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Evaluation of waste-retention liners by multivariate statistics 

L’évaluation des membranes de rétention de déchets par les statistiques multivariations

G.BOUTWELL, Soil Testing Engineers, Inc., Baton Rouge, Louisiana, USA 

C.HEDGES, Soil Testing Engineers, Inc., Baton Rouge, Louisiana, USA

SYNOPSIS: Compacted clay liners are a common component of leachate control systems at waste 
facilities. In this service, the geotechnical parameters of greatest concern are permeability and 

shear strength. These can be correlated with more frequently measured index parameters through 
multivariate regression analyses for more efficient control and more precise evaluation of the 

liner.

INTRODUCTION

Rigorous Construction Quality Control (CQA) 

programs are mandatory for building clay liners 

(USEPA, 1986). Tests for the important 

parameter of permeability (k) are both limited 

in number and slow to perform. The first 
problem limits the degree of confidence in the 

true behavior of the liner; the second can 

unduly hamper construction. Field

moisture-density tests are quick and 

inexpensive. These tests are normally
performed in abundance, and significant 

material variations are thus readily apparent 

on a well-handled project. It is therefore 

useful to have a sound method for determining k 

from these simpler tests. Multivariate 

regression-prediction (MVRP) is a statistical 
technique for analyzing related variables 

(Afifi, 1984). Use of MVRP for analyzing k in 
terms of pertinent variables such as Atterberg 

Limits, moisture, density, etc., is cited by 

Wang (1984) and Bogardi (1987). The authors 

have used this technique for CQA of over 30 

liners, beginning in 1982. The procedure can 

be outlined as:

1. Perform the regression on "hard data" 

points, i.e., those where both k and the 

simpler test data are available.

2. Evaluate the reliability of the predictions 

using a statistical method such as the 

One-Sided Tolerance Test (Miller, 1965).

3. Use the prediction equation to predict k at 

the "soft data" points, where only the 
simpler test data are available.

GEOTECHNICAL CONCEPTS

The regression should be based on the minimum 

number of pertinent, quantifiable independent 

variables, the most influential of which are 

clay content, density, and moisture content. 
The behavior of compacted clay has been studied 

so extensively that no references need be given 

herein; however, the basic concepts are 

outlined below.

The greater the amount of clay, or its 

activity, the lower will be its permeability 
and the higher its strength at a given 

moisture/density combination. The Liquid Limit

(w ) is a reasonable measure for clay 

content/activity. The effect of density is 

easy to visualize: small pipes offer more 

friction than large ones, so that denser clay 

(smaller voids) is less permeable and stronger 
than the same clay at a lesser density. For a 

clay at a given density, the higher the 

moisture content at molding the lower will be 

both density and strength. The authors use the 

degree of saturation (Sr) as a measure of 
relative moisture, rather than referring to an 

arbitrary "optimum", since (Sr) is independent 

of the compaction effort.

All liners controlled by the authors were 

compacted with toothed equipment; thus, any 

variations due to type of compaction machinery 

could not be evaluated. On one project, there 
did seem to be a slight decrease in 

permeability due to number of passes alone, 

independent of the changes in density and 

saturation. However, the three major factors 

discussed above appear to provide an adequate 
basis for evaluating a particular project.

STATISTICAL CONCEPTS

In general, statistics is a mathematical 
discipline for bringing order out of random 

chaos. Regression analysis is a branch of 

statistics that attempts to bring order to 
systematically random chaos. It is a tool for 

expressing mathematically the relationships 

that exist among physical parameters. The 

underlying assumption is that the test data 

obey a general law (mathematical function), but 

that there is random scatter of the data. This 
assumption is certainly valid in the case of 

CQA testing for many items.

