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Ultimate shear strength and deformation of soils

Résistance limite au cisaillement et déformabilité des sols

A. L. KRYZHANOVSKY, Senior Lecturer, Kuibyshev Civil Engineering Institute, Moscow, USSR 

Z. G. TER-MARTIROSYAN, Professor, Kuibyshev Civil Engineering Institute, Moscow, USSR

SY1J0PSIS The problems of soil shear stress and defornation are definitely associated with
mobilization of internal friction forces. The report will discuss the applicability of the Cou
lomb dry friction law based on the results of soil tests under three-dimensional stress and 
strain conditions and the role of the internal friction forces in deformation of soils with ran
dom loading paths.

The first part of the report, based on 
analysis of special experimental studies, gives 
the substantition of orientation of the maxi
mum sliding plane in stresses' space for which 
the Coullomb dry friction law remains true; 
and cites the formula for definition of the 
quantities of the normal's directing cosines 
of this plane.

The second part describes a new incremen
tal theory of plastic solifluction of com- 
placting clay-soil. The theory is devised on 
the basis of testing clay-soils in triaxial 
and shearing devices. An equation of clay- 
-soil's condition was deduced where the depen
dence between angular deformation and tangen
tial stress is expressed by angle of internal 
friction, ratio of cohesion and parameter of 
loading trajectory.

Let us consider some of the widely known facts 
which are revealed in the investigation of 
shear strength of loose and cohesive soils.
1 . Angle of friction i/>m (in interpreting 
results of triaxic.l tests using the Ibhr-Cou- 
lomb theory) depends substantially on the ra
tio between principal stresses and stress or 
deformation path. Ibr a soil of a given initi
al physical state values of differring 
from one another by 5° and more can be obtai
ned .
2. The angle of friction values based on the 
results obtained in a shearing device( ¡fis ) 
depend substantially on the sequence of varia
tion of normal and shear stresses in the shear 
plane and generally on the fact what is consi
dered: peak ( ) or residual( ) 
shear strength. The values of iPs thus obtai
ned differ from one another and from the va
lues of by 5° and more.
3. ibr typically loose soils (which is especi
ally true in testing coarse soils)"catching"
C occurs which is difficult 'to explain from 
the standpoint of the nature of shear strength 
of such soils. The "catching" depends on the 
ratio between principal stresses and stress 
path.

4* The relationship of y5r, and versus
the initial soil density and grading appears 
to seem quite natural in spite of the fact that 
t h i 3  relationship is inconsistent with the con
cept of continuity of the medium and with the 
Coulomb dry friction lav; (dependence of the 
angle of friction on the mineralogical compo
sition of soil and a negligibly small number 
of contacts between an individual particles 
and its neighbours).

These factors can be explained away using two 
different approaches :(a) the Coulomb dry fric
tion law remains true under the parameter ¿Pc 
which is a constant value for a soil of a gi
ven composition of substance. The abovementio- 
ned factors are caused by the imperfection of 
the interpretation of triaxial tests (predic
tion of orientation of sliding surfaces) and 
shear tests (identification of the actual and 
design shear planes; the latter is determined 
by the plane of contact between the shearing 
rings), (b) The Coulomb dry friction law is 
not general enough when applied to the descrip
tion of the state of ultimate equilibrium of 
a granular medium since the work which is done, 
e.g. for rotating particles, is rather impor
tant .

The report will discuss the experimental re
sults which make it possible to confirm the 
first approach with a great certainty, namely, 
that under the ultimate equilibrium conditions 
of soils tlie applicability of the Coulomb dry 
friction law is confirmed with a constant va
lue of the angle of friction , &  
depending only on the composition of soil sub
stance and not depending on the type of three- 
-dimensional state of stress, loading path, 
initial sail density and particle size.

According to the test results in triaxial devi
ces and shearing device ¡fic proves to be sub
stantially the same (the author - A.L. Kryzha- 
novsky ).
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The expediency of application of the concept 
of the maximum ratio of ahearing-to-normal 
stress in finding the sliding surface does not 
seem to be indisputable. The strength of bonds 
between soil particles is much lower than the 
strength of the particles themselves. If the 
orientation of the sliding surface found in 
accordance with the concept of maximuin "calls 
for" the intersection of a large number of par
ticles, the sliding will certainly occur with 
the second variant of orientation. V/e believe 
that this is the reason for the invariance 
of the parameter which is established in 
interpreting the tiraxial test results.

The following assumptions are then made:

1. Orientation of the vector of a normal V 
(l,m,n) with respect to the sliding surface 
may be determined with known values of the 
increment of principal components of plastic 
deformation defz defzdefi

1 2 o

1.m,n are the direction cosines of the normal.

