate d test, (b) Changes  in  the  numbe r  of ve r tical and horizontal 
contacts , (c ) Co n ta c t  or ie ntation dis tr ibution a t  large  s tr ain and 
analy tical approx imation, (d) Compar is on of init ia l and limit ing 
contact or ie ntation dis tr ibutions . T he  s haded area be tween the  

dis tr ibutions  represents  dis integrated contacts .

created in the  dire ction of compressive s train (Figure  2b). As a 
result, the  po la r  dis tr ibution of contact orie ntations  takes a char ­
acte r is tic ’’pe anut” s hape  (Figure  2c). T he  normalize d contact 
or ie ntation dis tr ibution S (8 ) can be  ade quate ly expressed as fol­
lows:

S(<?) =  ^ [ l  + a  cos 2(0- <?„)]  ( 1)

where 0 defines angula r  or ie ntation with respect to hor izontal d i­
rection; a is the  parame te r  de fining the  anis otropy in  contact or i­
entations  and represents the  eccentricity of the  ’’pe anut” in  Fig ­
ure  2c; 90 is  the  direction of anis otropy (ve rtical for the  test in 
Figure  1).

3 DE S CRIP T ION  OF  CONT ACT  F ORCES
4 6 8 10 

shear st rain  (%)

Figure  1 Biax ia l test s e tup and s tress- s train- dilatancy curves. 
Thickness  of lines crossing the  assembly is propor t iona l to ma g ni­
tude s  of contact forces.

Along with the  changes in the  total numbe r  of contacts , inter-  
gr anula r  forces evolve due  to changes in exte rnal loads  and inte r ­
nal geometry. Although the  var iation of forces from one contact 
to  anothe r  is highly irregular , it  is quite  clear tha t  inte rgranular
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forces are  generally higher  on contacts  or iented toward the  major  
pr incipa l stress dire ction (Figure  1). Re gular  trends  in  the  or ie nta ­
t ional dis tr ibution of contact forces can be  observed by averaging 
forces over groups  of contacts  with s imilar  orie ntations . Figure  3a 
illus trate s  the  or ie ntat ional his togram of normal components  of 
contact forces averaged over contacts  with normal vectors  fa lling 

within 10 degree or ie ntational intervals. The  dis tr ibution of ta n ­
ge ntial components  of contact forces is shown in  Figure  3b.

Analyt ical expressions for average normal and tange ntial forces 
tha t  adequate ly describe his tograms  in  Figure  3a,b axe as follows:

7 n(0) =  7*[1 +  °n  cos 2(0 -  0f)\

7 , (0) =  - 7 „ [a, s in 2(0 - 0,)]  (2)

Figure  5a illus trate s  ver ification of the  above  theore tical re ­
la t ions hip  based on inde pe nde nt calcula tion of micros tructural 
parame te rs  a, a„, a t and compar is on of the ir  ha lf s um with 
(cri — cr2 ) / ( cri + <t2) de te rmine d from boundar y stresses. It  is vis u ­
a lly appare nt tha t  re lations hip (3) accurate ly relates  the  macro ­
scopic measure of shear stress to characteris tics  of micros tructure . 
It  mus t be  note d tha t  the  above re lations hip is only valid when 
the  ma jor  pr incipa l dire ction of stress is coincident with the  d i­
r ection of anisotropy. T his  is the  case for  loading pa ths  tha t  do 
not  involve  pr incipa l stress rotations .

Re la t ions hip (3) is a  s implified form of the  following general ex­
press ion for stress tensor  for  assemblies  of spherical par ticles  and 
the ir  2D analog (Rothe nburg and Se lvadurai 1981):

<Jij = dmv J /¿(n)nj(n)5(n)d n (4)

where d is the  average diame te r  of par ticles  (spheres or  disks); m v 
is the  numbe r  of contacts  per un it  volume  (area for plane  systems); 

/¿(n) is the  average force ac ting on contacts  with nor mal vector 
n and S (n )  is the  contact or ie ntation dis tr ibution introduce d pre ­
vious ly for plane  systems. Inte gra tion above  is with respect to a 
full range  of contact orie ntations . For plane  systems, inte gration is 
pe rforme d in  polar  coordinates  us ing n =  {cos0,s in0}, dn =  dB.