While there are other methods (e.g., 

Chebychev) for regression analysis, the most 

commonly used is the Least-Squares technique 

(Wang, 1984; Bogardi, 1987; Afifi, 1984). This 

method gives a "best-fit" relationship equation 

between a dependent variable (e.g., strength, 

permeability) and one or more independent 

variables such as Atterberg Limits, density, 

saturation, etc.
It is not limited to linear functions of the

form Z = A + BX (1)

but can be extended to the form
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f( Z) = A + B g (X) + Ch(Y) +....  (2)
where: Z,X,Y = Variables

A,B,C = Constants developed through 
regression

f,g,h = Functions on Variables

Two significant regression parameters are the 
Coefficient of Correlation (Cc) and the 

Standardized Estimate of Error (SEE). The 

Coefficient of Correlation is a measure of how 

well the variables are related. For example, 

while the cost of a house is directly related 

to its floor area, there would be little 

correlation with its color. The range for Cc 

is from -1.0 to +1.0, with +1.0 being perfect 

correlation and 0.0 indicating no correlation. 

There are mathematical means to interpret Cc in 

terms of Levels of Confidence (Richmond, 1964), 

but a subjective guide is given in Guilford 

(1950). If the absolute value of Cc is above 

about 0.70, the correlation is quite good. The 
SEE is a measure of the scatter between the 

independent variables at the hard data points 
data and the regression's predictions at those 

points. It is the standard deviation of the 

real data distribution around the predicted, 

assuming standardized normal (Gaussian) 

distribution. Generally, the more pertinent 

independent variables considered, the closer 

the fit and the smaller the SEE. There is a 

trap; as the number of independent variables 

approaches the number of hard data points, SEE 

approaches zero. However, the solution becomes 
deterministic rather than statistical and no 

inferences on its reliability can be made.
Since the SEE can usually be taken as the 

standard deviation of the differences between 

predicted and observed values, it can be used 

to evaluate the precision of the predicted 

values. In ordinary statistics, the precision 

can be expressed by:

undisturbed samples taken 
liner, unless otherwise

P(Zp-FxSEE<Z<Zp+FxSEE) (3)

where: P = Probability 

Z = Actual Value of Z 

Zp = Predicted Value of Z 
F = Standardized Normal Function for 

Level 0 (e.g., 1.646 for 0 = 90%)

Although an analyst seldom has the infinite 

number of hard data points required to satisfy 
the assumptions of Equation (3), one obviously 

has more confidence in predictions based on 20 

hard data points than those based only on 5. 

The Tolerance Test procedure (Miller and 

Freund, 1965) takes the number of data points 

into account and is therefore preferred. The 

form of the equation is the same as Equation
(3), except that F is replaced by the Two-Sided 

Tolerance Test (TSTT) factor G, which is 

tabulated in most texts on statistics. This 

factor depends on the number of hard data 

points and the probability (level of 

confidence) that a certain proportion of the 
actual values will fall within the range 

defined by the predicted values, SEE, and G. 

In permeability studies, the analyst is usually 

concerned with the probability that the 

permeability is less or greater than some 

value, and the One-Sided Tolerance Test (OSTT) 
with its similar factor (H), is used.

FIELD RESULTS

The permeability test results cited below are

based on tests of 

from the in-place 
noted.

The samples were taken with a 7.6 cm diameter 
thin-walled drive tube and 5.0 - 8.0 cm long as 

tested. The fixed-wall permeameter test was 

performed in the sampling tube, using the 
falling-head procedure with elevated pressure. 

The hydraulic gradients were typically about 

50. Compaction will refer to Standard Proctor 
ASTM D698.
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Figure 1. Data from Project "A"

It is commonly accepted (Bogardi, 1987) that 
permeability is log-normally distributed; that 

is, permeability does not exhibit a normal 

distribution but the logarithm of permeability 

axiom is illustrated on Figure 1. 

this must be so; applying 

normal distribution directly to 

data yields a finite probability 

permeability (in which case water 

uphill). These data would show a 
that water will flow uphill, 

an example from USEPA, 1986 would

does. This 
Physically, 

standard ized 

permeabi1i ty 

of negative 

would flow 

22% chance 

Similarly,

have 24% of its samples exhibit negative 

permeability if analyzed on an arithmetic 

rather than logarithmic basis.

