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Com parison am ong critica l surface  search d irect m ethods in slope stab ility  analysis

La comparaison entre les méthodes de recherche directe de la superficie critique pour l’analyse de stabilité 
des pentes

A.PETACC IA , University o f Rome, Italy 

G .TANCRED I, University o f Rome, Italy

S Y N O P S IS  : In  this paper some of the techniques for locating the critical surface, applied to the stability analysis of slopes, are 

compared. The examined critical surface search methods give reliable results (coefficient of variation of the safety factor 

C V = 0 .3 % + 0 .6 % ),  in the case of homogeneous and isotropic soil and circular slip surfaces. If  the methods are applied to 

analyze the stability of an enmbankment on soft soil and in all cases where the objective function, represented by the safety 

factor, has different local minima (non homogeneous subsoil), the examined search methods lead to results that, even if can be 

very similar from the numerical point of view, differ as for their reliability (CV=2.7%+9.5%).

1 IN T R O D U C T IO N

In slope stability analyses uncertainties concern soil 

profile, in situ pore water pressures, soil properties and the 

mathematical model used in engineering analysis. The 

importance of these factors changes according to the 

different cases and determines the significance of the 

results.

Probabilistic methods enable to take into account the 

dispersion o f the single components that control the 

stability and allow to evaluate the stability in terms of 

probability of failure (Yuchemen and Tang 1975; Schultze 

1975, Chowdhury 1984).

The aim of this paper is to characterize the importance of 

the error depending on the critical surface location.

The stability analysis methods differ from one another in 

the hypothesis assumed in order to satisfy the equilibrium 

conditions of the potential sliding mass. It has been proved 

that all these methods, if used respecting the basical 

hypothesis, give satisfactory results (Fredlund 1977; Janbu 

1980; Fredlund 1984).

Nevertheless, by using those computational methods it is 

possible to calculate the safety factor for a specified slip 

surface, whereas the critical one is unknown. Therefore the 

search for the the critical surface is a problem which must 

be solved separately and it is indipendent o f the 

computational methods adopted for the safety factor 

evaluation.

In this paper some of the numerical techniques for finding 

out the critical surface have been taken into consideration 

in order to judge their efficency and reliability, for 

different soil conditions.

The critical slip surface search can be seen, from the 

mathematical point of view, as the search of the minimum 

of the objective function represented by the safety factor 

expression as given by one of the limit equilibrium 

methods (Petaccia and Tancredi 1988).

Am ong unconstrained minimization procedures without 

using derivatives (search methods), the following solutions 

have been compared:

- Flexible polyhedrom search method(Neld-Mead's method)

- Hooke and Jeeve's method

- Powell's method

- Rosenbrock's method

The basic mathematical theory of the examined methods is 

not mentioned in this paper (see specialized texts: 

Himmelblu 1972; Nguyen 1985). O n the contrary the 

results obtained by using the above-mentioned methods in 

the case of a slope in a homogeneous subsoil and in the case 

of an embankment founded on a soft soil and for circular 

failures, are discussed.

2 P R O C E D U R E  O F  A N A L Y S IS

The research of the critical surface is carried out starting 
from the first attempt solution, that is automatically 

modified according to each search method, in order to find 

out the solution of minimum of slope safety factor.

To  evaluate the effectiveness o f each search method, a 

certain number o f cases that differ from one another for 

the choice of the first attempt solution has been examined.

Th is procedure aims both to find out if the obtained 

solution depends on the choice of the surface of first

865



attempt and to identify the method that really locates the 

critical surface.

A  uniform slope (slope i=l/2, height h=12.2 m), with pore 

pressure distribution given by a schematized phreatic line 

with costant slope (i=l/7) has been analyzed. The case of 

homogeneous and isotropic subsoil (Fig. la), and the case 

o f an embankment founded on a soft soil (Fig. lb), have 

been considered. The physical and mechanical properties 

of the soil are shown in Fig. 1.
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Figure 1 - Slope profiles in case of homogeneous subsoil 

(a) and of an embankment on a soft soil.

For each of the two examples, 21 solutions of first attempt 

have been examined; they are represented by 21 circles 

(Fig. 2), on which, the initial value of the objective 

function, has been calculated.

Figure 2 - First attempt slip surfaces, assumed as input for 

the starting of direct search methods.

In theory, from the mathematical point of view, the 

definition set of the objective function should be extended 

to a quite large field in which all the geometrically 

acceptable slip surfaces are included. In the case taken into 

examination, the choice of the first attempt slip surfaces has 

been carried out in a casual way, among the surfaces that 

are compatible with the kinematic mechanism that 

characterizes landslide.

3 A N A L Y S IS  O F  R E S U L T S

3.1 Homogeneous soil

In the case of homogeneous and isotropic soil (Fig.la), the
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results given by the four search methods o f the critical 

surface do not depend on the first attempt slip surface and 

the minimum safety factor is F m jn=1.622. This value has

resulted from the search carried on out o f 10,000 surfaces 

o f potential slip and thus it can be considered pratically 

exact and taken as value of reference.

The results have been represented for each examined 

method, by means o f normal distributions (F ig.3), by 

assuming that the 21 investigated cases are a sample of a 

normally distributed population.
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Figure 3 - Theoretical distributions of minimum safety 
factors (homogeneous subsoil)

The average values o f minimum safety factors given by the 

four search methods range between F m in= 1.623 and

F min=1 -629 and they are equal, in practice, to the absolute

minimum value 1.622. The coefficient of variation (C V ) 

calculated on the sample formed by the 21 values of 

minimum safety factor ranges from 0.3%  to 0.6%.