Re la t ions hip (3) follows  imme dia te ly if expressions (1), (2) are 
s ubs titute d into (4) and only line ar  terms  with respect to  pa r a m ­
eters of anis otropy are re taine d dur ing integration. T he  neglected 
terms  introduce  lit t le  error, as compar ison in Figure  5a suggests. 
If  a ll terms  are re taine d, the  two curves in  Figure  5a become in ­
dis tinguis hable .

where  f  0 is the  average force over all contacts ; a„, at are  non-  
dime ns ional coefficients  de fining the  or ie ntational var ia tion of av­
erage contact forces and 0 , is the  preferred direction of forces. In 
the  described biax ia l tes t, 8r is coincident with the  major  pr inc i­
pal stress direction. It  s hould be noted tha t  in tests tha t  involve 
pr incipa l stress ro ta tion the  direction of max im um force does not 
necessarily coincide  with the  major  pr incipal stress direction.

Figure  3 (a) Or ie nta tiona l dis tr ibutions  of average normal forces at 
in it ia l s tate  and at pe ak s trength, (b) Or ie nta tiona l dis tr ibution 
of average tange nt ia l forces at peak s trength.

4 EVOLUT ION OF  F ABRIC AND CONT ACT  F ORCES

Prefe rential loss of contacts  oriented in  the  direction of tens ile 
s train leads  to an increase in  the  degree of anis otropy tha t  can be 
expressed in terms  of the  re lations hip between the  parame te r  of 
anisotropy a and shear s tr ain (Figure  4a). T he  monotonic growth 
of a reflects a  progressive de s truction of the  sys tem of contacts .

T he  var iat ion of the  coefficients of force anis otropy an , at with 
shear s tr ain (Figure  4b) reveal trends  tha t  can be  inte rpre ted in 
phys ical terms . For e xample , the  in it ia l increase in  tange ntial 
forces (increase in at) continues  only up  to a  point  whe n de forma ­
tions  cease to  be  pure ly elastic. From there  on a< drops  off due  to 
par tic le  rota tions  tha t  te nd to release tange ntial forces.

Normal forces, on the  othe r hand, te nd to grow s teadily in  the  
direction of the  major  pr incipa l stress and well into the  range 
of plas tic  de formations . T his  corresponds  to  an increase in an 
(Figure  4b). Normal forces grow along s tiff load paths  (vis ible  in 
Figure  la )  where the  dens ity of the  assembly is greater than aver ­
age. Whe n the  de ns ity of the  assembly drops  sufficiently, due  to 
dilatancy, average nor mal forces on contacts  or iented in  the  m a ­
jor  pr incipal dire ction diminis h. T his  corresponds  to macroscopic 
s oftening and re duction in  a „.

5 ST RESS- FABRIC- CONT ACT  F ORCES RELAT IONSHIP

The  evolution of micros tructural characteris tics  with shear s train 
(Figure  4a ,b) bears  a  qua lita tive  resemblance to familia r  stress 
s train curves for gr anular  mater ials . T his  correspondence is not 
coincide ntal as it  can be  shown (Rothe nburg and Se lvadurai 1981) 
tha t  the  introduce d microscopic parameters  are re lated to the  
measure  of de viator ic  load as follows:

Figure  4 (a) Evolut ion of anis otropy in  contact orie ntations , 

(b) Evolution of parameters  of contact force anisotropy.

a 1 - cr2 1 , , , N 
— —  =  +  ° "  + ° l )  

-T Oï I
(3 )

Figure  5 (a) Ve rification of stress- force- fabric re lations hip, (b) Ra ­
t io of parame te rs  of anis otropy vs specific volume.

