INTERNATIONAL SOCIETY FOR
SOIL MECHANICS AND
GEOTECHNICAL ENGINEERING

SIMSG [} ISSMGE

s

This paper was downloaded from the Online Library of
the International Society for Soil Mechanics and
Geotechnical Engineering (ISSMGE). The library is
available here:

https://www.issmge.org/publications/online-library

This is an open-access database that archives thousands
of papers published under the Auspices of the ISSMGE and
maintained by the Innovation and Development
Committee of ISSMGE.



https://www.issmge.org/publications/online-library

1/A/7

Dilatancy modeling for granular sand in simple shear condition
Modelage de dilatant pour sable granulaire dans une condition de cisaillement simple

CHING S. CHANG, Associate Professor of Civil Engineering, University of Massachusetts, Amherst, Mass., USA

SYNOPSIS
a simple shear condition.

A particle chain model is proposed for the derivation of soil dilatancy equation in
By considering the deformation of a particle chain, the inclination of the

mean sliding plane can be related to the mean inter-particle force vector of the assemblage, and the

dilatancy equation is derived as a function of external stresses.

This proposed particle chain model

can be extended to more general stress conditions other than simple shear.

INTRODUCTION

Deformation of a soil sample, considered as an
assemblage of particles, can be regarded as a
rearrangement of particles caused by particle
sliding. The directions of sliding vary ran-
domly from particle to particle, and the average
direction of the overall slidings represents the
inclination of the sliding plane. This sliding
plane is related to both the stress conditions
and the dilatancy behaviour of the assembly.

The relationships between the inclination of sli-
ding plane and the stress conditions have been
developed and successfully applied to describe
the dilatancy behaviour of sand by various inves-
tigators. Among these approaches, notably, are:
(1) Rowe hypothesized a minimum energy principle
(1962) stating that particles tend to slide
along the direction of minimum energy; (2) Tokue
(1979) and Nemat-Nassar (1980) assumed a pro-
bability distribution function for the planes

of sliding. Through an integration of this dis-
tribution, the average plane of sliding can be
obtained.

In this paper, the average plane of sliding is
derived as a function of overall stress based
on the deformation mechanism of particle chains.
The dilatancy equation is then derived and com-
pared with the existing dilatancy equations.

DEFORMATION MECHANISM

The deformation of an assemblage of particles
may be caused by: (1) the sliding and rolling
between particles, (2) the compression of solid
particles, and (3) the crushing of particles.

According to Barden, Khayatt, and Nhightman
(1969), the deformation of a specimen caused by
the compression of sand particles is generally
negligible compared to that caused by the sli-
ding of particles. The crushing of sand par-
ticles also seems negligible if an ordinary sand
is subjected to ordinary stress levels (Rowe,
1962; Lee and Farhoomand, 1967; Vesic and Clough,

1968.) Thus, neglecting the factors of com-
pression and crushing of particles, deformation
of an assembly is caused only by the relative
movement between contact particles, which could
be sliding, rolling, or a combination of both.

Horne (1965) studied the mechanism of particle
rolling and sliding. He concluded that the
angular rotation involved in rolling may be
ignored in relation to the relative velocity

due to sliding of two contact particles. There-
fore, it is reasonable to assume that, at an
ordinary stress level, the deformation of an
assembly of particles occurs primarily as a
result of sliding between particles, which is
governed by the law of Coulomb friction.

The inter-particle forces between two particles
are shown in Fig. la. The angle between the
inter-particle force F and the contact normal

n is a. The contact normal is defined as the
vector perpendicular to the contact area of the
two particles. The inter-particle force F can
be decomposed into two components: th normal
force perpendicular to the contact plane and
the shear force parallel to the contact plane.
Due to a small increment of loading applied to
the soil sample, the inter-particle force
changes its direction. As the increment of
loading is infinitesimal, the incremental inter-
particle force dF is perpendicular to F. Let f,
n, df, and s be the unit vectors representing —
the directions of inter-particle force, contact
normal, incremental particle force, and sliding,
respectively. The following conditions must be
satisfied for two particles at the threshold of
sliding: (1) The angle between f and n is equal

to the frictional angle, ¢u, between two par-

ticles; (2) The direction of inter-particle
force, due to the external loading, tends to
change such that the angle between f and n has
the tendency to increase. - -

The sliding deformation can be classified into
two types: 1) elastic slip - When the contact
forces have not yet reached the limit of sli-
ding, two particles slip but are still remained
in contact. 2) plastic slide - When the contact
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forces have reached the limit of sliding, the
two particles slide relative to one another,

and they may not remain in contact. The elastic
slip is relatively small compared to the plastic
sliding deformation; therefore, only the latter
is considered.

Fig. 1 1Inter-particle Forces Between Two

Particles

It is noted that the four vectors- s, df, f, and
n - are on the same plane. The sliding vectors
on this plane have two possible orientations as
shown in Fig. 1b and lec. The orientation of
sliding depends on the relative positions of £
and n.
f and s is 90 - L f is perpendicular to df;

and s is perpendicular to n. The geometrical
relationship among the unit vectors (f, df, and
s), shown in Fig. 2, is expressed in the Follow-
Ing form.

Fig. 2 Geometrical Relationship Between f, df,
and s.

s = sin ¢u f + cos ou af , (1)
and the inclination of sliding, v, is
¥ R =g (2)

where 8 is the angle between f and vertical line.

