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R e l i a b i l i t y  a n a l y s i s  o f  a x ia l  p i l e  c a p a c i t y  

La confiabilité des analyses de portance des pieux axiaux

S.LAC ASSE , Norwegian Geotechnical Institute, Oslo, Norway 

A.GOULOIS, Elf Aquitaine, Pau, France

SYNOPSIS: An analysis technique based on first- and second-order reliability methods was developed 
to estimate the reliability index and the probability of failure of single piles with respect to 
axial capacity. Capacities in both compression and tension were considered, as well as the plug 
condition. Uncertain variables included soil layering, geotechnical engineering parameters and 
loading. The paper describes briefly the methods developed and presents an example calculation. 
Probability of failure is compared with the safety factor obtained deterministically with the API
(1986) method. The approach developed provides an Improved, more systematic treatment of the uncer
tain variables that enter in design and illustrates well the different contributions to overall un
certainty. There is still however insufficient data from large scale observations to enable one to 
actually quantify the bias between predicted and in situ pile capacity.

1 INTRODUCTION

To improve the practice of offshore pile design, 
a probabilistic analysis method was developed and 
applied to existing offshore piled structures.

There have been several important applications 
of the probabilistic approach to offshore founda
tion problems. Hamilton and Murff (1988), who 
analysed probabilistically the axial and lateral 
pile capacity of a jacket with a foundation col
lapse model, presented a brief summary. The re
liability of piled foundations was considered by 
Tang and his colleagues (Sidi, 1986), and by 
Andersen et al (1982), Marshall and Bea (1976) 
and Kraft and Murff (1975), among others. These 
contributions provide first-order second-moment 
approximations, or a Level II reliability analy
sis, where only mean and variance (and sometimes 
covariance) of the uncertain parameters are con
sidered .

The present contribution is a Level III relia
bility analysis, which accounts for the mean, 
variance and probability distribution function 
of each uncertain variable. The calculation 
obtains reliability index and probability of 
failure through the joint probability distribu
tion function of all uncertain parameters.

The reliability index (and probability of 
failure) gives a more complete measure of the 
safety margin than the conventional bulk or par
tial safety coefficient. Figure 1 illustrates 
that a higher factor of safety does not necess
arily mean a higher safety margin, because of 
the influence of the uncertainty in the analysis 
parameters on the actual probabilistic distribu
tion of the safety factor.

2 METHOD OF ANALYSIS

The method developed obtains the reliability of 
the axial capacity of single piles under com
pression and tension loading. The reliability 
analysis techniques are based on the first-order 
(FORM) and second-order reliability methods 
(SORM). At the present time, the probabilistic
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Figure 1. Safety factor, reliability index and 
probability of failure.

pile axial capacity formulation is based on the 
API RP2A (1986) method of calculation. The ap
proach uses a limit state function G(X) « 0 de
fining the axial pile capacity. Unsatisfactory 
performance (i.e. failure) occurs if G(X) is 
negative, where X is a vector of random vari
ables Including load effects, material proper
ties, and geometrical parameters. If the joint 
density function Fx (X) is known, the probability 
of failure Pf over domain D is given by:

Pf = I Fx (X ) dx (1)
D

Figure 2 illustrates the safe and failure do
mains and the limit state function G(X) in a two 
random variable space.

The vector of random variables is transformed 
into a vector of independent Gaussian variables 
with zero mean and unit standard deviation 
(Rosenblatt, 1952; Hohenbichler and Rackwitz, 
1981).
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Figure 2. Safe and failure domains and limit 
state function.

Because of the circular symmetry of the multi
normal density function, the point of maximum 
density ("most likely failure point") is the 
point of the surface closest to the origin.
This distance is called the reliability index p 
(Fig. 3). The most likely failure point is 
found by optimization techniques. The vector of 
direction cosines at the point of maximum den
sity is often called the vector of "sensitivity 
factors". The magnitude of each sensitivity 
factors reflects the relative contribution of 
the corresponding random variable to the total 
uncertainty. This is one of the very attractive 
aspects of the approach, as the calculation pro
vides not only the probability of failure but 
also the significance of each uncertain variable 
on the result.