From a  phys ical po int  of view re lations hip (3) implie s  tha t  the  
ability  of a  granula r  assembly to carry de viator ic  loads  is re lated 
to its  ab ility  to  develop an anis otropic dis t r ibution of contact or i­
e ntations  (a 7̂  0) or  to s us tain highly direction- dependent con­
tac t forces (an ,a t ^  0). Since parameters  a, a„ ,at each make  
an additive  contr ibution to the  measure of s tre ngth according to 
s in ^m =  ((Ti — <t2)/(<7i +  02), these parameters  are  essentially
compone nts  of s tre ngth. ____^

.5

0 --- ---- ---- 1--- 1--- 1
O 2 4 6 8 10

(a) shear s tra in  (%)
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6 M E C H A N IS M S  O F  A N IS O T R O P Y  D E V E L O P M E N T

T h e  d e g r e e  o f  a n is o t r o p y  in  a  g r a n u la r  a s s e m b ly  is  a  fu n c t io n  o f  

t h e  g e o m e t r ic a l p a r t ic le  a r r a n g e m e n t  w h ic h  v a r ie s  w it h  s t r a in .  If  

a  g r a n u la r  a s s e m b ly  is  in i t ia l ly  u n d e r  h y d r o s t a t ic  lo a d ,  f r ic t io n  in  

c o n t a c t s  is  n o t  m o b iliz e d  a n d  t h e  a s s e m b ly  c a n  d e fo r m  o n ly  e la s ­

t ic a lly . W h e n  d e v ia t o r ic  lo a d  is  a p p lie d ,  i t  p r e fe r e n t ia lly  in c r e a s e s  

fo r c e s  o n  c o n t a c t s  o r ie n t e d  in  t h e  m a jo r  p r in c ip a l d ir e c t io n .  A t  

t h e  s a m e  t im e ,  fo r c e s  o n  c o n t a c t s  o r ie n t e d  in  t h e  d ir e c t io n  o f  m i ­

n o r  p r in c ip a l s t r e s s  a r e  r e d u c e d .  O n  s o m e  o f t h e s e  c o n t a c t s  t h e  

fo r c e  is  r e d u c e d  t o  ze r o  ( i.e . s o m e  c o n t a c t s  d is in t e g r a t e ) .  In  lo ­

c a t io n s  w h e r e  t h e  n u m b e r  o f  c o n t a c t s  is  r e d u c e d  s o m e  p a r t ic le s  

b e c o m e  m o b ile  a n d  d e fo r m a t io n  o c c u r s  w h e n  t h e  o v e r a ll n u m b e r  

o f  m o b ile  p a r t ic le s  b e c o m e s  s u ff ic ie n t ly  la r g e . T h e  m a c r o s c o p ic  

m o t io n  o f  t h e  a s s e m b ly  c a n  b e  s t o p p e d  w h e n  s o m e  o f  t h e  m o b ile  

p a r t ic le s  fo r m  c o n t a c t s  t h a t  p r e v e n t  t h e ir  fu r t h e r  m o t io n .

F o r m a t io n  o f  c o n t a c t s  in  t h e  d ir e c t io n  o f  c o m p r e s s iv e  s t r a in  a n d  

c o n t a c t  d is in t e g r a t io n  in  t h e  d ir e c t io n  o f  t e n s ile  s t r a in  r e s u lt s  in  

d e v e lo p m e n t  o f  o r ie n t e d  c o n g lo m e r a t e s  o f  in t e r lo c k e d  p a r t ic le s  

t h a t  m o v e  a s  r ig id  b lo c k s . T h e  lo c a t io n  o f  t h e s e  r e g io n s  in  t h e  

a s s e m b ly  c o in c id e s  w it h  s t if f  lo a d  p a t h s  in  F ig u r e  1. A s  d e v i­

a t o r ic  lo a d  in c r e a s e s  a n d  c o n t a c t s  d is in t e g r a t e ,  t h e  e n t ir e  m a t e ­

r ia l  b e c o m e s  p a r t i t io n e d  in t o  s u b r e g io n s  t h a t  r e m a in  in t e r lo c k e d  

a n d  m o v e  a s  r ig id  e n t it ie s .  T h e  k in e m a t ic s  o f  t h e s e  r e g io n s  w a s  

d e s c r ib e d  b y  Dr e s c h e r  a n d  D e  Jo s s e lin  D e  J o n g  1 9 7 2  b a s e d  o n  

e x p e r im e n t s  w it h  p h o t o - e la s t ic  d is ks .