The most significant slip circles, that have been taken under 

examination during the search development for finding out 

the critical slip surface, for each search method, in one of 

21 cases examined, are shown in Fig. 4.

Fig. 4 shows that the search strategy is quite different 

depending on the method : Neld-Mead, Rosembrock and 

Powell's methods are characterized by the fact that the 

location o f the m inimum o f the objective function is 

rapidly found and all the search strategy develops around 

this location. By Hooke-Jeeve's method (Fig. 4b) the search 

ranges in a wider interval giving an investigated volume 

that concerns a great part o f subsoil. The critical slip 
surfaces, located by each search method, are pratically 

coincident (Fig. 4e).
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Figure 4 - S lip  circles analyzed during the search 

development of critical surface, by the four different 

search methods, in one case among the 21 examined 

(homogeneous soil).

3.2 Embankment founded on a soft soil

The same procedure as that adopted for homogeneous soil, 

has been used to investigate on the response of the four 
search methods in case of an embankment on a soft soil. 

The values of minimum safety factors obtained by each of 

the four search methods are plotted in Fig. 5.
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Figure 5 . M in im um  safety factor values given by the 

four search methods in each of 21 case examined

The lowest minimum safety factor, obtained by the analysis 

o f more than 10,000 slip surfaces was F=  1.191. The 

theoretical distributions of minimum safety factors found 

out in each of 21 cases examined, show that the results are 

quiet different depending on the employed method (Fig.6).

The m inimum values of the safety factor found out by 

means of the four search methods can be considered 

coincident, for practical purpose (Fmjn= 1.191 + 1.200).

Nevertheless it results that for Hook-Jeeve and Powell's 

methods the scattering interval o f the minimum safety 

factor is small, with a standard deviation s=0.033 and 

s=0.050 (C V =2 .7% +4 .0% ) respectively (Fig. 6b and Fig. 

6c). Fo r Neld-Mead and Rosem brock 's methods, the 

corresponding values of the standard deviation, are 

s=0.125 (C V =9 .4% ) for both search methods (Fig. 6a and 

Fig. 6d).
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Figure 6 - Theoretical distribution of the minimum safety 

factors (embankment on a soft soil)

This result is confirmed examining the search strategy of 

different methods, as shown in Fig. 7, for one of the 

examined cases.

It has been confirmed that the Hooke-Jeeve’s search method 

is characterized by the fact that all the subsoil is involved 

by the critical surface search (Fig.7b). Moreover, each 

search attempt is characterized by a theoretical probability 

to find out the critical surface, greater than that of the other 

methods, in which, the critical surface search is limited to 

an area more or less restricted (Fig. 7a; Fig. 7c; Fig.7d).

The critical surfaces found out by each search method are 

plotted in Fig. 7e. These surfaces are different from one 

another even in the cases in which numerically equal safety 

factors are obtained (Hooke-Jeeve and Powell’s methods). 

This proves that, for non-homogeneous soil, the objective 

function is characterized by several local minima and that 

the search stops on one of the local minima in a casual way.
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In the case of an embankment founded on a soft soil (case of 

non-homogeneous soil), the different search methods have 

given quite different results as for the average of the 

minimum safety coefficients (F= 1.24+1.32), and as for the 

coe ffic ien t o f va ria tion  o f their d istribu tion  
(C V =2 .7% +9 .4% ).

Am ong the four search methods, it can be pointed out that 

the Hooke-Jeeve's method, gives a probability o f failure 

(P {F < 1 }) that is 1+2 orders of magnitude smaller than that 

obtained by the Powell's method (P{F<1 }<10 ‘^) and than 

that obtained by Neld-Mead and Rosembrock's methods 

(P {F < 1  }=0 .5% ). Th is result is in agreement with the 

search strategy of the four methods discussed in the case of 

homogeneous subsoil.

In conclusion, it can be said that these methods are a great 

help in the critical surface search. However, their results 

can be accepted only after a careful examination by taking 

into account the fact that the location of the slip surface 

depends on various factors, such as the presence o f 

structural discontinuities, the stress distribution, the 

progressive failure and the "m inor geological details".

F igure 7 - S lip  circles examined during search 

development of critical surface with different search 

methods, in a case among the 21 examined (embankment 

on a soft soil)

4 C O N C L U S IO N S

The results obtained by some minimum direct search 

methods applied to the location of the critical slip surface 

of slopes, show how the different strategies of each method 

influence the critical surface identification.

The study gives the data that can be used to evaluate the 

expected error o f the safety factor calculation depending 

on the location of the critical slip surface. It also gives the 

elements to judge about the utility of using the direct search 

methods in engineering practice.

In case of homogeneous soil, all the examined search 

methods have supplied results that, from the engineering 

point of view, are pratically coincident. The coefficient of 

variation ranges in the interval C V = 0 .3 + 0 .6 %  on the 

average safety factor values of about F=1.63 and thus all 

the methods locate the critical surface with a reliability 

near 100%.

The search strategy of the different methods, in the case of 

homogeneous subsoil, doesn't affect the critical surface 

location, given that the objective function presents an 

absolute minimum.

Nevertheless, the Hooke-Jeeve’s method has the peculiarity 

o f allowing the search to explore a wide soil volume, that 

comprises all the subsoil where the potential slip surface 

can develop.
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