2. Under the ultimate equilibrium conditions 
coaxiality of stress tensors and increments 
of plastic deformation is maintained.

3. The ultimate state is reached first in the 
plane of action of maximum shear stresses ana 
increments of shear strains, fbllowing fro’ 
this, m=0 .

4. During the test, total increments of the 
components of plastic deformation d e f  and

d e *are recorded. These values can be repre
sented in the following form:

e t e f - d e f + C s  d e f ) ;  d e ' - d e '  +  ( -4  d e f )

wherein 4  is the coefficient similar to the 
Poisson's ratio; is the "isotropic" com

ponent of the increment of plastic deformation 
in the plane 1,3 due to the increment def;

and are the effective increments.
Let us determine orientation__of the plane com
plying with the condition de£ =0.

This condition corresponds to the concept of 
"non-intersection" of physical particles by 
the sliding surface (1) and corresponds to 
a process described by the Coulomb dry fric
tion law. Then orientation of sliding surfa
ces is determined by the following values of 
the second powers of direction cosines:

* *  f + 4  d e £ / 4 e _£  , ( 1 

/ -  d e f / d e Z  '

5. If the ultimate relationship of fy <3̂, 
is fulfilled in the plane with the normal ■>* 
the soil is under the ultimate equilibrium 
conditions. The values of and <3̂, are 
calculated using known formulae:

= (cr - <s-3) f  + <3-a i % =  (V~ O

^  * ®2 *" are the principal stresses.
Let us consider the results of tests of sand 
soil from Ham river discussed by A.’./. Bishop
(2). The tests were conducted in a triaxial 
apparatus with sands of different densities 
and over a wide range of variation of stres
ses with kinematic deformation pattern in the 
direction of action of maximum principal 
stress. The preset value of o-3 was kept con
stant after the preliminary hydrostatic com
pression was completed.

6 0  -  1.0

10 20 30 eu '/„

Fig.1. Relationship of ( O', - )

1. <5̂  =const=0.96 MPa,
dense sand, test 
Ho.25 ;

2. O’ =const = 0.70 MPa,
3 dense sand, test 
Ho .27;

3. <y3=const=0.70 MPa,
dense snad, test 
Ho 5;

Pig. 1. shows experimental relationships

). On the basis of these 
results, the following values of the para
meter =-a/'C4i/t — —  ) were obtained 

t,/> f* a, y- o-, 
for evaluating the "peak" shearing strength: 
test 5 yL _ =33«52° (point 15); test 
25 - ÿm ‘p =30*74° (point 14); test

27 - ^m,p =38-38° (point 7)- The residual 
shearing strength is characterized by the fol
lowing values of : test 5 <srm  ̂  *=

=31-75°; (point 22) ; test 25 - =29-37°

(point 9); test 27 - °m,/\ =32.36° (point 22).

These figures show a fairlsy wide range of 
variation of the angle of friction for a soil 
having one and the same composition of sub
stance, even with similar loading paths and 
a constant value of the parameter of the type 
of three-dimensional state of stress

— 1 ;
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Pig.2. Relationships e3 - G S C ^ )  
1,2,3 are the same as the 
Fig.1.

Pig.2. shows the experimental relationships. 
Assuming that elastic deformations 
may be neglected, we can use these re
lationships for calculating the values of 
according to (1). V/e have conducted numerous 
experiments using devices with independently 
controlled principal stresses for sandy, cla
yey and coarse soils. The experience shows 
that the value of varies within the ran
ge of 0.35 to 0.4-0. The value of ^  =0.37 
is taken for handling the results of tests 
5.25 and 27. The calculation results are 
presented in the form of a chart ( )u^̂. =

= f a )  given in Pig.3*

Pig.3. Relationship of ( )ult^

Versus under Ultimate 
Equilibrium Conditions

At the Chair of Soil Mechanic, the author, in 
collaboration with post-graduate students stu
died various aspects of this problem using 
triaxial apparatus and shearing devices. Sandy, 
clayey and coarse soils were studied. The resu
lts confirm the following conclusions(3»4,5)•

1. The value of the angle of friction for 
sands with rounded and angular particles prove 
to be constant whatever the initial density 
and loading path. Thus, homogeneous fine-gra- 
ined quartz aand in the air-dry condition from 
the Lubertsy quarry is characterized by the 
value of tJ^=28.5 -0.4° with the values of 
y°init =1»65—1 -70 g/cm3; with the force patt

ern of tests characterized by the value of /««•= 
=-1 and 0 and increments of stresses de^/d'5> =