A lt h o u g h  t h e  p a r a m e t e r  o f  a n is o t r o p y  a  r e fle c ts  t h e  d if fe r e n c e  in  

t h e  n u m b e r  o f  v e r t ic a l a n d  h o r iz o n t a l c o n t a c t s ,  it  in d ir e c t ly  r e ­

fle c t s  t h e  n u m b e r  a n d  t h e  s ize  o f  b lo c k s  t h a t  m o v e  a s  r ig id  u n it s .  

In  t h e  p r o c e s s  o f  u n id ir e c t io n a l d e fo r m a t io n s  t h e  a s s e m b ly  f in a lly  

a c h ie v e s  a  s u ff ic ie n t  f r e e d o m  fo r  d e fo r m a t io n s  t o  p r o c e e d  u n r e ­

s t r a in e d .  In  e s s e nc e , a t  a  l im it in g  s t a t e  t h e  m a t e r ia l h a s  lo s t  

a ll  r e d u n d a n c y  e l im in a t in g  c o n t a c t s  t h a t  r e s t r a in  d e fo r m a t io n s .  

A s  t h e r e  is  a  l im it  o n  t h e  n u m b e r  o f  c o n t a c t s  t h a t  c a n  b e  lo s t ,  

t h e r e  m u s t  b e  a  l im it in g  v a lu e  o f  t h e  p a r a m e t e r  a. T h e  lim it in g  

a n is o t r o p y  a = a „  is  c le a r ly  id e n t if ia b le  in  F ig u r e  4 a  a n d  d e v e l­

o p m e n t  o f  a n is o t r o p y  w it h  s h e a r  s t r a in  r e c o r d e d  in  t h e  s im u la t e d  

t e s t  c a n  b e  a p p r o x im a t e d  a s  fo llo w s :

a(7) = “ o

a-y 

1 +  a7
(5)

w h e r e  7  =  e\  — £2 is  s h e a r  s t r a in  a n d  a  is  s o m e  c o n s t a n t .  S p e c ific  

r e a s o n s  fo r  c h o o s in g  t h e  a b o v e  h y p e r b o lic  r e la t io n s h ip  c a n  b e  e x ­

p la in e d  b y  n o t in g  t h a t  i t  c a n  b e  r e w r it t e n  in  a n  in c r e m e n t a l fo r m  

t h a t  c o n v e y s  p h y s ic a l m e a n in g :

da = —  ( a , »  -  a ) ( l - - —  )dy
doc, aco

(6)

T h e  p r o p o r t io n a lit y  o f  t h e  in c r e m e n t  o f  a  t o  t h e  in c r e m e n t  o f  s h e a r  

s t r a in  <¿7 =  de  1 — d t 2 im p lie s  t h a t  da is  p r o p o r t io n a l t o  t h e  d iffe r ­

e n c e  b e t w e e n  t h e  n u m b e r  o f  c o n t a c t s  c r e a t e d  d u e  t o  c o m p r e s s iv e  

s t r a in  de 1 a n d  t h e  n u m b e r  o f  c o n t a c t s  d is in t e g r a t e d  d u e  t o  t h e  

t e n s ile  in c r e m e n t  de 2.

