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SYNOPSIS: A boundary method is applied to study the seismic response of three-dimensional alluvia] 

valleys on the surface of an elastic half-space. The excitation is given by incidence of plane waves. 

The method makes use of wave function families which are solutions of the Navier equation. The re­

fracted and scattered displacement fields are constructed with wave function linear forms. Coeffi­
cients are obtained from a least-squares point matching of boundary conditions. Axial symmetry of 

the valleys allows the use of an azimuthal decomposition, and the solution of the problem is feasi­

ble through superposition of several two-dimensional solutions. Results are presented for incidence 

of SH and Rayleigh waves in time domain. Large amplifications and spatial variation of ground motion 

are found in both cases, clearly indicating the significance of the phenomenon in earthquake analy­
ses .

1 INTRODUCTION

It is a widely known fact that local sits con- 
ditions can generate large amplifications and 
relevant spatial variations of seismic ground 
motion. Lateral heterogeneities on the ground 
surface» as well as in stratified soils» have 
been related to damage distribution produced by 
several earthquakes CSAnchez-Sesma, 10872). For 
instance* the recent September 19» 1065, Mi - 
choac4n• Mexico earthquake has been the most 
damaging event to date in Mexico City CBeck and 
Hall, 1986). Source and path effects CSingh et 
al., 19883» and resonance in the uppermost sed­
iments of the valley greatly amplified the mo­
tion. Most of these effects can be generally 
explained through one-dimensional models of the 
seismic response of surficial strata on soft 
soil. However, the influence of two- and three- 
dimensional local site effects is still not 
well known, but certainly important in the soil 
mechanics, and engineering seismology contexts.

The seismic response of two-dimensional alluvi­
al valleys has been studied by several investi­
gators Ce.g., Bard and Bouchon, 1960a, b, 1965; 
Sánchez-Sesma et al. , 1988; Bravo et al. , 19685 
considering several types of incident waves and 
valley configurations. This has allowed to un­
derstand essential aspects of the problem. How­
ever, papers describing three-dimensional mod­
els are very few in number, mainly because of 
the inherent difficulties found in their treat­
ment. Lee C19843 used wave function expansions, 
and Lee and Langston Cl9633 utilized ray theory 
to study axisymmetric valleys. For the same ge­
ometry, a recently developed boundary method 
utilizes wave function expansions and an azi­
muthal decomposition to reduce by one the di­
mensionality of this problem CSánchez-Sesma, 
1983; Sánchez-Sesma et al., 1964; Chávez-Pérez 
and Sánchez-Sesma. 19843. The general formula­

tion showing its numerical advantages has been 
presented by Sánchez-Sesma Cl9633, but numeri­
cal results have only been reported for normal­
ly incident P and SV waves in the frequency do­
main.

The aim of this paper is to consider non-normal 
incidence of SH waves, as well as Rayleigh sur­
face waves, in the seismic response analysis of 
three-dimensional alluvial valleys. The formu­
lation of the method is summarized and the nu­
merical solution briefly described. Results are 
given in time domain for the sake of showing 
the importance of this phenomenon, and its val­
ue for seismic risk evaluation in strong earth­
quake ground motion.

2 FOUNDATIONS OF THE METHOD

Let us consider a three-dimensional alluvial 
valley on the surface of an elastic half-space 
as shown in Figure 1. The half-space and the 
valley are denoted by E and R, respectively. 
Let 4iE and £iR be the free boundaries of the 
regions, and dzE = dzR the common boundary be­
tween them. For harmonic time dependence, the 
displacement vector u must satisfy the reduced 
Navier equation

u + CX+/j3 W - u + pw2 u = 0, C13

where X and fj - Lamé constants, p = mass densi­
ty, to = circular frequency, and V » gradient 
operator.