= 00 -r- 3>5; with the kinematic pattern of de
foliation with various values of the parameter 
of the type of increments of plastic deforma
tion and ratios of increments of plastic defor
mations d ^ d ^ w l thin the range -3-8 - -1.0;

under the conditions of Dlanar deformation 
( d e f  =0) with a large range of variation of

the ratio d e f/d e * . With such a variance of

the conditions of deforLiation a change in

is within the range from 32 to 43°• The const
ancy of was also confirmed in testing mono-

and polymineral clayey soils (drained and 
stabilized) and also mono- and polymineral co
arse soils. The type of the three-dimensional 
state of stress, loading or deformation path, 
initial density of soil of a pre-set composi
tion of substance, morphology and size of par
ticles influence the orientation of sliding 
surfaces and do not affect the value of the 
strength characteristics - angle of friction.

2. Testing clayey and sandy soils under the 
planar deformation conditions in accordance 
with the kinematic pattern with various ratios 
of d e f / d e g  which remained unchanged during the 
test the orientation of the sliding surface 
could be determined by traces of tear of the 
rice-paper placed in the plane 1,3 at the 
center of a sample when formed. The traces of 
sliding surfaces found in experiments confir
med the prediction of the orientation in accor
dance with (1) for each of the values of

de/‘/des=~'[; -2.0; -3.8, and these traces were 
not in agreement with the I,Iohr-Coulomb theory.

This relationship confirms that the angle of 
friction remains practically unchanged so 
that the Coulomb dry friction law proves to 
be applicable for the interpretation of tri
axial test results based on the above assum
ptions. The value of =28.7° - 0.5° was 
obtained for sand in both loose and compact 
state over a wide range of variation of cr, 
Under the ultimate equilibrium conditions, 
orientation of sliding surfaces depends on 
soil density and level of stresses. Por the 
experiemental points marked in Pig.3* the 
values of vary within the following ran
ges: test 5 - D.40-0.43; test 25 - 0.39-0.43; 
test 27 - 0.56-0.48.

3. The determination of the shear strength of 
sandy and coarse soils in calculating the ori- 
netation of the sliding surface in accordance 
with (1) did not confirm the existence of 
"catching". The catching was identically equal 
to zero. At the same time, the determination 
of the shearing strength based on the Mbhr-Cou
lomb theory, e.g. for syenite rock debris 
resulted in the values of catching within the 
range from 0.1 to 0.25 HPa depending on 
initial density, loading path and particle' 
size. The "catching" is not an objective cha
racteristic of the shearing strength of loose 
soils: it is the consequence of the imperfec
tion in the prediction of orientation of the 
sliding surface.
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The shear strength of clayey soils with nor
mal stresses overpassing the structural stre
ngth is characterized by a diagram( ) -,+ = 
-<(%) with the cohesion value equal to

zero. This corresponds to a known Hworslev di
agram. The cohesion does exist and is impor
tant in determining the shear strength of cla
yey soils in case where the structural stren
gth is greater than the internal friction for
ces. The mechanism of the achievement of the 
ultimate equilibrium conditions in this case 
differs from the pattern caused by the inter
nal friction forces, which is discussed here.

4. The value of the angle of friction from 
the triaxial test results and results obtained 
in a shearing device are practically the same 
(the difference for a wide variety of soils 
does not exceed 1 The shearing test results 
were obtained with the kinematic pattern of 
the test and corresponded to the "residual" 
strength. The "peak" strength depends on nu
merous factors that are not associated with 
the nature of the soil shear strength and, as 
discussed in (5)> it is caused by the disagre
ement between calculated and actual sliding 
surfaces. '.Then the residual shear strength is 
achieved, these surfaces coincide with each 
other, and the "residual" strength characteri
zes the shear strength corresponding to the 
manifestation of internal friction forces.

5» The results of the determination of in 
observing the relative displacement of .1 un
polished plates of roasted brick and brick de
bris (obtained by crushing this material) in 
a triaxial apparatus are worthy of interest.
The resultant values of differ from one 
another by maximum 1.5°»

The vast experimental results show that under 
the conditions of ultimate equilibrium of soil 
in the three-dimensional state of stress the 
Coulomb dry friction law is true. The angle 
of friction is a constant value for a soil to 
characterize its mechanical behaviour under 
the ultimate equilibrium conditions. However, 
for the practical application of these conclu
sions, the question of the determination of 
soil strength requires the solution to a not 
least important problem, namely, the refinement 
of the regularities of deformation on in the 
general case of the three-dimensional state of 
stress.