T h e  o r ig in  o f  t h e  c o e ffic ie n t  o f  p r o p o r t io n a lit y  a b o v e  is  s o m e w h a t  

m o r e  c o m p le x .  It s  c o m p o s it io n  im p lie s  t h a t  t h e  in c r e m e n t  o f  a 

is  p r o p o r t io n a l t o  t h e  n u m b e r  o f  c o n t a c t s  ( a ^  — a)  t h a t  c a n  s t ill 

b e  d is in t e g r a t e d  a t  a  g iv e n  s t a t e  o f  fa b r ic  a n d  t o  t h e  p r o b a b il ­

i t y  P (a )  =  (1  — a / a o o )  t h a t  t h e  s y s t e m  c a n  r e m a in  s t a b le  a ft e r  

d is in t e g r a t io n  o f  a  c o n t a c t .  T h e  c h o ic e  o f  t h is  p r o b a b ilit y  is  s o m e ­

w h a t  a r b it r a r y  b u t  P ( 0 ) =  1 r e fle c ts  t h e  n o t io n  t h a t  t h e  a s s e m b ly  

is  m o s t  s t a b le  in  a n  is o t r o p ic  s t a t e  a n d  u n s t a b le  in  t h e  s t a t e  o f  

l im it in g  a n is o t r o p y  w h e n  P ( a 0c) =  0.

I t  s h o u ld  b e  n o t e d  t h a t  t h e  in c r e m e n t a l e q u a t io n  ( 6) fo r  a n is o t r o p y  

d e v e lo p m e n t  m a y  n o t  b e  v a lid  u n d e r  c o n d it io n s  o f  p r in c ip a l s t r e s s  

r o t a t io n  w h e n  in t e r n a l s t a b ilit y  a p p e a r s  t o  b e  m o r e  c o m p le x . In t e ­

g r a t io n  o f  ( 6) fo r  m o n o t o n ic  p a t h s  w it h  in c r e a s in g  7  a n d  in i t ia l ly  

is o t r o p ic  s t a t e  a t  7  =  0  le a d s  t o  (5 ) .

7  M E C H A N IS M  O F  E N E R G Y  D IS S IP A T IO N

W it h  t h e  d e g r e e  o f  a n is o t r o p y  a  b e in g  d e fin e d  in  t e r m s  o f  s h e a r  

s t r a in  a c c o r d in g  t o  (5 ) ,  fu r t h e r  t h e o r e t ic a l d e v e lo p m e n t s  le a d in g  

t o  s t r e s s - s t r a in  r e la t io n s h ip s  m u s t  c o n c e n t r a t e  o n  t e r m s  a n , a t in

t h e  s t r e n g t h  e q u a t io n  (3 ).

I t  is  q u it e  c le a r  t h a t  t h e  m a g n it u d e  o f  t h e  d ir e c t io n a l v a r ia t io n  

o f  c o n t a c t  fo r c e s  r e fle c t e d  in  a„ is  l im it e d  b y  c o n d it io n s  o f  s t a b le  

s lid in g  a t  a  g iv e n  s t a t e  o f  fa b r ic .  A lt h o u g h  s e p a r a t e  d e t e r m in a ­

t io n  o f  a„ a n d  a t is  d if f ic u lt  w it h o u t  c o m p le x  s t a t is t ic a l t h e o r y  o f  

f r ic t io n  m o b il iz a t io n ,  t h e  s u m  an +  a< r e q u ir e d  in  e x p r e s s io n  (3 ) 

c a n  b e  d e t e r m in e d  in d ir e c t ly  t h r o u g h  e q u a t io n  o f  e n e r g y  d is s ip a ­

t io n  E  =  ctj ¿1 + <r2e2 - T h e  la t t e r  c a n  b e  c o n v e n ie n t ly  r e w r it t e n  as  

fo llo w s :

q , i. _ E (7)
-  + ~ = —  
P 7 P7

w h e r e  e„ =  ¿1 +  ¿2, 9 =  i a i ~  02)/2 a n d  P = (p  1 +  ^ i ) / 2 , w h ile  
t h e  r a t io  q / p  is  g iv e n  b y  (3 ).

T h e  a s s e s s m e n t  o f  t h e  r a t e  o f  e n e r g y  d is s ip a t io n  r e q u ir e s  k n o w l ­

e d g e  o f  t h e  n u m b e r  o f  s lid in g  c o n t a c t s  a t  a  g iv e n  s t a t e  o f  fa b r ic .  

