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Analysis of foundation behaviour using finite layer methods

Analyse de la conduite des fondations par les méthodes des couches finies
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S Y NOP S I S  T r a d i t i o n a l  me t h o d s  o f  n u me r i c a l  a n a l y s i s ,  s u c h  as  f i n i t e  e l e me n t  a n d  f i n i t e  d i f 

f e r e n c e  t e c h n i q u e s / r e q u i r e  l a r g e  a mo u n t s  o f  c o mp u t e r  s t o r a g e ,  a n d  f o r  p r o b l e ms  i n v o l v i n g  t h r e e  d i 

me n s i o n s ,  s t o r a g e  as  we l l  as  c o mp u t a t i o n  t i me  a n d  d a t a  p r e p a r a t i o n  t i me  b e c o me  e x c e s s i v e .  F o r  ma n y  

p r o b l e ms  i n  s o i l  me c h a n i c s ,  wh e r e  t h e  s o i l  i s  h o r i z o n t a l l y  l a y e r e d ,  f i n i t e  l a y e r  me t h o d s  ma y  b e  

u s e d .  E x a mp l e s  o f  t h e  a p p l i c a t i o n  o f  t h e  me t h o d  t o  a n u mb e r  o f  d i f f e r e n t  t wo  a n d  t h r e e  d i me n s i o n a l  

p r o b l e ms  a r e  g i v e n  t o  i l l u s t r a t e  i t s  s i mp l i c i t y  a n d  e f f i c i e n c y .

INTRODUCTION

T h e  b e h a v i o u r  o f  l a y e r e d  e l a s t i c  ma t e r i a l s  h a s  

b e e n  o f  g r e a t  i n t e r e s t  t o  e n g i n e e r s  i n  t h e  

p a s t ;  t h i s  i n t e r e s t  b e i n g  ma i n l y  d u e  t o  t h e  

f a c t  t h a t  ma n y  e a r t h wo r k s ,  s u c h  a s  f i l l s  o r  

p a v e me n t s ,  c o n s i s t  o f  h o r i z o n t a l  l a y e r s  o f  ma 

t e r i a l s  o f  d i f f e r e n t  t y p e s .  Qu i t e  o f t e n  n a t u 

r a l  d e p o s i t s  a r e  h o r i z o n t a l l y  l a y e r e d  a l s o ,  

a n d  i t  i s  o f  i n t e r e s t  t o  b e  a b l e  t o  p r e d i c t  

t h e  b e h a v i o u r  o f  s t r u c t u r e s  b u i l t  o n  s u c h  d e 

p o s i t s  .

Because of the interest in pavement design 
where wheel loads are roughly applied over a 
circular area, many analytic solutions have 
been produced for layered materials subjected 
to a circular load. Burmister (1945) and Fo. 
(1948) have presented results for two layered 
systems where the underlying layer was infini
tely deep. Solutions have also been obtained 
for three layered systems by Jones (1962) and 
Ueshita and Meyerhof (1968), where again the 
underlying layer was infinitely deep.

Gerrard (1967) has presented solutions for a 
strip loading on a layered material. He ana
lysed a two layered system where the layers 
were of finite thickness. He also investiga
ted the effects of anisotropy.

Numerical methods of solution have in recent 
years proved very attractive as they may be 
used to analyse problems where each layer has 
a different thickness or different material 
properties. Layers may also be anisotropic. 
Straightforward application of the finite ele
ment method (see Zienkiewicz 1976) may be 
used, but this is an inefficient method of so
lution .

Methods using Fourier or Hankel transforms 
(Rowe and Booker 1981a) or Fourier series 
(Cheung and Fan 1979 , Tham and Cheung 1981) 
are a much more efficient way to solve such 
problems and require only a fraction of the 
computer storage of conventional finite ele
ment me thod s .

F I NI T E  L A Y E R ME T HODS

The finite layer method depends on three 
simple observations. These will be introduced 
by considering the elastic deformation of the 
horizontally layered deposit shown in Fig. 1 
under conditions of plane strain.

T h e  f i r s t  o b s e r v a t i o n  i s  t h a t  i f  t h e  d e p o s i t  

i s  s u b j e c t e d  t o  a p e r i o d i c  l o a d  h a v i n g  a  p e r i 

o d  L t h e n  t h e  r e s p o n s e  wi l l  a l s o  b e  p e r i d d i c . *  

T h i s  i s  i l l u s t r a t e d  i n  F i g .  1.

Fig* 1 Spatially Periodic Loading.