Under incidence of elastic waves, the total 
displacement field in the exterior region E is 
obtained by superposition of scattered waves on 
the free-fleld solution Ci.e., the solution in 
absence of surficial 1mperfections3 . In region 
R, the solution is given by refracted waves. 
Boundary conditions are those of zero tractions
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F i g u r e .  1 .  D e f i n i t i o n  o f  r e g i o n s  E  a n d  R ,  a n d  

t  h e i  r  b o u n d a r  i  e s .

a t  Oi E a n d  r f i R , a n d  c o n t i n u i t y  o f  d i s p l a c e m e n t s  

a n d  t r a c t i o n s  a c r o s s  âzE = àzR. I n  a d d i t i o n ,  

t h e  s c a t t e r e d  f i e l d s  m u s t  s a t i s f y  t h e  e l a s t i c  

r a d i a t i o n  c o n d i t i o n  a t  i n f i n i t y ,  w h i c h  m e a n s  

t h a t  n o  e n e r g y  m a y  b e  r a d i a t e d  f r o m  i n f i n i t y  

i n t o  t h e  p r e s c r i b e d  s i n g u l a r i t i e s  o f  t h e  f i e l d .  

T h e n ,  l e t  u s  w r i t e  t h e  t o t a l  f i e l d  i n  r e g i o n  E  
b y  m e a n s  o f

E  ( O )  < ■>  ,  _ ^
u  =  u  +  u  , C 2 3

w h e r e  u <0>= f r e e - f i e l d  s o l u t i o n  d i s p l a c e m e n t  

v e c t o r ,  a n d  u " =  s c a t t e r e d  f i e l d  d i s p l a c e m e n t  

v e c t o r  g i v e n  b y

^ ^ ^ Ŵ ntn.
J =  o  n = 0  m= 0

F o r  r e g i o n  R , w e  h a v e

u *  = \  ^  2 Sjnm w^ nm-

C33

C43
J = O n = 0 m = O

F o r  t h e  l a t t e r  t w o  e q u a t i o n s ,  WjV>m a r e  d i s ­

p l a c e m e n t  v e c t o r s  o f  t h e  s c a t t e r e d  f i e l d s ,  a n d  

W ?nm  a r e  d i s p l a c e m e n t  v e c t o r s  o f  t h e  r e f r a c t e d  

f i e l d s ,  r e s p e c t i v e l y .  / 4jnm  a n d  £?jnm  a r e  u n k n o w n  

c o e f f i c i e n t s ,  a n d  N a n d  M a r e  t h e  o r d e r s  o f  t h e  

e x p a n s i o n s .  T h e  r a n g e  o f  v a l u e s  f o r  J  C=  0 ,  1 ,  

2 3  s t a n d s  f o r  t h e  t y p e s  o f  w a v e s  i n v o l v e d ;  

n a m e l y ,  t o r o i d a l  SH  w a v e s , a n d  s p h e r o i d a l  P  a n d  

S V  w a v e s ,  r e s p e c t i v e l y .  T h e  s o l u t i o n s  d e p e n d  o n  

t w o  o t h e r  i n d e x e s ;  n  a n d  m , t h e  r a d i a l  a n d  a z i ­

m u t h a l  n u m b e r s , r e s p e c t i v e l y .  T h e  d i f f r a c t e d  

a n d  r e f r a c t e d  s o l u t i o n s  c a n ,  i n  g e n e r a l ,  b e  

w r i t t e n  i n  t h e  f o r m

/nCr} FnCe,03, C5}

w h e r e  / n C r 3 ,  t h e  r a d i a l  f u n c t i o n ,  i s  g i v e n  i n  

t e r m s  o f  s p h e r i c a l  f j a n k e l  o r  B e s s e l  f u n c t i o n s  

f o r  t h e  r e g i o n s  E  o r  R , r e s p e c t i v e l y  C S A n c h e z -  

S e s m a , 1 9 9 3 3 . F n C 0 ,0 3  i s  a  v e c t o r  f u n c t i o n  

g i v e n  i n  i t s  d i f f e r e n t  f o r m s  i n  t e r m s  o f  t h e  

s u r f a c e  s p h e r i c a l  f u n c t i o n  C e . g . , T a k e u c h i  a n d  

S a l  t o ,  1 9 7 2 3

r n C e .0 3  = F n C c o s 0 3  e
Ti<P

C 6 3

a n d  i t s  d e r i v a t i v e s .  H e r e ,  P n C - 3  =  a s s o c i a t e d  

L e g e n d r e  f u n c t i o n ,  a n d  m =  0 ,  ± 1 , ± 2 , .  . . , ± n .