TABLE 1 
LINER FIELD DATA

Perm. Tests
Mean Mean Mean Mean Log Regression

WL
Comp. Sr Value Std. Cc SEE

No. ( %T (%) (cm/sec) Dev. loq
A 78 91 .92 3 .5x10(-9) .33 .75 .34
B 71 91 .89 1.9x10(-9) .31 .79 .34
C 56 94 .91 2 . 4x10(-9) .29 .69 .24
D 50 92 .90 5 .2x10(-9) .41 .86 .38
E 46 94 .88 2 .8x10(-9 ) .42 .72 .32
F 38 95 .87 6 .lxl0(-9 ) .50 .61 .45

Results for several of the authors' projects
are given in Table 1. The authors have found 

the most consistently satisfactory relationship 

to be of the form (Boutwell & Hedges, 1987):
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Log (k ) = A + B(7d) + C(Sr ) + D Log (w ) (4) 

where: k = Permeability

fd = Dry Density (or degree of 

compaction)

Sr = Saturation at Compaction 

w = Liquid Limit 
A,B,C,b = Constants Developed in the 

Regression

Thi s

term

typi 
2 .

relationship (except for the Liquid Limit 

is also cited in Bogardi (1987). A 
cal set of results is illustrated on Figure

S A T U R A T IO N  (%)

Figure 2. Multivariate Regression on 

Permeability (Field-Compacted Clay Samples)

The Coefficients of Correlation are typically 
0.7 to 0.9, and the (logarithmic) SEE's are 0.2 

to 0.4. Some examples from test series on both 

laboratory-compacted and field-compacted

samples are given on Table 2. For detailed 

field and laboratory comparisons, see Boutwell 

& Hedges (1987). As more pertinent independent 

variables are considered, all correlations 
improve; the Cc values increase and the SEE 

values decrease. It should be noted that the 

regression analysis also serves as a check on 

the laboratory permeability testing program. 

Based on the physical laws mentioned earlier, 

the constants (B,C,D) should all be negative.

TABLE 2

CORRELATIONS ON PERMEABILITY 

MULTIVARIATE LEAST-SQUARES REGRESSION

Geology
Project A Project C Project Y 
Holocene Pleistocene Tertiary

Lab Field Lab Field Lab Field

No. of Tests 11 31 23 49 17 100

Mean w 65 78 54 56 41 50

Case 1
Cc 0.4 0.6 0.4 0.6 0.1 0.5
SEE 0.8 0.3 0.7 0.4 1.1 0.5

Case 2

Cc 0.7 0.6 0.6 0.6 0.2 0.6

SEE 0.7 0.3 0.3 0.3 0.9 0.4

Case 3
Cc 0.9 0.7 0.8 0.7 0.6 0.8
SEE 0.4 0.3 0.2 0.2 0.7 0.3

Effect on,k

-0.1 kN/m *d: 3.1 1.9 1.5 1.5 1.9 1.4

- .05 Sr: 1.6 1.3 1.1 1.6 1.9 1.5

-5 pts. w^: 1 .5 1.1 1.3 1.2 4.1 1.1

Case 1: k vs Compaction
Case 2: k vs Compaction + Saturation

Case 3: k vs Compaction, Saturation, and Limits

Effect: Multiply k by factor shown

Several investigators, including Vesic (1967), 
have found that the undrained shear strength 

increases exponentially with density. The 

authors have found the most satisfactory 
relationship to be of the form:

Log ( Su) = A + B ( 7d ) + C(w) + D(wL) (5)

where : Su = Undrained shear strength 

w = Moisture Content

and the other terms are as defined previously. 
The coefficients B and D should be positive and 

C negative. The correlation here has been 

quite good, with Cc ranging from 0.8 to 0.98, 

and (logarithmic) SEE's of 0.1 to 0.3. A 
typical set of results is the group on which 

Figure 3 was based.

