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Viscoplasticity and finite elements for landslide analysis

Viscoplasticité et éléments finis pour l’analyse des glissements de terrains

L.VULUET, Department of Civil Engineering and Engineering Mechanics, University of Arizona, Tucson, USA 

C.S.DESAI, Department of Civil Engineering and Engineering Mechanics, University of Arizona, Tucson, USA

SYNOPSIS: An advanced elasto- viscoplastic model is presented. It incorporates the plasticity model 

of Desai and coworkers (the hierarchical approach) in the viscoplastic framework of Perzyna. A 

finite element formulation is derived and the algorithm is given in detail. Two theoretical case 

studies are treated, illustrating the solution procedure and comparing plastic and viscoplastic 

solutions. The model is finally used in the case of the "La Frasse" landslide, showing how the 

proposed model can be advantageously used for analyzing slowly moving soil masses.

IN T R O D U C T I O N

T im e  d e p e n d e n t  p h e n o m e n a  in  s o il  m e c h a n ic s  c a n  b e  

r o u g h ly  g r o u p e d  in  t h r e e  c a t e g o r ie s :  c o n s o l id a t io n ,  c r e e p  

a n d  c o m b in a t io n  o f  b o t h .  T h e  f ir s t  g r o u p  h a s  b e e n  

e x t e n s iv e ly  s t u d ie d ;  h e r e  t h e  t im e  d e p e n d e n t  b e h a v io r  is  

c o n d it io n e d  b y  t h e  s e e p a g e  c h a r a c t e r is t ic s  a n d  t h e  

c o m p r e s s ib i l i t y  o f  t h e  s o il  s k e le t o n ;  a s  a  f ir s t  

a p p r o x im a t io n  t h e  f l u i d  c o m p r e s s ib i l i t y  m a y  b e  n e g le c t e d  

a s  w e ll  a s  t h e  v is c o s it y  o f  b o t h  c o n s t i t u e n t s  ( f lu id  a n d  

s o lid ) .  U s u a l ly ,  a  s im p le  c o n s t i t u t iv e  m o d e l  f o r  t h e  s o il  

s k e le t o n  is  u s e d  ( l in e a r  o r  n o n l in e a r  e la s t ic it y )  b u t  

g e n e r a l iz a t io n  t o  e la s t o p la s ic  m o d e ls  is  s t r a ig h t f o r w a r d .

C r e e p  p h e n o m e n a  w e r e  f ir s t  s t u d ie d  in  t h e  c o n t e x t  o f  

s e c o n d a r y  c o n s o l id a t io n  ( v o lu m e t r ic  c r e e p )  a n d  c r e e p  o f  

s lo p e s  ( m a in ly  d e v ia t o r ic  c r e e p ) .  H o w e v e r ,  m o s t  o f  t h e  

a d v a n c e d  s t u d ie s  in  t h is  f ie ld  c o n c e r n  m e t a ls  a t  h ig h  

t e m p e r a t u r e s  (s e e  a  r e v ie w  a n d  e v a lu a t io n  in  In o u e ,  

1 9 8 7 ). T h e s e  r e s u lt s  m a y  b e  a p p l ie d  t o  s o il  m e c h a n ic s  t o  

s o m e  e x t e n t  a s  w e  w i l l  d o  in  t h is  p a p e r .  T h e  la s t  

c a t e g o r y  ( c o u p l in g  o f  v is c o u s  b e h a v io r  a n d  c o n s o l id a t io n )  

is  a  c h a l le n g in g  a r e a  t h a t  h a s  r a r e ly  b e e n  t o u c h e d  

w i t h o u t  e x t r e m e  s im p l if ic a t io n s .  W e  w il l  b e  c o n c e r n e d  

h e r e  b y  t h e  s e c o n d  g r o u p  o n ly .

T h e r e  a r e  s e v e r a l d if f e r e n t  w a y s  o f  in c o r p o r a t in g  t im e -  

e ffe c t s  in  a  c o n s t i t u t iv e  m o d e l .  T h e  in t e g r a l  d e s c r ip t io n  is  

o n e  p o s s ib i l i t y ;  t h e  V o l t e r r a - B o l t z m a n n  e q u a t io n  o f  

h e r e d it a r y  c r e e p  ( v is c o e la s t ic i t y )  is  a n o t h e r  e x a m p le  a n d  

m o r e  r e c e n t  t h e o r ie s  l ik e  t h e  e n d o c h r o n ic  t h e o r y  

( V a la n is ,  1 9 7 1 )  m a y  b e  s e e n  a s  a n  e x t e n s io n  o f  t h is  

a p p r o a c h .

T h e  o t h e r ,  m o r e  f r e q u e n t ly  u s e d  d e s c r ip t io n  is  t h e  

d if f e r e n t ia l  a p p r o a c h .  A  s in g le  c o n s t i t u t iv e  e q u a t io n  

s u f f ic e s  t o  d e s c r ib e  w h a t  is  o f t e n  r e fe r r e d  a s  " c r e e p in g  

m a t e r ia ls " ,  f o r  e x a m p le  a  r e la t io n  b e t w e e n  t h e  s t r a in  r a t e  

a n d  t h e  s t r e s s  (s e e  a  r e v ie w  o f  t h e s e  a n d  o t h e r  m o d e ls  f o r  

s o ils  u n d e r  s lo w  m o v e m e n t s  in  V u l l i e t  a n d  H u t t e r ,  1 9 8 8 ).  

A d d i t io n a l  e q u a t io n s  a r e  n e e d e d  t o  d e s c r ib e  v is c o - p la s t ic  

m a t e r ia ls .