O b s e r v a t io n s  o n  s im u la t e d  s y s t e m s  s u g g e s t  t h a t  t h e  n u m b e r  o f  

c o n t a c t s  w h e r e  s lip  o c c u r s  is  r a t h e r  s m a ll a n d  s lip  in v a r ia b ly  o c ­

c u r s  a t  c o n t a c t s  t h a t  a r e  e n d  p o in t s  o f  e lo n g a t e d  b lo c k s  o f  p a r t  ic le s  

t h a t  s lid e  a s  r ig id  e le m e n t s .  S in c e  t h e  n u m b e r  o f  s u c h  b lo c k s  is  

in d ir e c t ly  r e fle c t e d  in  t h e  p a r a m e t e r  o f  a n is o t r o p y  a , it  is  r e a s o n ­

a b le  t o  p o s t u la t e  t h e  fo llo w in g  e x p r e s s io n  fo r  t h e  r a t e  o f e n e r g y  

d is s ip a t io n :

E  = papy (8)

w h e r e  ft is  s o m e  c o n s t a n t .

F u r t h e r  u t il iz a t io n  o f  t h e  e n e r g y  d is s ip a t io n  e q u a t io n  (7 )  r e q u ir e s  

s p e c if ic a t io n  o f  t h e  d ila t io n  r a t e  e „/ j.  In  t h is  r e s p e c t  it  s h o u ld  b e  

n o t e d  t h a t  d ila t io n  o f  g r a n u la r  m a t e r ia ls  is  a s s o c ia t e d  w it h  m a c r o ­

s c o p ic  m o v e m e n t  o f  e lo n g a t e d  c o n g lo m e r a t e s  o f  p a r t ic le s  t h a t  a c t  

lik e  w e dg e s  d is r u p t in g  t h e  m a t e r ia l.  F r o m  t h is  p o in t  o f  v ie w  i t  is  

d e a r  t h a t  t h e  m a c r o s c o p ic  r a t e  o f  v o lu m e  c h a n g e  s h o u ld  b e  p r o ­

p o r t io n a l t o  t h e  s ize  o f  in t e r lo c k e d  c o n g lo m e r a t e s  a n d  t h e ir  t o t a l 

n u m b e r .  B o t h  a r e  p r o p o r t io n a l t o  a. M o r e  d e t a ile d  s t a t is t ic o -  

g e o m e t r ic a l a n a ly s is  le a d in g  t o  t h is  c o n c lu s io n  is  d e s c r ib e d  e ls e ­

w h e r e  ( R o t h e n b u r g  a n d  S e lv a d u r a i 1 9 8 5 ).

I t  c a n ,  t h e r e fo r e , b e  e x p e c t e d  t h a t  ev/~f ss a w it h  t h e  c o e ffic ie n t  

o f  p r o p o r t io n a lit y  b e in g  a  fu n c t io n  o f  a  p a r a m e t e r  r e f le c t in g  t h e  

d e n s it y  o f  p a c k in g ,  i.e .:

£„/7 =  - a D (v )  (9 )

w h e r e  D (v )  is  a  fu n c t io n  o f  s p e c ific  v o lu m e  v. S in c e  d ila t io n  r a t e  

o f  g r a n u la r  a s s e m b lie s  m u s t  b e  ze r o  a t  "c r it ic a l” s pe c ific  v o lu m e  

v c, D ( v ) m u s t  b e  s u c h  t h a t  D (v c) =  0. I f  D (v )  is  d e c o m p o s e d  in t o  

T a y lo r  s e r ie s  a n d  o n ly  lin e a r  t e r m s  r e t a in e d ,  t h is  fu n c t io n  c a n  b e  

t a k e n  a s  fo llo w s :

D (v )  =  6( l - v / v ' )  (10)

w h e r e  6  is  s o m e  c o n s t a n t  c o n t r o llin g  t h e  r a t e  o f  d ila t io n  (o r  c o n ­

s t r u c t io n  w h e n  v  >  v c).