The analysis of the results of comprehensive 
investigations into regularities of deforma
tion and failure of clayey soils with various 
density/moisture content in triaxial apparatus 
with axisymmetric and asymmetric compression 
and in single-plane shearing devices will be 
discussed, and the incremental theory of plas
tic flow is proposed, taking into account 
strength gain in clayey soil for describing 
the process of plastic deformation upto to the 
failure taking into account the loading path 
(the author - Ter-IJartirojyan Z.G.).

The strength and deformation properties of po
lyphase clayey soils depend to a substantial 
extent on their initial density/moisture con
tent and its changes during the soil loading. 
This is confirmed by numerous experimental

studies conducted recently and also by our spe
cial comprehensive tests in axisymmetric and 
asymmetric triaxial aparatus and single-plane 
shearing devices.

The account of the changing density/moisture 
content of clayey soil in evaluating its stre
ngth and deformation properties leads to the 
problems of non-linear mechanics of soils and, 
in the end, to the mathematical description of 
these properties taking into account gain in 
strength. The solution of this problem is as
sociated on the one hand with a large volume 
of special tests in triaxial apparatus and on 
the other hand, with the formulation of mathe- 
niatic foundations for a chosen soil model that 
takes into account the influence of the chan
ging density of clayey soil.

The modern level of experimental studies of 
clayey soils does not enable an adequate calcu
lation model to be obtained so that any theory 
can only idealized a complex behaviour of real 
soils during their plastic deformation. A lar
ge variety of properties exhibited by a clayey 
soil that is gaining strength offer great oppor
tunities for creating appropriate models. This 
problem does not, therefore, have a unique so
lution and it can be approached in various ma
nners. At the same time, it is possible to for
mulate certain quite obvious concepts characte
ristic of the main class of strength-gaining 
clayey soils.

In this report an attempt is made, on the basis 
of the analysis of special experimental stu
dies, to create a new model of strength-gain- 
ing clayey soil within the framework of the 
incremental theory of plastic flow.

The analysis of the results of special experi
mental studies of three kinds of clayey soils 
with different density/moisture content values 
showed that the parameters of the ultimate 
line ft, and ‘
substantially depend on the loading path

Pig.4. Relationship of Ultimate 
Shear strength of Clayey 
on Loading and Unloading 
Branches
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(Pic*45 ahd that correlating the test results 
with the initial density of soils may bring 
about faulty results in describing strength 
and deformation properties. Thus, in testing 
in a triaxial apparatus using a standard hyd
rostatic compression path with subsequent 
crushing, the ancle «Jg, for clayey soil can be 
as high as 33—35 .vhich is associated with 
the development of considerable deformations 
(up to 1D-2Dij) and gain of skelction strength. 
If soils are tested on the unloading path, the 
angle ifm decreases considerably and cohesion 
increases. It is vital that the ultisu-te li
nes on the unloading branch are parallel to 
one another, and the ultimate line on the lo
ading branch intersect them at a certain angle 
(Pig.5).

Pig.5. Relationship of ultimate shear 
strength on unloading branches

Therefore, the inclination of the ultimate li
ne obtained using the standard pattern of tri
axial tests does not determine the actual va
lue of the angle of internal friction for cla
yey soils since the samples differ substanti
ally in density at the moment of failure.

Por determining the actual values of the angle 
of internal friction and the cohesion corres
ponding to a given density of skeleton of cla
yey soil, it is necessary, apart from tie clas
sical crushing paths, to conduct crushing tes
ts on the unloading branch so as to reduce the 
development of the volumetric strain and stre
ngth gain.

It has been also found that for a clayey soil 
of a given mineralogical composition and con
stant moisture content, the angle of internal 
friction is a substantially unchanged value 
and does not depend on the soil density so 
that this factor does not influence the stre
ngth gain process. At the same time, the 
cohesion is a substantially variable value 
which depends directly on the density of ske
leton and on its change so that this factor 
is decisive in describing the soil strength 
gain process.

The relationship of the ultimate shear stren
gth versus density/moisture content of clayey 
soil manifests itself also during the shear

deformation of soil in the subultimate state 
and this fact should be taken into account in 
describing plastic deformation of clayey soils 
( 6) .