A  " h a r d e n in g  v is c o - p la s t ic  m a t e r ia l"  is  d e s c r ib e d  b y  a  

r a t e  in d e p e n d e n t  y ie ld  s u r f a c e ,  a  v is c o u s  f lo w  r u le  a n d  a n  

e la s t ic  c o n s t i t u t iv e  e q u a t io n  f o r  s t r e s s .  S u c h  a  m a t e r ia l  is  

s u it a b le  f o r  s o ils  u n d e r  s lo w  s t r a in  r a t e s  ( q u a s i- s t a t ic  

lo a d in g ) .  O n e  im p o r t a n t  m e m b e r  o f  t h is  g r o u p  is  t h e  

P e z y n a ’s  m o d e l  ( P e r z y n a ,  1 9 6 6 );  i t  h a s  b e e n  a p p l ie d  t o  

s o il m e c h a n ic s  p r o b le m s  b y  d if f e r e n t  a u t h o r s  (s e e  D e s a i 
a n d  Z h a n g ,  1 9 8 7 ).

E L A S T O - V IS C O P L A S IC  M O D E L

P e r z y n a ’s  t h e o r y  o f  v is c o - p la s t ic it y  is  v e r y  s im ila r  t o  t h e  

u s u a l  p la s t ic it y .  T h e  b a s ic  in g r e d ie n t s  w i l l  b e  s u m m a r iz e d  

h e r e a f t e r  f o r  t h e  s m a l l  s t r a in  s i t u a t io n .  T h e  s y m b o l ic  

n o t a t io n  is  u s e d ;  b o ld  le t t e r s  r e p r e s e n t  v e c t o r s  a n d  

m a t r ic e s .

T h e  t o t a l s t r a in  t e n s o r  e is  a d d i t iv e ly  d e c o m p o s e d  in t o  

a n  e la s t ic  p a r t  e e a n d  a  v is c o p la s t ic  p a r t  evP :

e -  ee + evP (1)

T h e  id e a  h e r e  is  t o  in c o r p o r a t e  b o t h  p la s t ic  a n d  v is c o u s  

s t r a in s  in t o  a  s in g le  c o m p o n e n t  a s  it  is  p r a c t ic a l ly  (a t  t h e  

e x p e r im e n t a l  le v e l)  im p o s s ib le  t o  d is t in g u is h  b e t w e e n  t h e  

t w o .  T a k in g  t h e  m a t e r ia l  t im e  d e r iv a t iv e  y ie ld s

e -  ¿e + ¿vp (2)

T h e  t im e  d e r iv a t iv e  o f  t h e  c o n s t i t u t iv e  e q u a t io n  f o r  t h e

s t r e s s  is

a - C e ¿e (3)

w h e r e  a  is  t h e  s t r e s s  r a t e  t e n s o r  a n d  C e is  t h e  e la s t ic  

c o n s t i t u t iv e  m a t r ix .  N o t e  t h a t  t h is  e q u a t io n  s a t is f ie s  

m a t e r ia l  o b je c t iv i t y  o n ly  f o r  s m a ll  s t r a in s  a n d  s m a ll  

r o t a t io n s .

T h e  v is c o p la s t ic  s t r a in  r a t e  is  e x p r e s s e d  a s  ( P e r z y n a ,  

1 9 6 6 )

¿vp . 7 0(F) (4)

w h e r e  7 is  a  f l u i d i t y  p a r a m e t e r  w i t h  u n i t s  o f  in v e r s e  

t im e ,  0  is  a  s c a la r  f u n c t io n  o f  t h e  y ie ld  f u n c t io n  F  a n d  Q  

is  a  v is c o p la s t ic  p o t e n t ia l .  F u n c t io n s  F  a n d  Q  a r e  d e f in e d  

la t e r .  B y  a n a lo g y  w i t h  p la s t ic it y ,  t h e  "a s s o c ia t iv e  

v is c o p la s t ic i t y "  is  d e f in e d  b y  Q = F .

T h e  < >  n o t a t io n  im p l ie s

0 ( F )  -  0 (F )  f o r  F  > 0  (5 a )

0 ( F )  -  0  f o r  F  £  0  (5 b )

001
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T h e  d ir e c t io n  o f  t h e  v is c o p la s t ic  s t r a in  r a t e  e v P is  d e f in e d  

b y  t h e  q u a n t i t y  3 Q / 3 a  a n d  it s  m a g n i t u d e  is  a  f u n c t io n  o f  

t h e  d is t a n c e  t o  t h e  c u r r e n t  y ie ld  s u r fa c e .  F ig u r e  1 s h o w s  

c o n t o u r s  in  t h e  s t r e s s  in v a r ia n t  p la n e  f o r  t h e  f u n c t io n  0 

in  t h e  c a s e  o f  D e s a i’s  h ie r a r c h ic a l  6 m o d e l  ( D e s a i e t . a l . .  

1 9 8 6 )  a n d  D r u c k e r - P r a g e r  m o d e l .  H e r e  J j  a n d  J 2D a r e  

t h e  f i r s t  s t r e s s  in v a r ia n t  a n d  s e c o n d  d e v ia t o r ic  s t r e s s  

in v a r ia n t ,  r e s p e c t iv e ly .  T h e  8- m o d e l  w i l l  b e  u s e d  in  t h is  

p a p e r .

T h e  m o s t  p o p u la r  e x p r e s s io n s  f o r  0(F )  a r e  t h e  p o w e r  la w

0 (F )  -

a n d  t h e  e x p o n e n t ia l  la w

0 (F )  -  e x p

F

Fo

N
(6a )

(6b )

0a et

w it h

? - -Ul tv p 1-
t d 
WD

0b + V2 f v p d

(10a)

( 10b )

w h e r e  0a , t j j ,  a n d  1}2 a r e  m a t e r ia l  c o n s t a n t s  a n d  £v p d  is  

t h e  t r a je c t o r y  o f  t h e  d e v ia t o r ic  v is c o p la s t ic  s t r a in .