S u b s t it u t io n  o f  ( 8) a n d  (9 )  in t o  (7 )  g ive s  t h e  fo llo w in g  e x p r e s s io n  

fo r  t h e  m o b iliz e d  a n g le  o f  f r ic t io n  fo r  a  g iv e n  s t a t e  o f  fa b r ic :

s ini/>m =  a(y . +  D) (11)

w h e r e  D  is  g iv e n  b y  (1 0 }. T h e  s u m  o f  t h e  c o e ffic ie n t s  o f  fo r c e  
a n is o t r o p y  c a n  b e  fo u n d  f r o m  (3 )  a s  fo llo w s :

Qn -f- dt —  2D -f- 2fl — 1) ( 12)

I t  s h o u ld  b e  n o t e d  t h a t  t h e  c o m b in a t io n  o f t h e  p o s t u la t e  o n  e n e r g y  

d is s ip a t io n  a n d  s p e c if ic a t io n  o f  t h e  d ila t io n  r a t e  a r e  s u ff ic ie n t  t o  

o b t a in  t h e  e x p r e s s io n  fo r  t h e  m o b iliz e d  a n g le  o f  f r ic t io n  w it h o u t  

r e c o u r s e  t o  t h e  s t r e n g t h  e q u a t io n  (3 ) .  In  t h a t  s e ns e  r e la t io n s h ip

( 12 ) m a y  a p p e a r  a s  s o m e w h a t  r e d u n d a n t  a s  fa r  a s  s tr e s s - s tr a in  

r e la t io n s h ip s  fo r  p la n e  s y s t e m s  a r e  c o n c e r n e d . T h e  v a lu e  o f  t h e  

r e la t io n s h ip  ( 12 ) in  t h e  p r e s e n t  c o n t e x t  is  t h a t  i t  s u g g e s ts  t h a t  

t h e  r a t io  (a„ + a t ) / a  d e p e n d s  o n  s pe c ific  v o lu m e  ( lin e a r ly  w it h  

t h e  c h o ic e  o f  D{ v )  a c c o r d in g  t o  (1 0 )) . F ig u r e  5 b  p r e s e n t s  a  p lo t  

o f  t h e  r a t io  ( a „  +  a t ) / a  vs  s pe c ific  v o lu m e  o f  t h e  a s s e m b ly  d u r in g  

t h e  s im u la t e d  b ia x ia l t e s t . A lt h o u g h  t h e  s c a t t e r  o f  d a t a  p o in t s  

is  s ig n if ic a n t ,  t h e  c o r r e la t io n  o f  t h e  ( a „  +  a t ) / a  r a t io  w it h  s pe ­
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cific volume  is unque s tionable . The  re lations hip in Figure  5b is 
only linear  in  the  vic inity of the  critical specific volume. T his  is 
expected as D(v )  in  the  form (10) is only the  linear  te rm in  the  
Taylor expans ion of D (v )  in  the  vic inity of the  critical specific 
volume.

8 ST RESS- ST RAIN RELAT IONSHIP S

Stress- strain re lations hip for  plane  assemblies  can be de r ived ana ­
lyt ica lly for the  line ar  choice of the  dilat ion func tion D(v )  accord­
ing to (10). T his  involves  inte gration of the  dilatancy  e quation 
(9) with <2(7 ) according to (5). The  final form of the  volume tr ic 
curve can represented as follows:

——  =  1 — r (7 )  whe re  : IX7 ) =  (1 +  7 / 1>)1'2 e x p_l/^  (13)
^max

where em u  is the  max imum volume tr ic  s tr ain from in it ia l to  cr it ­
ical s tate  (pos itive  if the  mate r ia l dilates ); 7 is shear s tr ain nor ­
malize d in  such a  way tha t  7  =  1 a t  a  point  where the  rate  of 
dila t ion is max imum (i.e. 7 =  7 / 7^ 1) where the  point  of peak 
dila t ion rate  is re lated to micros tructural parameters  according

to 7d,i =  l/ \ /a iaoo; v  is  a  non- dimensional parame te r  controlling 
the  magnitude  of pe ak dila t io n rate  and is re lated to micros truc ­

tur a l parame te rs  (u  =  s ja ^ S / a).  It  s hould be note d tha t  the  
above re lations hip excluaes s mall te rms  of the  order  of the  s quare 
of max imum volume tr ic  s train.