It is also interesting to compare the results 

achieved on the sloped sides versus those 
obtained on the liners' horizontal bottoms. A 

comparison of nine liners from similar geology 
for which these data were available is given on 

Table 3. All of these liners were constructed 

in "bath tub" fashion, where the side liner 

lifts were placed parallel to the slopes, which 

ranged from 3(H):1(V) to 5(H):1(V). Clearly, 

compacting parallel to such slopes had no 

adverse effect on permeability.

Paramete r

TABLE 3 

SIDES VS BOTTOMS:

Mean Value 
Sides

Permeabili ty 

(cm/sec) 

Compaction 

(%)
Saturation 

Liquid Limit

9 LINERS

Mean Ratio 
Bottom Side/Bot tom

5.6x10(-9) 7.2x10(-9) 0.82:1

92.3

0.901

51

92 .1 

0.920 
52

1 .0 0 : 1

0.98:1

0.99:1

APPLICATION TO CQA

Timeliness is considered in evaluating a liner 
during construction by using the Acceptance 

Diagram, a form of control chart that serves as 

the inspector's "early-warning" mechanism when 

used with field moisture-density testing. A

0 10 20 30

MOISTURE CONTENT (%)

Figure 3. Permeability and Strength Correlation
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concentrated program of permeability and 
strength testing is performed early in the 

project, either with a test fill or on the 

first lift. The results are analyzed using the 

MVRP procedure. However, there is a 50% chance 

that the permeability will be higher or the 
strength lower than the values obtained 

directly from the prediction equations. The 

builder deserves better assurance than a 50% 

chance that his work will meet specifications. 

Therefore, values of strength and permeability 

are selected such that if the index properties 
predicted these values, there would be, for 

example, a 90% probability that the true values 

would be acceptible. These selected values 

(U), are computed using the specified value 

(V), SEE, and the OSTT Procedure. The 

applicable equation is:

Log(U) = Log(V ) + H x SEE (7)

The moisture/density combinations corresponding 

to these selected values are then calculated 

using the prediction equations. The results 

can be plotted on a standard moisture-density 
graph for easy field use. An example is given 

on Figure 4. Acceptance Diagrams should be 

prepared for each type of material.

M O IS T U R E  C O N T E N T  (%)

Figure 4. Acceptance Diagram

Analyses based on the MVRP/Tolerance Test 

procedure can also be used to evaluate the 

liner as part of the Quality Assurance process. 

The authors normally compute the predicted 

permeability for every field moisture-density 
test. On a typical project, this allows a 

rational evaluation of some 6 to 10 times more 

points, so that the overall qualities of the 

liner are better evaluated. This is extremely 

important on projects where only a limited 

number of permeability tests are performed, 

because an increased number of points increases 
the level of confidence. This is expressed as 

a decrease in the OSTT factor H, and a narrower 
band for probability. On four projects, this 

phenomenon reduced the Upper Limit permeability 

(90% confidence that 95% of samples would not 
exceed) from above specification to within 
specification.

The CQA program for 25 of the authors' liners 
averaged 36 permeability tests each, and 

indicated a mean permeability of 5.9xl0(-9) 

cm/sec. A direct OSTT analysis of these data 

yielded a mean Upper Limit permeability (as 
defined above) of 4.9xl0(-8) cm/sec. Studying 

the moisture-density points (average 201 per 

liner) reduced the mean Upper Limit value to 

2.9xl0(-8) cm/sec.

CONCLUSIONS

Multivariate regression-prediction techniques 
provide a useful tool for both CQA and 

evaluation of liner properties by relating 

strength and permeability to more frequently 

indices: Atterberg Limits, moisture 

and dry density. On over 30 CQA 

the regressions showed that the test 

followed the applicable physical 

increasing Liquid Limit and density 

permeability and increased strength; 

saturation led to decreased

measured 
content, 

programs, 

results 

concepts: 
decreased 

increasing

permeability but also decreased strength. The 

numerical predictions based on these concepts 

were sufficiently accurate and had a high 

enough level of confidence to be directly 

applied to both field control and engineering 
evalua tion.
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