îbr the description of plastic shear strains 
of clayey soil in the subultimate state within 
the framework of the incremental theory of 
plastic flow, we have chosen a calculation mo
del according to which these deformations are 
caused by relative sliding of soil aggregates 
which can be accompanied by consolidation and 
skeleton strength gain (Pig.6)

TTTTTTTTT7ffTT7fTr7fl

Pig.6. Diagram Showing Development 
of Plastic Shear Strains 
in Clayey Soil

Por that purpose, incremental moduli of defor
mation of shape ff f ff*and volume A'f A'fA'* 
are used, wherein f,e,/o are the superscripts 
for tangential, elastic and plastic. The first 
two are determined on the loading and unloa
ding branches, respectively, and the third one 
is expressed in terms of the first two by the 
new formulae

_  f  .  _ L  . J . ----- <-  +  - L  (2)
a t  ~  G e ’  * r *  ~  s c *

Let us also introduce an incremental module of 
plastic deformations for pure shear •
Let us consider the shear process on a certain 
surface V (^'W.'O which is oriented in the 
stress space in a predetermined manner,
Yjherein £,m,n are direction cosines of the nor
mal. Shearing and normal stresses and strains 
on this surface are related to invariants of 
stresses and strains according to known rela
tionships.

The value of the increment of plastic deforma
tion is determined in the following manner:

( 3 )

wherein <3j,; 2^-are the normal and shearing compo
nents of stresses; 

y  c -are the strength parameters of
soil far a given density of ske
leton.

It is obvious that plastic deformations of 
shear appear when

d f y  -  - t g l f  ~  d c  >  O  (4)

At the same time, in case where

art*, -  -  e t c  * 0  (5)
the increment of plastic deformations is equal 
to zero, and the soil is only subjected to 
elastic strain. Therefore, the condition for 
the appearance of plastic shear strains only 
depends on the direction of the load increase
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vector, i.e. on the loading path.

The increment of cohesion caused during the 
increase in load plays an important part in 
the equation (2). Thiy increment is represen
ted in the form of a function of increment of 
plastic bulk strain :

dc - /£ d e f  (6)
wherein K is the coefficient of proportiona
lity determined from the tests, and dc£ is 
determined by the formula:

( 7 )

v/hich may be transformed to the following form:

wherein

" v  t ' p “ c’ /  ( a ^

wherein S  is the dilatancy parameter.

By substituting (8) in (6) obtain after cert
ain transformations:

d c  =/3  ̂¿/a;, + d P

wherein

A

T 3-

* 0 _  *rc 8

(9)

(10)
a t *  / T  a p

The strength gain parameters y 3« and y3? may 
be determined independently on the basis of 
results of special investigations with various 
paths of deviatoric loading.

By substituting (9) in (3) obtain finally:

A  - f ( f )

wherein =dz/ d( [i s the loading path para
meter.
The equation (11) determines the relationship 
of the increments of plastic shear strains 
dM? versus sjiear stresses di \> on a given 
surface and takes into account the effect of 
strength gain and loading path parameter.
The comparison of the equation(11) with the 
known equation in the general form:

d f '  =  ( 12)

shows that

^=̂ f y ^ y ^ ^ y * * ] (13}
Therefore, the incremental module of shear G* 
depends on the loading path parameter ¿V , 
coefficient of friction and the cohe
sion c which varies during deformation.

The value of the increment of total angular 
deformation may be determined by the formula:

( £ +  & )  (14)

By substituting here the value of ¿?"°from('l3) 
and assuming that ̂ ^ ( ^ ^ ^ / J ^ o b t a i n  after

the integration with the unchanged loading 
path AV =const and with the initial conditi
ons !*, =0, fo=0 :

%  ( 15 )

(16)

The analysis of formula (15) showed that it 
is quite adequate for describing the process 
of plastic deformation of clayey soils v/ith 
given loading paths. The integration can be 
replaced by adding the varying loading path.
For transition from the ratios of - <3̂  to 
the ratios between invariants of stresses and 
strains it is necessary to use known formulae 
of the mechanics of soils (6) . Thus, in
case the orientation of the shearing surface 
coincides v/ith the octahedral surface, the fol
lowing relationships can be used:

17)

v/ her ei n <3-,<f and aj - , <?t- ar e f i r st  and second 
i nvar i ant s of  st r esses and st r ai ns.
In case the shearing surface under considera
tion is assumed to correspond to the surface 
of maximum shear, the following relationship 
will be used under the planar problem condi
tions :

^  '  f r s/ m* r ( e r et ) / *  ( 18)

In accordance v/ith the sliding surface under 
consideration, the ratios betv/een stress and 
strain components or between their increments 
can be presented in the following form, using 
conventional conformity of stress and strain 
states —— jt. (19 )

^ Q)

“A
Hence :

d ^ - J t - d C ^ - o ) . . . . . . . .  d f f x =

Therefore, the problem is completely resolved. 
The relationship of components of the incre
ment of plastic deformations versus stresses 
taking into account strength gain of clayey 
soil and loading path is obtained which descri
bes the process of plastic deformation of soil 
up to the moment of failure.
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