The second observation is that if the applied 
load happens to be sinusoidal as shown in Fig. 
2, then the response will also be sinusoidal 
having the same period as the applied load. 
In particular, if the surface loads have the 
f o r m

a = R s i n a x  (la)
xz

a = P co s ax (lb)
z z

then the deflections throughout the layered 
system will have the form

* The assumption of periodic loading places no 
restriction on the method since an isolated 
load may be simulated by taking the period L 
to be large .
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= U(z) sin ax 

= W( z) cos ax

( 2a)

(2b)

Thus for the sample form of loading given by 
equation (1) it is only necessary to determine 
the variation of the displacement amplitudes 
U, W with depth since the form of variation in 
any horizontal plane is known. It follows 
that for this case the two dimensional problem 
has been, reduced to a one dimensional problem.

Spatially period ic 
loading

m _CEL

Spatia lly  period ic 
response

Horizontally
layered
deposit

Fig. 3 Approximation of Uniform Strip 
Loading by Fourier Series.

the form given by equation (2). Now consider
the typical layer bounded by node planes
z = z , z = z and shown in Fig. (4). This 

m p
will be acted upon by tractions

( 4)

Rigid Bedrock
0
xz

= R
m

sin ax ( z “ z )m

Fig . 2 Response of a Layered Elastic Soil 0 = P cos ax ( z = z )
to Sinusoidal Loading

and
z z m m

The third observation is that any prescribed

a
xz

= R
P

sin ax ( z =
V

loading can be broken Into 
components, so that

a number of Fourier 0
z z = P

P
cos ax (z =

V

and will undergo node plane de flec
o

X?
- r(x)

ï  R 
n = 0  "

09

s i n a  x (3a) 
n

u
X

= U
m

sin ax (  z = z )m

0
zz

= P( x ) = Ï  p 
n = 0 n

cos x (3b)
n

u
z

= W
m

cos ax ( z = z )m

whe re
2 e 

_ n
L

L
u

X
* U

P
sin ax ( Z -

V
R
n ¡o

r ( x ) s i n  a
n

x dx
u
z = w

p
cos ax (z

V
2 e L

Pn = I T  ¡ o p( x )  c os  “ n x dx

a = 2nn/L 
n

e = 1/2 (n = 0) 
n '

e n  = 1 ( n  *  0 )

The decomposition of a uniform strip loading 
is shown in Fig. 3.

The basic idea of the finite layer method is 
to use the principle of superposition and to 
break the applied load Into the sum of Fourier 
components, to find the solution for each Fou
rier component (as remarked earlier this redu
ces to a one dimensional problem) and then to 
obtain the complete solution by superimposing 
the component solutions.

The solution for each Fourier component is 
found by a procedure which is analogous to the 
well known finite element method. Consider a 
typical loading of the form (1) (a = an ,

R = R , P * P ) ,  then the response will have

(5)

It is possible to determine the relationship 
between the node plane deflection amplitudes 
and the node plane tractions, either analyti
cally (Booker and Small, 1984) or approximate
ly, using an energy principle Cheung (1976). 
This relationship has the form

R
m k  1 1

k ! 2 k  1 3
k

P
m

k 2 i k 22 k  2 3 k

-R
p k  3 1 k  3 2 k  3 3

k

-P
P

k 4 l k 4 2 k  4 3 k

V
P

w
P

V
m

W
m

— —

( 6 )

where the 4x4 coefficient matrix k is called 
the layer stiffness matrix for the harmonic a.

The layer stiffness matrices (6) can be assem
bled using the conditions of equilibrium of 
stress and compatibility of displacements to 
lead to the total stiffness equations for the 
harmonic under consideration. This equation 
has the form

K A = (7)

7 2 6
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node planas
1

r -'w.

Fi g- T y p i c a l  L a y e r .

wher e

t he t o t a l  s t i f f n e s s  ma t r i x  

f or  t he h a r mo n i c  a.

A ■ ( V j ,  W l f  . . .  )

~  i s t he v e c t o r  of  u n k n o wn

d i s p l a c e me n t  a mp l i t u d e s

F = ( R , ,  P 1( 0 ,  0 ,  . . ) T

~ i s t he v e c t o r  of  app l i ed

t r a c t i o n  amp i t u d e s .

The a s s e mb l y  p r o c e d u r e  f or  a t h r ee  l ay er  s y s 

t em i s s hown i n Fi g.  5.

Stiffness matrix is 
symmetric, has band 
width of 6 and 2N 
degrees of freedom

Fi g.

(b) Total Stiffness M atrix

5 To t a l  Lay er  St i f f n e s s  Mat r i x .

Eq u a t i o n s  ( 7)  c an  be s o l v e d  f or  t he u n k n o wn  

d i s p l a c e me n t  a mp l i t u d e s  f or  eac h h a r mo n i c  

a = and t he d i s p l a c e me n t s  at  any  p o s i t i o n

may  t hen  be f ound by  a d d i n g  t he c o mp o n e n t  s o 

l u t i ons  ( 2 ) .