V is c o p la s t ic  p o t e n t ia l

T h e  v is c o p la s t ic  p o t e n t ia l  Q  in  e x p r e s s io n  (4 )  h a s  a  f o r m  

s im ila r  t o  t h e  y ie ld  f u n c t io n  F  ( e q .  7 ) e x c e p t  t h a t  t h e  

h a r d e n in g  f u n c t io n  a  is  r e p la c e d  b y  a  n e w  f u n c t i o n  a Q 

t h a t  in c lu d e s  t h e  n o n a s s o c ia t iv e  p a r a m e t e r  k . O n e  

p o s s ib le  f o r m  is :

w h e r e  N  is  a  m a t e r ia l  p a r a m e t e r  a n d  F q  a  n o r m a l iz e d  

c o n s t a n t  w i t h  t h e  s a m e  u n i t s  a s  t h o s e  o f  F .  O t h e r  

p o s s ib il i t ie s  a r e  m e n t io n e d  in  V u l l i e t  a n d  H u t t e r  (1 9 8 8 ) .

(a) (b)

F ig u r e  1: C o n t o u r  l in e s  o f  F = 0  in  t h e  c a s e  o f  a ) D r u c k e r  

-  P r a g e r  a n d  b )  H ie r a r c h ic a l  6- m o d e l ( D e s a i e t  a l . ,  1 9 8 6 , 

1 9 8 7 )

Y ie ld  f unc t io n

W e  u s e  h e r e  t h e  y ie ld  f u n c t io n  F  d e r iv e d  f r o m  t h e  

h ie r a r c h ic a l  c o n c e p t  ( D e s a i e t  a l .  1 9 8 6 ,  1 9 8 7 ) a n d  g iv e n  

b y

F “ J2D - Fb Fs

w it h

J3D J2D'3/2

(7 a )

(7 b )

(7 c )

(7 d )

n ,  7 , (3 a n d  m  a r e  m a t e r ia l  c o n s t a n t s  a n d  J 3D is  t h e  t h i r d  

in v a r ia n t  o f  t h e  d e v ia t o r ic  s t r e s s ,  a  is  t n e  h a r d e n in g  

f u n c t i o n ,  o n e  p o s s ib le  f o r m  b e in g

(8 )

«vp)”

w h e r e  a  a n d  tj a r e  h a r d e n in g  c o n s t a n t s  a n d  tvp is  t h e

t r a je c t o r y  o f  v is c o p la s t ic  s t r a in  g iv e n  b y  

ï v p  =  f  (d e v p T  d e vp)'/2 (9 )

A n  o t h e r  f o r m  o f  t h e  h a r d e n in g  f u n c t io n  a  (a s  p r o p o s e d  

b y  D e s a i a n d  H a s h m i,  in  p r e s s )  is  u s e d  in  t h is  p a p e r ,  

n a m e ly

a Q  ~  a  +  k  (o q  -  a)
typ 

wp
(in

w h e r e  a g  is  a  m a t e r ia l  c o n s t a n t  a n d  f v p v  is  t h e  t r a je c t o r y  

o f  t h e  v o lu m e t r ic  v is c o p la s t ic  s t r a in s .  N o t e  t h a t  f o r  k =0  

t h e  m o d e l  is  a s s o c ia t iv e .

Dis c u s s io n

T h e  v is c o p la s t ic  m o d e l  p r e s e n t e d  h e r e  c a n  b e  

c h a r a c t e r iz e d  b y  t h e  f o l lo w in g s :

T h e r e  is  n o  t im e - d e p e n d e n t  ( v is c o p la s t ic )  

d e f o r m a t io n s  i f  t h e  s t r e s s  s t a t e  is  in s id e  o f  t h e  y ie ld  

s u r f a c e  (s e e  e q s  4  a n d  5 ).

A  s t a t e  o f  s t r e s s  o u t s id e  o f  t h e  y ie ld  s u r fa c e  w i l l  

g e n e r a t e  v is c o p la s t ic  s t r a in s .  T h is  in c r e a s e s  t h e  

a m o u n t  o f  a c c u m u la t e d  v is c o p la s t ic  s t r a in s  ({v p ), 

m o d i f y  t h e  v a lu e  o f  t h e  h a r d e n in g  f u n c t io n  a  a n d  

a s  a  r e s u l t  c h a n g e  t h e  p o s i t io n  o f  t h e  y ie ld  s u r f a c e  

F .  W h e n  F  " c a p t u r e s "  t h e  s t r e s s  p o in t ,  t h e n  t h e  

d is p la c e m e n t  c e a s e s .

A n y  s t r e s s  p o in t  l y in g  b e t w e e n  t h e  c u r r e n t  y ie ld  

s u r f a c e  F  a n d  t h e  u l t im a t e  s u r fa c e  ( g iv e n  b y  a = 0  in  

e q .  7 b )  w i l l  p r o v o k e  a  t r a n s ie n t  c r e e p  p h e n o m e n o n .  

F o r  t=oo  t h e  r e s u l t  o b t a in e d  b y  t h e  v is c o p la s t ic  

m o d e l  t e n d s  t o  t h e  o n e  g iv e n  b y  t h e  in v is c id  

p la s t ic it y  m o d e l  (s e e  D e s a i a n d  Z h a n g  1 9 8 7 ).

A  s t r e s s  p o in t  o u t s id e  o f  t h e  u l t im a t e  s u r f a c e  w i l l  

p r o v o k e  a  s e c o n d a r y  c r e e p  r e s p o n s e  ( c o n s t a n t  

s t r a in  r a t e ) .  C o r m e a u  (1 9 7 5 )  p o in t e d  o u t  t h a t  in  t h e  

c o n t e x t  o f  l im i t  a n a ly s is ,  t h e  s o lu t io n  o b t a in e d  

w h e n  t h e  m o v e m e n t s  s t o p  is  a  lo w e r  b o u n d  w h ile  

t h e  s o lu t io n  o b t a in e d  w h e n  t h e  m o v e m e n t s  

c o n t in u e  a t  c o n s t a n t  r a t e  is  a n  u p p e r  b o u n d .