In the first-order theory, the limit state 
function is approximated by a hyperplane [L(U) 
in Fig. 3]. In the second-order theory, the 
limit state function is approximated by a hyper
paraboloid [G '(0) in Fig. 3]. The parameter p 
is the distance of the surface to the origin.
The higher the value of 0, the smaller the pro
bability of failure. In general, the first- 
order approximation is quite reliable, as long 
as the probabilities of failure are small and 
the function describing the failure set is not 
too curved. For more complex limit state sur
faces, a second-order approximation, taking into 
account the curvature of the surface at the most 
likely failure point, is preferable.

The first- and second-order reliability methods 
have evolved as practical methods to evaluate ap
proximations to failure probabilities of complex 
functions, even if criticisms and controversies 
have been raised about the accuracy of the re
sults (e.g. Dolinski, 1983). However, Dltlevsen 
and Bjerager (1986) show that the choice of the 
most likely failure approximation point and 
first-order Taylor expansion in most cases of 
single-mode failure surfaces and small failure 
probabilities give very accurate approximations. 
In the range of reliability indices of about 2 
or larger, which can be typical for civil engi
neering structures, the accuracy of the hyper- 
plane/hyperparabolold method is satisfactory.
One should however be fully conscious that no 
mathematical models work automatically. Insight 
in the problem at hand and professional Judge
ment must always accompany the use of the relia
bility model as a decision tool.

3 PROGRAM PACKAGE

A program package was coded in Fortran F77 to 
implement the reliability analysis of the axial 
capacity of single piles. The program does a 
deterministic calculation of axial pile capacity 
versus depth and a probabilistic calculation for 
a given pile length. The deterministic analysis 
of axial capacity is done along traditional 
methods such as the "API method", the "CPT" 
method” and "effective stress methods". The 
probabilistic analysis computes the reliability 
index of the axial capacity of a single pile. 
Either the deterministic or probabilistic step 
can be bypassed. The program implements relia
bility subroutines developed at the Technical 
University of München under the supervision of 
Dr Rüdiger Rackwitz (TUM, 1 9 8 5 ) ,  and Includes an 
estimate based on sampling around the most likely 
failure point. The probabilistic analysis also 
lists the sensitivity factors reflecting the re
lative contribution of each random variable to 
the total uncertainty. The limit state function, 
which can be user-defined, presently uses the 
API RP2A ( 1 9 8 6 )  design method to describe the 
non-satisfactory performance of a pile. The 
limit state function is complex, in part due to 
the number of layers penetrated by the pile, in 
part due to the skin friction and end bearing 
limit values imposed by the API method as a 
function of the type of soil.

The following variables are taken as deter

ministic:
• Pile dimensions
• Unit weight of pile
• Number of soil layers
• Soil type (clay or sand)

The following variables are taken as random:
• Axial load on pile (P)
• Unit weight of soil (y) in each layer
• Soil layer thickness ( A z )

• Model error on skin friction component
• Model error on end bearing component
• For clay, in each layer:

■ Undrained shear strength (su )
• Pile adhesion factor (a)
• Bearing capacity factor (Nc )

• For sand, in each layer:
• Pile-sand friction angle (6)
• Coefficient of lateral stress (K)
• Limit unit skin friction (flim)

figure 3. Transformation to standard normal 
variables and reliability index.
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• Bearing capacity factor (Nq)
• Limit unit end bearing ( q n m )

At the present time, six probability distribu
tion functions can be modelled: normal, log- 
normal, Gumbel, Rayleigh, uniform and triangu
lar. The analysis provides three probability 
estimates in terms of reliability indices:

01, the first-order estimate (FORM estimate)
02, the second-order estimate (SORM estimate)
03, improved second-order estimate based on samp

ling around the most likely failure point.

4 CALCULATION EXAMPLE

The reliability method was used to calculate the 
fragility curve of the piles of an offshore 
jacket. In a fragility curve, the reliability 
index is calculated as a function of the deter
ministic axial load applied on the pile.

The jacket was installed in 40 m water depth, 
the piles had outer diameter 1.22 m, with wall 
thickness 0.032 m, and were 55 m long. The top 
69 m of the soil profile were divided into four 
layers. The idealization is shown in Fig. 4, 
along with the soil parameters determined from 
laboratory tests. Means (y ) and coefficients of 
variation (COV) are given. The coefficient of 
variation is the ratio of standard deviation to 
mean. The COVs of the soil layer thicknesses 
were based on the results of two borings.