I t  s h o u l d  b e  p o i n t e d  o u t  t h a t  e a c h  o n e  o f  t h e  

d i s p l a c e m e n t s  v e c t o r s  w f n m , d o e s  n o t  s a t i s f y  i n  

i t s e l f  t h e  f r e e - b o u n d a r y  c o n d i t i o n s  o n  t h e  

h a l f - s p a c e  s u r f a c e .  B e c a u s e  o f  t h i s ,  t h e  n u m e r ­

i c a l  t r e a t m e n t  i s  e x t e n d e d  t o  p a r t  o f  t h e  f r e e -  

s u r f a c e ,  b u t  t h i s  i s  n o t  a  s e r i o u s  r e s t r i c t i o n .  

F o r  t h e  r a n g e  o f  f r e q u e n c i e s  c o v e r e d  i n  t h i s

w o r k ,  i t  s u f f i c e s  t o  t a k e  t w i c e  o r  t h r e e  t i m e s  

t h e  h a l f - w i d t h  o f  t h e  v a l l e y  t o  o b t a i n  g o o d  r e -  

s u l t s .

T h e  n u m e r i c a l  s o l u t i o n  i s  c a r r i e d  o u t  b y  i m p o s ­

i n g  b o u n d a r y  c o n d i t i o n s  a t  a  f i n i t e  n u m b e r  o f  

p o i n t s  o n  t h e  b o u n d a r i e s .  T h i s  y i e l d s  t o  a  s y s ­

t e m  o f  l i n e a r  e q u a t i o n s  f o r  t h e  u n k n o w n  c o e f f i ­

c i e n t s  C t h e  i n d e p e n d e n t  p a r t  i s  g i v e n  i n  t e r m s  

o f  t h e  f r e e - f i e l d  s o l u t i o n 3 , w h i c h  i s  s o l v e d  i n  

t h e  l e a s t - s q u a r e s  s e n s e .  O n c e  t h e  c o e f f i c i e n t s  

a r e  k n o w n , e q u a t i o n s  2 ,  3 ,  a n d  4  a l l o w  u s  t o  

c a l c u l a t e  t h e  d i s p l a c e m e n t  f i e l d s  a t  a n y  p o i n t  

o f  t h e  r e g i o n s  E  a n d  R , a n d  t h e i r  b o u n d a r i e s .  

T h i s  c o l l o c a t i o n  m e t h o d  o r  p o i n t  m a t c h i n g  a p ­

p r o a c h  h a s  b e e n  u s e f u l  t o  p e r f o r m  t w o - d i m e n ­

s i o n a l  c o m p u t a t i o n s  C S À n c h e z - S e s m a  e t  a l .  , 1 9 8 2 ,  

1 9 0 5 3 .

3  T H E A Z IM U T H A L  D EC O M P O SIT IO N

I f  t h e  s h a p e  o f  t h e  i r r e g u l a r i t y  i s  i n d e p e n d e n t  

o f  t h e  s p h e r i c a l  c o o r d i n a t e  <pt i t s  a x i s y m m e t r y  

w i t h  r e s p e c t  t o  t h e  2 - a x i s ,  a n d  t h e  o r t h o g o n a l ­

i t y  o f  a l l  t h e  a z i m u t h a l  f u n c t i o n s ,  g r a n t  a  

c o m p l e t e  d e c o m p o s i t i o n  o f  t h e  p r o b l e m  i n  t e r m s  

o f  t h e  a z i m u t h a l  n u m b e r . I t  c a n  b e  s h o w n  t h a t  

a n y  c o m p o n e n t  o f  t h e  f r e e - f i e l d  c a n  b e  e x p a n d e d  

i n  a  F o u r i e r  s e r i e s  o f  a z i m u t h a l  f u n c t i o n s  

C S á n c h e z - S e s m a , 1 9 8 3 3 . I n  s p h e r i c a l  c o o r d i n a t e s  