F IN IT E  E L E M E N T  S C H E M E

T h e  b a s ic  f in i t e  e le m e n t  s c h e m e  u s e d  h e r e  h a s  b e e n  

p r e s e n t e d  in  d e t a il  in  D e s a i a n d  Z h a n g  (1 9 8 7 ) .  A  s l ig h t  

m o d if ic a t io n  w i l l  c o n c e r n  t h e  h a r d e n in g  b e h a v io r  a n d  t h e  

p r o c e d u r e  o f  s u c c e s s iv e  it e r a t io n s  in s id e  o f  a  t im e - s t e p  

( im p l ic i t  s c h e m e ) .

T h e  v is c o p la s t ic  s t r a in  r a t e  a t  t im e  n + 1  is  o b t a in e d  b y  

u s in g  a  T a y lo r  s e r ie  a r o u n d  t im e  n  a s

8 0 2
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cvp
n+1

de

deV£_

V P

n A{vpn +
3e V£_

atvp

n A c "

n (A{Vpv)n

( 12)

w h e r e  é v p n is  t h e  v is c o p la s t ic  s t r a in  r a t e  v e c t o r  a t  t im e  n ,  

A o n is  t h e  in c r e m e n t a l  s t r e s s  v e c t o r  a p p l ie d  a t  t im e  n  a n d  

A£v p n a n d  A£v p vn a r e  t h e  in d u c e d  in c r e m e n t  o f  t o t a l 

- r e s p e c t iv e ly  v o lu m e t r ic -  v is c o p la s t ic  s t r a in  t r a je c t o r ie s  a t  

t im e  n .

T h e  la s t  t w o  t e r m s  in c o r p o r a t e  t h e  fa c t  t h a t  h a r d e n in g  

o c c u r s  d u r i n g  a  t im e  in c r e m e n t .  T h is  w a s  p r o p o s e d  b y  

M a r q u e s  a n d  O w e n  (1 9 8 2 ) .  T h e  v is c o p la s t ic  s t r a in  

in c r e m e n t  d u r i n g  a  t im e  in t e r v a l  A t "  -  t " + * -  t n is  w r it t e n

as

At n “ cvp A t n [(1-0) evp" + 0 €vpn+1 ] (1 3 )

F o r  0 =0  t h e  w e ll  k n o w n  e x p l ic i t  E u le r  a lg o r i t h m  is  

o b t a in e d .  It  w a s  r e c o m m a n d e d  b y  C o r m e a u  (1 9 7 5 )  a s  a  

s im p le  a n d  u s e f u l  s o lu t io n .  It  is  h o w e v e r  w e a k  a s  f a r  a s  

a c c u r a c y  a n d  s t a b i l i t y  is  c o n c e r n e d  ( H u g h e s  a n d  T a y lo r
1 9 7 8 ).

Ba s e d  o n  n u m e r ic a l  s t u d ie s  r e p o r t e d  b y  K a t o n a ,  D e s a i 

a n d  Z h a n g  (1 9 8 7 )  r e c o m m a n d  u s in g  0 = 0 .5 .

S u b s t i t u t in g  (1 2 )  in  (1 3 )  y ie ld s

A s n “cvp A t n t v p n +  0  G n A o n +  0 hn

w it h

G "

hn -

de

¿ f i ­

de

■5£vp
n A i v p n +

dkV2_

>vp
n ( A iv p v )n

(1 4 )

(1 5 a )

( 1 5 b )

T h e  s t r e s s  in c r e m e n t  is  t h e n  e v a lu a t e d  f r o m  e q s .  (3 )  a n d  

(1 4 ). F u r t h e r  m a n ip u la t io n s  y ie ld

A a n -  C " A e " -  A t "  [ iv p n +  0 hn ]

w it h

C n -  ( I +  C e A t "  0 G n )- > C e

(1 6 )

(1 7 )

T h e  in c r e m e n t  o f  v is c o p la s t ic  s t r a in  t r a je c t o r ie s  is  f o u n d  

m o r e  e a s ily  b y  u s in g  E u le r ’s  r u le  a t  t h a t  s t a g e .  W e  t h e n  
o b t a in

[do do] (1 8 a )

A t v p v n  =  A t n
7 *,F> £ (S * & * &] ,l8b»

T h e  g e n e r a l f in i t e  e le m e n t  e q u i l ib r i u m  e q u a t io n  is  g iv e n  
as

/B t  A  a "  d V  =  A Q n (1 9 )

w h e r e  B is  t h e  s t r a in - d is p la c e m e n t  m a t r ix  a n d  A Q "  is  t h e  

v e c t o r  o f  a p p l ie d  n o d a l  lo a d s  a t  t im e  n .  N o t in g  t h a t  in

e q .  (1 6 )  t h e  in c r e m e n t  o f  s t r a in  A e n c a n  b e  e x p r e s s e d  a s  a 

f u n c t io n  o f  t h e  n o d a l  d is p la c e m e n t s  A q n b y  t h e  e q u a t io n

Ae n -  B A q n

w e  o b t a in  t h e  f in i t e  e le m e n t  e q u a t io n  a s

K n A q "  -  AQ>

(20)

( 21 )

w h e r e

A < ?  -  A Q n +  /  BT C n A t n [ e v p n +  0 h » |  d V  (2 2 a )

Kn = /BT C n B d V  (2 2 b )

It  is  e v id e n t  f r o m  (2 1 )  t h a t  t h is  f o r m u la t io n  is  v e r y  

s im i la r  t o  t h e  o n e  o f  in v is c id  p la s t ic it y .  T h e  o n ly  

d if f e r e n c e  is  in  t h e  f o r m  o f  t h e  c o n s t i t u t iv e  m a t r ix  C  

( r e p la c e d  b y  C e P in  p la s t ic it y )  a n d  t h e  m o d if ie d  lo a d

v e c t o r  ( A ( ?  ^  A Q n ).