Ap p l i c a t i o n  of  t he Fi n i t e  L a y e r  Me t h o d

The f i n i t e  l ay er  t h eo r y  d e v e l o p e d  i n t he p r e 

v i ous  s e c t i o n  was  s t r i c t l y  a p p l i c a b l e  t o t he 

p l ane s t r a i n  of  an I s o t r o p i c  e l a s t i c  ma t e r i a l  

under  c o n d i t i o n s  of  p l ane  s t r a i n .  The me t h o d  

c an h o we v e r  be e x t e n d e d  t o s o l v e  t h r ee  d i me n 

s i ona l  p r ob l ems  f or  l ay e r ed  s o i l s  c o n s i s t i n g  

of  a n u mb e r  of  h o r i z o n t a l  a n i s o t r o p i c  e l a s t i c  

l ay er s .  To i l l u s t r a t e  t hi s  c o n s i d e r  t he p r o 

b l em of  a s t r i p ,  c i r c u l a r  or  r e c t a n g u l a r  l o a d 

i ng app l i ed  t o t he s u r f ac e  of  a l ay e r ed  s oi l ,  

as s hown i n t he i ns et  t o Fi g.  6( b) .  The  s oi l  

c ons i s t s  of  an upper  l ay er  A and a l ower  l ay er  

B,  wh i c h  ar e a n i s o t r o p i c  and hav e d i f f e r e n t  

p r ope r t i es  t o eac h o t her .  ( See Bo o k e r  & Smal l  

( 1982)  f or  p r o p e r t i e s ) .  Re s u l t s  f or  s t r es s es

i n t he v e r t i c a l  ( o  ) and h o r i z o n t a l  d i r e c t -  
z z

i ons  ( o or  a  ) a l ong t he c e n t r e l i n e  b e n e a t h  
r r  x x 7

eac h l oaded  ar ea ar e s hown i n Fi gs  6a, b.  

St r es s es  and d i s p l a c e me n t s  may ,  of  c ou r s e ,  be 

c a l c u l a t ed  a n y whe r e  wi t h i n  t he l ay er .

Of t en  i t  i s n e c e s s a r y  t o a n a l y s e  s o i l s  wh i c h  

ex h i b i t  s t r ong  n o n - h o mo g e n e i t y ,  s uc h as a Gi b 

s on s oi l  h av i ng  a mo du l us  wh i c h  v a r i es  l i n e a r 

l y  wi t h  dep t h  and has  t he f or m E = Eq + p z .

One  way  of  p e r f o r mi n g  t hi s  a n a l y s i s  i s t o us e 

a " s t a i r  c a s e ” a p p r o x i ma t i o n  of  t he t y pe s hown  

i n Fi g.  7.  I t  I s d i f f i c u l t  t o o b t a i n  a good 

a p p r o x i ma t i o n  us i ng  t hi s  app r oac h ;  t h i s  i s i l 

l u s t r a t e d  i n Fi g.  8,  whe r e  a s t a i r  c as e  a p 

p r o x i ma t i o n  has  been  us ed t o e v a l u a t e  t he b e 

ha v i o u r  of  a s t r i p  f oo t i ng  ac t i ng  on a l ay er  

of  Gi b s o n  s oi l ;  Br own and Gi b s o n  ( 1979) .

Fi g. Lay e r  Ap p r o x i ma t i o n  t o Va r y i n g  Mo d u 

l us  .

0-55

gçEo

V o

0-45

0-40

1 I I 

Exponen tia l

i i

A p p ro x im a tion
-

_
PB ,

B row n  and
E°

_  G ibson (1979) V
_

Step approx im ation  
No. o f layers 

“  5 0  10 5  4  3
¡1 . i , i  r  ,

V

10

O %  E rro r  
2 
5

10

15

20

25

Fi g. Ef f ec t  of  Nu me r i c a l  Ap p r o x i ma t i o n s  

upon  Ce n t r a l  Di s p l a c e me n t  of  Ci r c u 

l ar  Foot i ng .

An a l t e r n a t i v e  a p p r o a c h  d e v e l o p e d  by  Rowe  and 

Book e r  ( 1982)  a p p r o x i ma t e s  t he v a r i a t i o n  of  

mo d u l u s  i n eac h  f i n i t e  l ay er  by  us i ng  an e x p o 

n e n t i a l  v a r i a t i o n  as s hown i n Fi g.  9.  Re f e r 

r i ng t o Fi g.  8 i t  c an be s een t hat  i t  i s p o s 

s i b l e  t o o b t a i n  an a c c u r a t e  s o l u t i o n  wi t h  f ar  

f ewer  l a y e r s .

bVhc -

Fi g.  6 St r es s e s  Co mp u t e d  Be nea t h  L o a d i n g s  -  

Two L a y e r s .