The unit weight of the soil was 19 kN/mJ with 
a coefficient of variation of 9%. The API pile 
adhesion factor, bearing capacity factors and 
limiting unit skin friction and end bearing 
values were considered to each have coefficients 
of variation of 15%. The coefficient of lateral 
pressure in the sand was taken as 0.8 with a 
coefficient of variation of 10%. Both model 
errors were assumed to have mean of 1.0 and 
coefficient of variation of 10%.

The random variables had normal probability 
distribution, except for the undrained shear 
strength, the coefficient of lateral stress, the 
bearing capacity factor in the sand, and the 
limiting unit values which were characterized as 
lognormal.

The deterministic axial pile capacity, based
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Figure 5. Fragility curves of axial capacity of 
single pile.

on the API (1986) method, was 32600 kN in com
pression at a depth of 55 m, and -20000 kN in 
tension. The characteristic axial loads at the 
time of design were +13770 kN and -6500 kN, 
which results in the bulk safety factors of 2.37 
against failure in compression and 3.08 against 

failure in tension. Plugging theoretically 
occurred in Soil Layer 3.

Figure 5 presents the results of the probabi
listic analysis in terms of the variation of the 
reliability index with axial pile load in com
pression and tension. Figure 6 illustrates the 
influence factors of the main random variables 
on the reliability index. The sum of the influ
ence factors for all random variables is 1 .00 . 
The following aspects are noteworthy:

1- The reliability index under the characteris
tic load was 3.8 in compression and 4.6 in 
tension.

2- The first-order, second-order and improved 
second-order reliability indices were very 
close to each other ($i = 3.8, 02 = 3.7,
0 3 = 3.7). A first-order estimate is there
fore sufficient in this case, resulting in 
considerable savings in computer time.

3- The uncertainty in the thickness of Soil 
Layers 2 and 3 and the limiting unit end 
bearing in Layer 4 had the most significant 
Influence on the reliability index. This 
information would have been most useful if 
available at the time of the site investiga
tions and foundation design.

4- The uncertainty and bias in the model errors 
have an important influence on the rellabi-
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Figure 4. Soil profile, example calculation.
Figure 6 . Histogram of governing random 
variables.
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Figure 7. Comparison of existing axial pile 
experience and loads on offshore pile (Goulois, 
1906).

lity index and probability of failure. How
ever, no evaluated experience exists for 
loadings similar to those experienced off
shore, as shown on Fig. 7. Such data are the 
only ones that could quantify satisfactorily 
model error.

5- Additional analyses where only normal proba
bility distribution functions were considered 
changed only slightly the reliability indices

5 DISCUSSION

Traditional methods of analysis of axial pile 
capacity are based on deterministic models. The 
practicing engineer knows that these models are 
imprecise and require a great deal of experience 
and/or interpretation. Reliability theory can 
successfully address the problem of dealing with 
uncertainty. Many engineers mistrust reliabi
lity theory, due to its complex language, and 
because it appears as a threat to otherwise 
"well-accepted" beliefs. This paper shows that, 
on the contrary, reliability analysis presents 
great benefits, especially when used as a com
plement to deterministic analyses. The benefits 
include systematic organization of the many con
siderations entering into a deterministic analy
sis, quantification of the effect of uncertain
ties, and improved consistency among various 
designs, various structures and various soils. 
Probabilistic results provide insight into the 
influence of "Imperfect knowledge".
The probabilistic method is however no better 

than the level of confidence in the input para
meters. In many cases, it may be difficult to 
assess these parameters due to lack of data or 
lack of evaluated experience. Careful judgement 
should be combined with an analysis of existing 
data bases to evaluate the parameters entering 
into the reliability analysis.

6 CONCLUSIONS

The probabilistic approach proves to be a useful 
complement to the results of deterministic ana-

lyses, which will help guide decision-making.
In addition to reliability index and probability 
of failure, the calculation also estimates the 
relative importance of the different uncertain 
parameters on the reliability index and probabi
lity of failure.

The method could be used with advantage for 
parametric studies of, e.g., the effect of 
smaller or larger uncertainties in different key 
variables on the probability of failure.

There is still however insufficient data from 
large scale observations to enable one to actu
ally quantify the bias between predicted and in 
situ pile capacity. In addition, guidelines on 
a target reliability index to be used in design 
are needed.
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