A lg o r it h m

T h e  p r e c e d in g  e q u a t io n s  c o n t a in  a ll t h e  n e c e s s a r y  

in g r e d ie n t s  t o  c o m p u t e  t h e  s t r a in s  a n d  s t r e s s e s  a t  t im e  n  

w h e n  t h e s e  q u a n t i t ie s  a r e  k n o w n  a t  t im e  n - 1 .  T h is  s t e p  

w i l l  b e  c a lle d  it e r a t io n  0 .  W e  w i l l  t h e n  s h o w  h o w  t o  

im p r o v e  t h e  s o lu t io n  a t  t im e  n  b y  s u c c e s s iv e  it e r a t io n s .

It e ra t io n  0

1. S o lv e  K 0 "  Aq < jn = AQ> n

2 . C o m p u t e  Ae 0 n -  B A q o "

3 . C o m p u t e  Ao q "  w i t h  e q .  (1 6 )

4 .  U p d a t e  Og n -  a i " -1 + Ao q "

T h e  s o lu t io n  A q 0 n A o q u  c a n  b e  im p r o v e d  b y  s u c c e s s iv e  

i t e r a t io n s  in s id e  o f  t h e  t im e - s t e p  n .  A n  im p r o v e d  s o lu t io n  

is  w r it t e n  a s :

AO| n =  A a 0 n + AAo q " 

A q ] n -  A q g "  + A A q o " (2 3 )

T h e  f ir s t  t e r m s  o f  t h e  r ig h t  h a n d  s id e  a r e  k n o w n  f r o m  

t h e  i t e r a t io n  0 .  B y  p o s in g :

¿ v P i n “  ¿ v p o "  +  G 0 "  AAo q "  (2 4 a )

G |" - Gq" ( E u le r ' s  a s s u m p t io n )  (2 4 b )

a n d  t a k in g  A A  o n n f r o m  e q .  (2 3 a )  w e  o b t a in ,  a f t e r  

m a n ip u la t io n s ,  t h e  f o l lo w in g  p r o c e d u r e  f o r  t h e  f ir s t  
i t e r a t io n :

It e ra t io n  I

1. S o lv e  V  A A q 0 "  -  A Q "  -  / b t  Ao 0 "  d V

w i t h  K =  /  BT Q "  B d V

a n d  Q , "  -  ( I +  C e A t "  (1+ 0 ) G0" H  C e

2 . C o m p u t e  A A e 0 n =  B A A q 0 n

80 3
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3 . C o m p u t e  A A a 0 n -  Q 11 A A e o “

4 .  U p d a t e  A o ( n -  Ac q "  +  A A a o "

T h i s  p r o c e d u r e  c a n  b e  s im p l if ie d  a n d  t h e  c o m p u t e r  t im e  

c o s t s  r e d u c e d  if ,  a s  a n  a p p r o x im a t io n ,  t h e  s t if fn e s s  m a t r ix

K  is  n o t  u p d a t e d  d u r i n g  t h e  i t e r a t io n s  ( K S  K ) .

It e ra t io n  i

R e p e a t  t h e  a b o v e  s t e p s  w i t h  t h e  n e w  in d ic e s  i f o r  1 

a n d  i-1 f o r  0 .  T h e  it e r a t io n s  a r e  s t o p p e d  w h e n  a  

s p e c if ie d  c o n v e r g e n c e  c r i t e r io n  is  s a t is f ie d  o r  a f t e r  a  

g iv e n  n u m b e r  o f  it e r a t io n s .

E X A M P L E S  

Is o t r o p ic  c o m p re s s io n

F ig .  2  s h o w s  t h e  r e s u l t  o f  a n  h y d r o s t a t ic  c o m p r e s s io n  t e s t  

o n  a n  a x is y m m e t r ic  s p e c im e n  s h o w n  in  t h e  f ig u r e .  T h e  

f in i t e  e le m e n t  m e s h  c o n s is t s  o f  f o u r  8- n o d e s  

is o p a r a m e t r ic  e le m e n t s  w i t h  b o u n d a r y  c o n d i t io n s  a s  

s h o w n  o n  t h e  f ig u r e .  T h e  is o t r o p ic  s t r e s s  a p p l ie d  is  0 | = 

o2 -  o 3 - 9 1 . 4  k P a  (1 3  p s i) .  T h e  m a t e r ia l  is  c h a r a c t e r iz e d  

b y  t h e  f o l lo w in g  c o n s t a n t s :  E  -  7 5 7 9 0  k P a  ( 1 1 0 0 0  p s i) ;  v =

0 .2 9 ;  y  -  0 .4 5 9 5 ;  0  -  0 .3 6 2 4 ;  m  -  - 0 .5 ;  n  -  2 .5 ;  0 ,  -  

0 .0 3 5 1 ;  t ) , -  4 5 0 ;  k  -  0 .2 9 ;  a n  -  0 .0 1 3 ;  0 b -  1 .0 2 ;  i}2 -  
0 .0 0 4 7 .

a)

b)

TIME STEP

F ig u r e  2 :  Is o t r o p ic  c o m p r e s s io n  t e s t ,  a ) V e r t ic a l  

d is p la c e m e n t  o f  p o in t  A  a s  a  f u n c t io n  o f  t im e ;  b )  im p o s e d  

b o u n d a r y - s t r e s s  h is t o r y

T h e  s o l id  l in e  (a ) in  f ig u r e  2  r e p r e s e n t s  t h e  v e r t ic a l 

d is p la c e m e n t  o f  t h e  p o in t  A  s h o w n  o n  t h e  m e s h  w h e n  

t h e  p la s t ic  m o d e l  is  u s e d .  T h e  c u r v e  (b )  r e p r e s e n t s  t h e  

d is p la c e m e n t  a s  a  f u n c t io n  o f  t im e  f o r  t h e  s a m e  p o in t  A  

w h e n  t h e  v is c o p la s t ic  m o d e l  is  u s e d  w i t h  t h e  p o w e r  la w  

(e q .  5 a ) a n d  t h e  f o l lo w in g  c o n s t a n t s :  y  -  1 0-9 T - *: N  -  3 ;  

F 0 -  1 .0 ;  A t  -  c o n s t  -  0 .0 1  T ;  9 ■> 0 .5  ( n o t e  t h a t  T  s t a n d s  

f o r  a n y  t im e  u n i t s ) .  T h e  lo a d  h is t o r y  is  g iv e n  in  f ig u r e  

2b .