C F i g u r e  2 3 ,  t h e s e  c o m p o n e n t s  a c q u i r e  o d d n e s s  

a n d  e v e n e s s  p r o p e r t i e s  w i t h  r e s p e c t  t o  t h e  a z i ­

m u t h a l  a n g l e  w h i c h  a r e  a l s o  a p p l i c a b l e  t o  t h e  

s c a t t e r e d  a n d  r e f r a c t e d  f i e l d s .  F o r  i n s t a n c e ,  

i t  c a n  b e  s e e n ,  f r o m  e q u a t i o n s  3  t o  6 , t h a t  t h e  

s c a t t e r e d  a n d  r e f r a c t e d  f i e l d s  c o n t a i n  s i n u s  

a n d  c o s i n u s  o f  m<p, w h e r e  <p =  a z i m u t h a l  a n g l e .  

T h e r e f o r e ,  i f  t h e  s c a t t e r e r  i s  a x i y m m e t r i c ,  

b o u n d a r y  c o n d i t i o n s  a l s o  h a v e  t h e s e  p r o p ­

e r t i e s ,  a n d  i t  s u f f i c e s  t o  s o l v e  a  ' • t w o - d i m e n ­

s i o n a l "  p r o b l e m  f o r  e a c h  a z i m u t h a l  n u m b e r  i n  

t h e  r ,  9 s p h e r i c a l  c o o r d i n a t e s .  T h e  f i n a l  s o l u ­

t i o n  i s  a t t a i n e d  b y  s u p e r p o s i n g  e a c h  p a r t i a l  

r e s u l t .

F i g u r e .  2 . C a r t e s i a n  a n d  s p h e r i c a l  c o o r d i n a t e  

s y s t e m s .  U n i t  v e c t o r s  i n  t h e  s p h e r i c a l  s y s t e m .

F o r  n o r m a l l y  i n c i d e n t  p l a n e  w a v e s ,  o n l y  o n e  a z -  

m u t h a l  n u m b e r  i s  n e e d e d . I n  t h i s  c a s e ,  f o r  P  

w a v e s ,  o n l y  m =  0  i s  r e q u i r e d ;  f o r  S V  a n d  SH  

w a v e s ,  i t  s u f f i c e s  t o  t a k e  m =  1 . F o r  a l m o s t  

g r a z i n g  i n c i d e n c e s ,  o r  R a y l e i g h  w a v e s  w i t h  

l a r g e  h o r i z o n t a l  w a v e n u m b e r s , t h i s  a p p r o a c h  r e -

1904
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quires many azimuthal numbers. However, even in 
this critical case. four or five azimuthal 
terms give a good approximation if the horizon­
tal wavelengths of the incident field are of 
the order of the maximum horizontal dimension 
of the irregularity.

4  N U M E R IC A L  E X A M P L E S

Results in frequency domain are given in terms 
of the normalized frequency

where = shear wave velocity of the

half-space, and a = radius of the valley. For 
time domain results, the Fast Fourier Transform 
algorithm is used to compute the convolution of 
the transfer function, given by the total solu­
tion for several normalized frequencies, and 
the frequency spectrum of the assumed source 
wavelet. We utilize a Ricker wavelet defined by

/CO = CA- BÏ  expC-/0, C83

where A = n2C t-t»32/tp, B = 7i2t»/tp, t«/tp =
0.1983, and t p = "characteristic period".

The order of the expansions, and the number and 
location of collocation points are obtained us­
ing a "trial and error" procedure based upon 
the error analysis of boundary conditions and 
the stability of the calculated surface dis­
placement fields. The order of the expansions 
we utilized for the scattered fields is roughly 
given by N S: 4C1+ 77 3 +137), whereas for the 
refracted fields is given by M S: 4Cl+j)ZD *+15r7.