W it h  the  volume tr ic  s tr ain curve known, specific volume  dur ing 
the  test can be  compute d and D(v )  evaluated according to  (10). 
T he  re lations hip for  the  mobilize d angle  of fr iction can be  de ter ­
mine d imme dia te ly  from ( 11) to  obtain:

sin^m _
.m a x

=  [1 +  t ^ t - — 1X7)]
L s i n  /y j : i

——;— — I ■ •—1--------- A v j j \ r —
s in  <f>c v  sm  <pc v  7dii ^  +  7

(1 4 )

normalized shear strain

•o
a

norm alized shear strain

Figure  6 Stress- s train re lations hip for cons tant me a n pressure test.

where  s in <f>cv is the  mobilize d angle  of fr iction at cons tant volume  
and is re late d to  micros tructural parame te rs  by s in =  iiam .

T he  above two e quations  define  stress- strain curves in  terms  of 
conve ntional parame te rs  such as s in 7<jn, and anothe r  
parame te r  1/  re lated to the  pe ak dila t ion rate . T he  s hape  of stress-  
s tr ain d ila t ion curves is shown in  Figure  6. It  s hould be  note d 
tha t  the  volume tr ic  curve de te rmined above excludes the  e lastic 
compone nt of compress ion and lacks  a  characte ris tic in it ia l ’’d ip ” 
typical of tests  with increas ing hydros tatic  confinement.

Although the  deve loped re lations hips  are for plane  sys tems, the  
re s ulting analyt ical expressions are very versatile  in  approx imat ­
ing results  of conve ntional tr iax ia l tests  whe n e las tic compress ion 
is include d. T he  key reason for this  feature is tha t  analy tical 
curves are given in terms  of eas ily measurable  parameters . Also, 
the  hype rbolic  nature  of the  fabr ic  mobiliza tion e quat ion leads  to 
an essentially hype rbolic  s hape  for stress- strain re lations hips  at 
stresses be low pe ak s trength.

9 CON CLU DIN G RE MARKS

T he  results  o f the  present s tudy une quivocally es tablished tha t  
the  ma jor  characte ris tic of micros tructure  tha t  controls  macro ­
scopic response of granular  mate r ials  is the  contact or ie ntation 
dis tr ibution. A parame te r  of this  dis tr ibution de fining the  degree 
of micros tructural anisotropy was unique ly re lated to the  measure  
of de viator ic  load and de ns ity of the  plane  granular  assembly. This  
result essentially gives a  quantita t ive  me a ning to  the  te r m ’’stress 
induce d anis otropy” .

T he  presented theory did not address  the  que s tion of e las tic defor ­
ma tions  and the  impor tant  topic of pressure- sensitivity of granular  
mate r ials . The  la tte r  feature  is  of utmos t impor tance  to gr anu ­
lar  mate r ia ls  as it  is  well known tha t  even a  very dense s and can 
behave as a  seemingly loose mate r ia l whe n sheared unde r  high 
confining pressures. In  this  respect it  s hould be  note d tha t  recent 
e xpe r ime ntal s tudies  by Been and Jefferies (1985) convincingly 
de mons trate d tha t  m a jo r  features  of s and be haviour  are controlled 
not  so much by pressure and de ns ity bu t  by a  pote nt ia l for  volume  
change unde r  given ambie nt stress conditions . T he  present s tudy 
has  confirme d this  result indire ctly by de mons trat ing tha t  stress-  
s train re lations hips  for  plane  systems de pe nd only on volume tr ic  
s tr ain deve loped from the  in it ia l to cr itical s tate. Give n the  e m­
pir ical results  of Been and Jefferies (1985), pressure se ns itivity can 
be  eas ily introduce d in to  the  presented stress- strain re lations hips  
by cons ide r ing volume tr ic  s tra in from in it ia l to critical s tate  to be 
de pe nde nt on me an inte r granular  stress.
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