It  c a n  b e  s e e n  t h a t  t h e  v is c o p la s t ic  s o lu t io n  c o n v e r g e s  

t o w a r d  t h e  p la s t ic  s o lu t io n .  F u r t h e r ,  d u r i n g  t h e  p e r io d  o f  

c o n s t a n t  lo a d  ( s t a r t in g  a t  t im e - s t e p  10) t h e  m o v e m e n t  is  

t h e  o n e  o f  a  " p r im a r y  c r e e p "  ( w it h  d e c r e a s in g  s t r a in  r a t e )  

a s  d e s c r ib e d  in  t h e  d is c u s s io n  a b o v e .

C o n v e n t io nal t r ia x ia l c o m p re s s io n

In  t h is  e x a m p le ,  t h e  s a m e  s p e c im e n  ( s a m e  m a t e r ia l)  is  

s u b je c t e d  t o  a  d if f e r e n t  lo a d  h is t o r y .  A n  is o t r o p ic  lo a d  is  

f ir s t  a p p l ie d  ( s a m e  a s  a b o v e ) ,  a n d  t h e n  t h e  v e r t ic a l  lo a d  is  

in c r e a s e d  ( A o j -  3 7 2 .6  k P a  (5 3  p s i) )  w h i le  k e e p in g  t h e  

h o r iz o n t a l  lo a d  c o n s t a n t  ( A =  A<73 »  0),  c o r r e s p o n d in g  

t o  a  c o n v e n t io n a l  t r ia x ia l  c o m p r e s s io n  t e s t  (o i > o j  -  03).

F ig u r e  3 a  c o n t a in s  r e s u lt s  f r o m  p la s t ic  a n a  v is c o p la s t ic  

a n a ly s is .  T h e  s o l id  l in e  (a ) s h o w s  t h e  v e r t ic a l 

d is p la c e m e n t  o f  p o in t  A  (a s  b e fo r e )  f o r  t h e  p la s t ic  ( t im e  

in d e p e n d e n t )  a n a ly s is .  T h e  o t h e r  c u r v e s  c o r r e s p o n d  t o  

d if f e r e n t  v is c o p la s t ic  a n a ly s is  in d u c e d  b y  t h e  lo a d  h is t o r y  

s h o w n  in  f ig u r e  3 b .

C u r v e  ( b )  is  o b t a in e d  u s in g  t h e  p r e v io u s ly  d e f in e d  

v is c o p la s t ic  p a r a m e t e r s  a n d  n o  it e r a t io n  w i t h i n  a  t im e  

s t e p ;  t h e  s o lu t io n  is  u n s t a b le .  T h is  is  b e c a u s e  o f  t h e  u s e  

o f  a  la r g e  t im e - s t e p .  W h e n  t h is  p r o c e d u r e  is  u s e d  ( n o  

i t e r a t io n s ) ,  t h e  le n g t h  o f  t h e  t im e - s t e p  m u s t  b e  c o n t r o l le d  

in  o r d e r  t o  g u a r a n t y  s t a b i l i t y  (s e e  M a r q u e s  a n d  O w e n  

1 9 8 3 ).

C u r v e  (c ) is  o b t a in e d  w i t h  2  i t e r a t io n s  a n d  c u r v e  (d )  

w i t h  5 a n d  1 0  i t e r a t io n s .  T h e s e  s o lu t io n s  a r e  s t a b le  b u t  

n o t  n e c e s s a r ily  a c c u r a t e .  T h e  a c c u r a c y  c a n  b e  im p r o v e d  

in  r e d u c in g  t h e  s iz e  o f  t h e  t im e - s t e p .  T h i s  w a s  d o n e  fo r  

c u r v e  (e ) w h e r e  t h e  t im e - s t e p  is  o n e  h a lf  o f  t h e  p r e v io u s  

o n e  (A t  -  c o n s t  -  0 .0 0 5  T ) .

e
e

Q_
l/l

10 20 30

TIME STEP

F ig u r e  3 :  T r ia x ia l  c o m p r e s s io n  t e s t ,  a ) V e r t ic a l 

d is p la c e m e n t  o f  p o in t  A  (s e e  F ig .  2 ) w i t h  t im e  fo r  

d if f e r e n t  a s s u m p t io n s ' ,  b )  im p o s e d  b o u n d a r y - s t r e s s  h is t o r y

L a  F r a s s e  la n d s lid e

T h e  L a  F r a s s e  la n d s l id e  lie s  in  t h e  S w is s  A lp s ,  6 0  k m  

e a s t  o f  L a u s a n n e .  It  c o v e r s  a n  a r e a  2 0 0 0  m  lo n g  b y  4 0 0  

m  w id e ;  it  is  a b o u t  6 0  m  t h ic k  a n d  h a s  a  m e a n  s lo p e  

a n g le  o f  a p p r o x im a t e ly  1 3 ° . T h e  lo n g  t e r m  s l id in g  

v e lo c i t ie s  a r e  b e t w e e n  1 0  a n d  5 0  c m / y e a r .  T h i s  s it e  is  

d e s c r ib e d  in  V u l l i e t  a n d  H u t t e r  ( 1 9 8 8 b )  w h e r e  a  v is c o u s  

3 D  a n a ly s is  w i t h  f in i t e  d if f e r e n c e s  is  p r e s e n t e d .  H e r e  w e  

w i l l  p e r f o r m  a  2 D  v is c o p la s t ic  a n a ly s is  u s in g  t h e  

p r o p o s e d  f in i t e  e le m e n t  f o r m u l a t i o n  a n d  c o m p a r e  t h e  

r e s u lt s  o f  t h e  t w o  a p p r o a c h e s .