The maximum azimuthal number used is of about 
C2+7rp/2. but never less than 2. The number of 
collocation points is of about 30t). but never 
less than 8. They were placed uniformly at tf»R, 
d2R, and at 0iE in a length of 2a. In all the 
computations, the residual tractions and dis­
placements did not exceed the six per cent of 
maximum free-field stresses and displacements, 
respectively. Typically, when these residual 
errors are lower than this value, the calcula­
tions for several analyses do not show signifi­
cant changes.

Figure 3 displays results of the three-dimen- 
sional response of a semi spherical alluvial 
valley under oblique incidence of SH waves of 
unit amplitude. The geometry of the valley is 
the simplest one we can investigate with our 
method. This selection has been made to support 
the fact that shear wave responses are valuable 
for seismic risk evaluation and show the feasi­
bility of their three-dimensional computations. 
Synthetic seismograms, given by the total solu­
tion up to a value n = 2,  are shown at nine 
surface receivers for the horizontal displace­
ment component uy. Important spatial variations 
in ground motion are observed, and large ampli­
cations are found, mainly in the central region 
of the valley, of up to 500 per cent.

t im e  (s e c )

Figure. 3. Response of a semispherical alluvial 
valley with radius a = 700 m to an obliquely 
incident SH Ricker wavelet of "characteristic" 
period tp = 1.0 sec. Poisson coefficients are 

= 0. 3 and i> = 0.23. Material properties are

=  0 - 2 *  p R = p E , = 2 . 1  k m / s ,  a n d

= O. 43. Traces represent displacements Ciiy 
component) at nine surface receivers marked 
with dots in the upper part.

On the other hand, it is also a well known fact 
that strong ground motion contains significant 
contributions from surface waves. Then, let us 
consider impinging Rayleigh waves of unit am­
plitude upon another kind of alluvial valley 
CFigure 4). Synthetic seismograms, given by the 
total solution up to a value r> = 3, are shown 

in Figures 5 and 6 for two different sections. 
In Figure 5, uy = 0 because of the symmetry of 
the problem. Large amplifications are observed, 
mainly in the vertical displacement component 
uz, and surface waves seem to be present. By 
studying the particle motion, we find that it 
is retrograde at the beginning of the synthet-
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m
0 2 0 4 0 60 80 1 00

TIME (sec)

F i g u r e .  5 .  S y n t h e t i c  s e i s m o g r a m s  f o r  t h e  d i s ­

p l a c e m e n t  c o m p o n e n t s  CaD "ux a n d  C fcO i n  s e c ­

t i o n  X * X  u n d e r  i n c i d e n t  R a y l e i g h  w a v e s  u p o n  t h e  

a l l u v i a l  v a l l e y  o f  F i g u r e  4 .  R i c k e r  w a v e l e t  o f  

" c h a r a c t e r i s t i c "  p e r i o d  t p  =  1 2  s e c .

i c s .  T h i s  s u g g e s t s  t h e  p r e s e n c e  o f  e m e r g e n t  

R a y l e i g h  w a v e s .  F i g u r e  6  a l s o  d i s p l a y s  i m p o r ­

t a n t  s p a t i a l  v a r i a t i o n s  i n  v e r t i c a l  g r o u n d  m o ­

t i o n .  A l s o  n o t e  t h e  e m e r g e n c e  o f  t h e  n o n - i n c i ­

d e n t  d i s p l a c e m e n t  c o m p o n e n t  \ i y  d u e  t o  c o n v e r t e d  

w a v e s .

F i g u r e .  4 .  A l l u v i a l  v a l l e y  w i t h  i n t e r f a c e  s h a p e  

g i v e n  b y  t h e  e q u a t i o n  z  =  hC 1 - 3 £ 2 + 2 J f3)  , 0  <  % <

1 ,  w h e r e  £ =  C x  + y  2) / a ,  a n d  h  =  m a x im u m  

d e p t h  o f  t h e  d e p o s i t ,  a  =  5 0 0 0  m. h / a  =  0 . 5 .  