PARTICLE CHAIN DEFORMATION

Let us consider a vertical particle chain within
an assembly as shown in Fig. 3. This chain con-
sists of particles continuously in contact. The
number of particles in the chain is sufficiently
large so that the deformation characteristics of
this chain represent the deformation characteris-
tics of the assemblage. Displacement of any
particle in the chain depends significantly on
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For either orientation: the angle between

the friction and interlocking resistance due to
the physical restraint provided by the surround-
ing particles.
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Fig. 3 Particle Chain Deformation
Consider two particles Po and P in the vertical
chain. After deformation, grains slide rela-
tive to one another. The previous chain breaks;
a new chain is formed. Po and P move to Po and
P' respectively. The vector A deforms into the
vector A'.
A' =

A+ 6A (3)

The components of §A are SA and 6A , and the

strains for the simple shear condition can thus
be defined as the relative displacement of
these two end particles:

(SA G[_\x
de, = o 5 dv == (4)

Consider the same particle chain in which the
particles are numbered from 1 to N for the pur-
pose of illustration as shown in Fig. 3b. A
(i.e. the relative displacement of particle
number N with respect to particle number 1)

can be obtained by summing up the movement of
all sliding contacts. Let Tii be the relative

displacement of particle j with respect to par-
ticle i. Then the relative displacement of
particle N with respect to particle 1 is:

T = 6A =1 +r + r +
n,l - 201

+ +

Til,i * Iy N-1

Since the sliding limit may not be reached at
every contact point within this particle chain,

some of the terms in Eq(5) are zero. Let n' be
the total number of sliding contacts. Thus Eq.
(5) can be written as
nl n'
sé K i:l ri 3 ]F_=]. Liii - ngfn (6)

where r; is the relative sliding of the upper

particle to the lower particle at the i-th sli-
ding contact with magnitude Li and direction S;
(unit vector). Lm is the mean value of Li’ and
5m is a unit vector representing the mean sli-

ding direction of all sliding contacts; and,



n'
L

(7)

It is noted that Sm has the same direction as

the resultant displacement vector $A.
Substitute Eq (1) into Eq (7),

' '

gy Ay =
s _= ﬁ-(Sln ¢ £i + cos I8 { dgi). (8)

“m

=1 3

u

It is reasonable to assume that all contacts
have the same sliding orientation due to shear

stress change in a simple shear test. Eq(8)
can thus be expressed as
8 T (sin 9, gm + cos ou dgm), (9

where gm and dgm are perpendicular, and the

angle between £ and s_ is 90 - ¢ similar to
=m Zm n

the relationship shown in Fig.2. The inclina-
tion of the mean sliding plane can be obtained
as

(10)

where 8 is the angle between the mean inter-
particle force and the vertical line.

MEAN INTER-PARTICLE FORCE VECTOR

Fig. 4 shows a cubical free body with unit area
on the top and bottom. In a simple shear con-
dition, the forces on the top face, where the
external shear stress is applied, should balance
the inter-particle forces on the bottom face.

On the unit area of top surface, the total ver-
tical force is o and the total horizontal force
is 1. On the bottom face the total force is :f,
the vertical component of which is £f_ and the

Let 8 be the angle

between the resultant force and the vertical
force, then

horizontal component if .

tan B = g : (1)

Fig. 4 Force Equilibrium of a Cubical
Element
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Since gm' by definition, has the same direction

as the resultant force tf, 8 in Eq(ll) thus re-
presents the angle between the mean inter-
particle force and the vertical line.

DILATANCY EQUATION

Form Eq(4) and Fig. 3, the dilatancy ratio can
be expressed as the displacement ratio of the

particle chain; and subsequently, expressed as
the inclination of the mean sliding plane.

I = 5A, = tan Vo (12)
Substituting Eq (10) into Eq (12) yields

y

=pe 8 tan (¢u - B). (13)

Assuming that the gm of a cubical element is
the same as the gm in a particle chain; and,

substituting Eq (11) into Eq(1l3), the dilatancy
equation becomes

de, tan ¢ - t/0
- (14)
dy 1 + tan ¢U-r/c

Fig. 5 shows the inclination of the sliding
plane for four different stages. In all stages,
the direction of sliding and the direction of
mean inter-particle force form an angle of 90 -
L As shown in Fig. 5, when B is less than ¢,

(i.e. 1/0 is less than tan ¢u), contraction
occurs (vm> 0); when 8 is equal to ¢u(i.e. t/o
equals to tan ¢u), the soil has zero volume
change due to shear (vm = 0); and, when B is
greater than ¢p(i.e. t/o is greater than tan

¢u), dilation occurs (vm<:0).

(@ =0
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Fig. 5 1Inclination of Sliding Plane for

Four different Stages
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Although the dilatancy equation of Eq. (14)
derived above took an entirely different ap-
proach from that of Tokue (1979) and Nasser
(1980), the form of the dilatancy equation
turns out to be the same. This approach of the
particle chain concept may provide an alter-
native way towards the objective of better
understanding the granular behaviour.

Although the simple shear condition is used as
a focus for the illustration of this approach,
the methodology can be applied to more general
stress conditions. (Chang, 1983)

CONCLUSION

By considering the deformation of a particle
chain based on particle sliding mechanism, it
can be derived that the angle between the mean
sliding vector and the mean inter-particle force
is 90+ ¢ . By force equilibrium the mean inter-
particle"force can be determined from the exter-
nal stresses. Thus the relationship between the
average sliding inclination and the external
stresses can be established.

The dilatancy equation based on this methodology
has been derived and yields reasonable results.
The assumptions involved in this derivation are:
1) the particles are of convex, round shape, 2)
particles are not breakable and rigid, 3) par-
ticle rolling is neglected, and 4) elastic de-
formation is neglected.
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