80 4
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T h e  f in i t e  e le m e n t  m e s h  is  p r e s e n t e d  in  F ig u r e  4 .  It  

c o n s is t s  o f  1 3 2  is o p a r a m e t r ic  e ig h t - n o d e s  e le m e n t s  a n d  a  

t o t a l o f  4 9 1  n o d e s .  N o t e  t h a t  in  t h e  f ig u r e  t h e  v e r t ic a l 

a n d  h o r iz o n t a l  s c a le s  a r e  d if f e r e n t .

A s  in  V u l l i e t  a n d  H u t t e r  ( 1 9 8 8 b ) ,  t h e  g r o u n d w a t e r  le v e l 

is  a s s u m e d  t o  c o in c id e  w it h  t h e  fr e e  g r o u n d  s u r f a c e .  T h is  
a s s u m p t io n  c o m e s  f r o m  f ie ld  o b s e r v a t io n s  a n d  is  n o t  a  

l im it a t io n  o f  t h e  n u m e r ic a l  m o d e l .

F ig u r e  4 :  F in i t e  e le m e n t  m e s h  f o r  t h e  " L a  F r a s s e "  

la n d s lid e

T h e  d is p la c e m e n t  o f  t h e  s o il  m a s s  is  c h a r a c t e r iz e d  b y  

s t r o n g  s h e a r  d e f o r m a t io n s  in  t h e  v i c in i t y  o f  t h e  s l id in g  

s u r fa c e  ( o r  b a s e )  o f  t h e  la n d s l id e ,  a n d  a  s o l id - b o d y  t y p e  

o f  m o t io n  f o r  t h e  u p p e r  s l id in g  m a s s .  A s  a  c o n s e q u e n c e ,  

t w o  m a t e r ia ls  a r e  c o n s id e r e d .  M a t e r ia l  1 r e p r e s e n t s  t h e  

s l id in g  m a s s  a n d  m a t e r ia l  2  t h e  - w e a k e r -  s l id in g  s u r f a c e  

z o n e .  F o r  t h is  a n a ly s is  t h e  s l id in g  s u r f a c e  z o n e  is  

r e p r e s e n t e d  b y  t h in  s o l id  e le m e n t s  ( e f fe c t iv e  t h ic k n e s s  o f  

5 m )  b u t  in t e r f a c e  e le m e n t s  c o u ld  h a v e  b e e n  u s e d  a s  w e ll  

(e .g .  t h e  t h in - la y e r  e le m e n t s ,  D e s a i e t  a l .  1 9 8 4 )

T h e  m a t e r ia l  p a r a m e t e r s  a r e  s h o w n  in  T a b le  I.  

A s s u m in g  t h a t  t h e  a n g le  o f  in t e r n a l  f r ic t io n  is  t h e  s a m e  

f o r  b o t h  t r ia x ia l  c o m p r e s s io n  a n d  e x t e n s io n  t e s t ,  t h a t  is  

0 C  = 0 E  "  1 2 ° f o r  t h e  m a t e r ia l  2 ( in t e r f a c e ) ,  w e  f in d  t h e

p a r a m e t e r s  0  a n d  y  f o l lo w in g  D e s a i a n d  W a t h u g a la  
(1 9 8 7 ):

t a n f lr  | —

ü s ir

l +
t a n f lç

tan^E

w it h

t a n ô f

t a n flg

a n d  ■

2 sin^c

t a n ô r

(1-0)

v^3 (3  -  s in ^ c )

2  s in 0 E

(3  +  s in ^ E )

(2 5 )

(2 6 a )

( 2 6 b )

F o r  t h e  s l id in g  m a s s  t h e  a n g le  o f  in t e r n a l  f r ic t io n  is  t a k e n  

a s  0 C  =  0 E «  2 5 °  a n d  e q u a t io n s  (2 5 )  a n d  (2 6 )  d e t e r m in e

t h e  v a lu e s  o f  0  a n d  y  g iv e n  in  T a b le  I.

A s  n o  d a t a  a r e  a v a i la b le  c o n c e r n in g  t h e  h a r d e n in g  

b e h a v io r ,  t h e  h a r d e n in g  f u n c t io n  a  is  t a k e n  a s  a = 0  w i t h  

0a =O in  e q .  (1 0 a ) .  A s  a  c o n s e q u e n c e  t h e  v a lu e s  o f  n ,  ij| ,

i>2 a n d  0 b  a r e  c h o s e n  f o r  c o m p u t a t io n a l  p u r p o s e  o n l y  a n d  

t n e ir  a c t u a l  v a lu e s  w i l l  d e p e n d  o n  ( la b o r a t o r y )  t e s t  d a t a ;

t h is  a s p e c t  is  b e in g  s t u d ie d .  N o t e  t h a t  e v e n  w i t h  t h is  

s im p l i f ic a t io n  t h e  6 - m o d e l is  d if f e r e n t  f r o m  t h e  D r u c k e r -  

P r a g e r  m o d e l  b e c a u s e  0  in  e q .  (7 c )  is  n o t  e q u a l  t o  z e r o  

( in  t h e  » - p la n e  t h e  y ie ld  s u r f a c e  is  n o t  a  c ir c le ) .

F o r  t h e  s a m e  r e a s o n  o f  la c k  o f  t e s t  d a t a  a t  t h is  t im e  w e  

w i l l  a s s u m e  t h a t  t h e  f lo w  r u le  is  a s s o c ia t iv e ,  t h a t  is  k - 0  in  

e q .  (1 1 ) .  T h e  p o w e r  la w  (e q .  6 a ) is  a s s u m e d  f o r  v is c o u s  

s t r a in s  w i t h  v a lu e s  g iv e n  in  T a b le  I;  t h e y  a r c  d e r iv e d  

f r o m  t h e  p r e v io u s  a n a ly s is  b y  V u l l i e t  a n d  H u t t e r (  1 9 8 8 b ) .