P o i s s o n  c o e f f i c i e n t s  a r e  =  0 . 3  a n d  =

0 . 2 5 .  M a t e r i a l  p r o p e r t i e s  a r e  =  0 . 3 ,  p  =
K h K

p _ ,  (3 - 1 . 5  k m / s ,  a n d  =  0 . 7 1 .  a )  P l a n
fc. c .  he h

v i e w  s h o w i n g  t h e  l o c a t i o n  o f  s u r f a c e  r e c e i v e r s

i n  s e c t i o n s  X * X  a n d  O Y . R s t a n d s  f o r  i n c i d e n c e

o f  R a y l e i g h  w a v e s ,  b )  C r o s s  s e c t i o n .

a )

B
w
CO

X

X

a)

bD

c)

TIME (sec)

40 60

TIME (sec)

100

TIME (sec)

TIME (sec)

F i g u r e .  6 .  S y n t h e t i c  s e i s m o g r a m s  f o r  t h e  d i s ­

p l a c e m e n t  c o m p o n e n t s  CaD ux, CbD u y ,  a n d  C c )  xu. 

i n  s e c t i o n  OY u n d e r  i n c i d e n t  R a y l e i g h  w a v e s  

u p o n  t h e  a l l u v i a l  v a l l e y  o f  F i g u r e  4 .  R i c k e r  

w a v e l e t  o f  " c h a r a c t e r i s t i c "  p e r i o d  t p  =  1 2  s e c .

1 9 8 6



27/11

5 CONCLUSIONS

C l )  A  b o u n d a r y  m e t h o d  h a s  b e e n  a p p l i e d  t o  s t u d y  

t h e  s e i s m i c  r e s p o n s e  o f  t h r e e - d i m e n s i o n a l  a l l u ­

v i a l  v a l l e y s  i n  t i m e  d o m a i n .  A x i s y m m e t r i c  s c a t -  

t o r e r s  a r e  a s s u m e d  t o  a l l o w  a n  a z i m u t h a l  d e c o m ­

p o s i t i o n  o f  t h e  p r o b l e m »  a n d  r e d u c e  b y  o n e  i t s  

d i m e n s i o n a l i t y .  T h e  s o l u t i o n  i s  o b t a i n e d  b y  s u ­

p e r p o s i n g  a  s e q u e n c e  o f  " t w o - d i m e n s i o n a l "  p r o b ­

l e m s .

C 2 )  R e s u l t s  f o r  t h e  o b l i q u e  i n c i d e n c e  o f  SN 
b o d y  w a v e s  a n d  R a y l e i g h  s u r f a c e  w a v e s  u p o n  t w o  

k i n d s  o f  a l l u v i a l  v a l l e y s  s h o w  l a r g e  a m p l i f i c a ­

t i o n s  a s s o c i a t e d  w i t h  t h r e e - d i m e n s i o n a l  e f f e c t s  

w h i c h  i n c r e a s e  t h e  c o m p l e x i t y  a n d  s p a t i a l  v a r i ­

a t i o n  o f  g r o u n d  m o t i o n .

C 3 )  T h i s  w o r k  d e m o n s t r a t e s  t h e  f e a s i b i l i t y  o f  

q u a n t i t a t i v e  t h r e e - d i m e n s i o n a l  s t u d i e s  o f  l o c a l  

s i t e  r e s p o n s e .  T h e  m e t h o d  f u r n i s h e s  a n  a l t e r n a ­

t i v e  w a y  t o  c a l i b r a t e  o t h e r  p r o c e d u r e s  a n d  c a n  

a l s o  b e  e x t e n d e d  t o  s t u d y  t h e  d y n a m i c  r e s p o n s e  

o f  f o u n d a t i o n s .
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