T a b le  I.  P a r a m e t e r s  u s e d  f o r  L a  F r a s s e .  a ) M a t e r ia l 

p a r a m e t e r s  a n d  b )  t im e  in t e g r a t io n  p a r a m e t e r s .

P a r a m e t e r V a lu e U n it s

M a t .  1 M a t .  2

a ) E 7 9 2 0 0 s a m e k P a

V 0 .2 9 s a m e -

7 0 .0 2 5 6 .3 1 3  lO- 3

0 0 .5 1 3 0 .2 7 0 7 -

m - 0 .5 s a m e -

k 0 s a m e -

K 0 s a m e -

1 4 .3 4  1 0 " s a m e s - i

N 2 s a m e .

F 0 105 s a m e ( k P a ) 2

b ) A t 2 .7  1 0 ^ s

e 0 .5 -

T h e  r e s u lt s  a r e  p r e s e n t e d  in  F ig u r e  5 . T h e  s o l id  d o t s  

r e p r e s e n t  lo n g  t e r m  v e lo c i t y  m e a s u r e m e n t s .  C u r v e  a ) 

c o r r e s p o n d s  t o  t h e  p r e s e n t  a n a ly s is ;  t h e  p lo t t e d  v e lo c it ie s  

r e p r e s e n t  lo n g  t e r m  c o n d i t io n s  a f t e r  a p p l ic a t io n  o f  in - s it u  

s t r e s s e s .  C u r v e  b )  is  t a k e n  f r o m  t h e  v is c o u s  a n a ly s is  b y  

V u l l i e t  a n d  H u t t e r .

\
E

O
_I
LU

>

X tm]

F ig u r e  5 :  L o n g i t u d in a l  v e lo c it y  d is t r ib u t io n  f o r  " L a  

F r a s s e " .  C o m p a r i s o n  b e t w e e n  m e a s u r e d  v a lu e s  ( f u l l  d o t s ) ,  

p r e s e n t  a n a ly s is  ( c u r v e  a ) a n d  p r e v io u s  a n a ly s is  b y  

V u l l i e t  a n d  H u t t e r  1 9 8 8 b  ( c u r v e  b )

It  c a n  b e  s e e n  t h a t  t h e  r e s u lt s  a r e  c o n s is t e n t  w i t h  

m e a s u r e d  d a t a  a n d  p r e v io u s  v is c o u s  a n a ly s is .  In  t h e  

lo w e r  p a r t  o f  t h e  la n d s l id e  ( x > 1 5 0 0  m )  t h e  a n a ly s is  

u n d e r e s t im a t e s  t h e  v e lo c it ie s .  T h is  is  d u e  t o  t h e  fa c t  t h a t  

id e n t ic a l  m a t e r ia l  p a r a m e t e r s  h a v e  b e e n  u s e d  a lo n g  t h e  

e n t ir e  s l id in g  s u r fa c e .  In  s it u  t e s t s  h a v e  s h o w n  t h a t  t h e  

m a t e r ia l  in  t h e  lo w e r  p a r t  is  w e a k e r  t h a n  in  t h e  u p p e r  

p a r t .  M o r e o v e r ,  d u e  t o  t h e  c o m p le x  g e o lo g y  o f  t h e  

r e g io n ,  t h e  lo w e r  p a r t  o f  t h e  la n d s l id e  is  e x p e r ie n c in g  

a r t e s ia n  w a t e r  p r e s s u r e s  t h a t  a r e  n o t  c o n s id e r e d  in  t h is  

a n a ly s is .  F in e  t u n i n g  o f  t h e  m o d e l  w i l l  a l lo w  f o r  a  b e t t e r  

s im u la t io n  ( b a c k - p r e d ic t io n )  o f  t h e  r e a l b e h a v io r  a n d  

t h e n  a n  e v a lu a t io n  o f  r e m e d ia l  m e a s u r e s  a s  d r a in a g e ,  

a n c h o r s  o r  r e t a in in g  s t r u c t u r e s .
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T h e  p r e s e n t e d  f in i t e  e le m e n t  s c h e m e  is  c o n s id e r e d  t o  b e  

s t a b le  a n d  a c c u r a t e .  T h e  v is c o p la s t ic  a p p r o a c h  c a n  b e  

u s e d  f o r  e x a m p le  f o r  a n a ly z in g  t im e - d e p e n d e n t  s lo p e  

d e f o r m a t io n s ;  t h e  f o r m u la t io n  is  s u c h  t h a t  

in h o m o g e n e i t ie s  a n d  lo c a l e ffe c t s  l ik e  a n c h o r s  o r  

r e t a in in g  w a lls  c a n  b e  in c o r p o r a t e d ,  w h a t  w a s  n o t  

p o s s ib le  in  t h e  p r e v io u s  d im e n s io n a l  a n a ly s is  b y  V u l l i e t  

a n d  H u t t e r .  S o m e  o f  t h e  f u t u r e  im p r o v e m e n t s  b e in g  

c o n s id e r e d  a r e  ( I )  m a t e r ia l  c o n s t a n t s  b a s e d  o n  la b o r a t o r y  

t e s t s  f o r  t h e  s o i l  a n d  in t e r fa c e  z o n e  a n d  (2 )  in c o r p o r a t io n  

o f  la r g e  d is p la c e m e n t s .

C O N C L U S I O N

A C K N O W L E D G E M E N T S

T h is  w o r k  w a s  s u p p o r t e d  b y  t h e  S w is s  N S F ,  g r a n t  

8 2 .4 8 0 .0 .8 7 .  T h e  a u t h o r s  a r e  t h a n k f u l  t o  t h is  
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