727
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E

Fi g.  9 Ty p i c a l  No n - Ho mo g e n o u s  Soi l  Pr o f i l e  

wi t h  Ex p o n e n t i a l  Ap p r o x i ma t i o n .

Thi s  a p p r oac h  has been us ed t o e x a mi ne  t he b e 

h a v i o u r  of  anc hor s  i n a Gi b s o n  s oi l  ( Rowe and 

Book er ,  1981b)  and t he b e h a v i o u r  of  s u r f ac e  

l oad i ng  on a s oi l  h a v i ng  a c r us t  ( Rowe and 

Bo o k e r , 1981a ) .

The Fi n i t e  Lay e r  Me t hod  c an a l s o be us ed t o 

ana l y s e  t i me dependen t  p r ob l ems  and a f o r mu l a 

t i on wh i c h  c an ana l y s e  t he c o n s o l i d a t i o n  of  a 

l ay er ed  s oi l  has  been d e v e l o p e d  by  Book e r  and 

Smal l  ( 1982)  and t o ana l y s e  s oi l  c r eep  ( Sma l l  

and Book er  1982b)  as we l l  as p r i ma r y  and 

s e c o n d a r y  c o n s o l i d a t i o n  ( Sma l l  and Book er  

1982a)  .

To i l l us t r a t e  t hi s  a p p r o a c h  t he p r ob l em of  a 

c i r c u l a r  l oad i ng  app l i ed  t o a n o n - h o mo g e n e o u s  

s oi l  as  s hown s c h e ma t i c a l l y  i n i ns et  ( i )  t o 

Fi g.  10 was  c ons i d e r e d .  Her e t wo s u b l a y e r s  of  

s oi l  A and B mak e up t he o v e r a l l  l ay er .  For  

t hi s  p r ob l em t he l ower  l ay er  B i s f our  t i mes  

as s t i f f  but  f our  t i mes  l es s  p e r me a b l e  t han 

t he upper  l ay er  A.  The s o l u t i o n  f or  t he s e t 

t l eme n t - t i me  b e h a v i ou r  of  t he c e n t r a l  po i n t  of  

t he l oad i ng  i s s hown i n Fi g.  10.

Fi g.  10 T i me - Se t t 1 ement  Be h a v i o u r  of  Two-  

L a y e r  Soi l  Sy s t em.

CONCL USI ON

The f i n i t e  l ay er  me t h o d  may  be us ed f or  t he 

a n a l y s i s  of  a wi de  r ange of  p r ob l ems  i n s oi l  

mec han i c s ,  wher e  t he s oi l  i s h o r i z o n t a l l y  l a y 

er ed.  Be c aus e  t he me t hod  needs  v e r y  l i t t l e  

c o mpu t e r  s t o r age ,  t wo and t hr ee d i me n s i o n a l  

p r o b l ems  may  be a n a l y s ed  us i ng  mi c r o c o mp u t e r s ,  

and s av i ngs  may  be made  i n dat a  p r e p a r a t i o n  

and c o mp u t a t i o n a l  t i me.

REFERENCES

Book er ,  J . R.  and Smal l ,  J . C.  ( 1984) .  Fi n i t e  

l ay er  ana l y s i s  of  l a y e r ed  e l as t i c  ma t e r i 

al s  us i ng  a f l e x i b i l i t y  a p p r o a c h  -  Par t 6

1 and 2.  To be p u b l i s hed  i n I n t . J l . Num.  

Me t h . i n Eng .

Book er ,  J . R.  and Smal l ,  J . C.  ( 1982) .  Fi n i t e  

l ay er  ana l y s i s  of  c o n s o l i d a t i o n .  Par t s  I  

and I I .  I n t . J l . Nu m. Me t h . i n En g . , ( 6) ,  

151- 171 and 173- 194 .

Br own,  P. T.  and Gi bs on ,  R. E.  ( 1979) .  Sur f ac e  

s e t t l e me n t  of  a f i n i t e  e l a s t i c  l ay er  

whos e  modu l us  i n c r e a s e s  l i n e a r l y  wi t h  

dept h .  I n t . J l . Nu m. An a l . Me t h . Ge o me c h . ,

( 3) ,  No. l ,  p p . 37- 47.

Bu r mi s t e r ,  D. M.  ( 1945) .  The gene r a l  t heo r y  of  

s t r es s es  and d i s p l a c e me n t s  i n l a y e r ed  

s oi l  s y s t ems .  J 1 . Ap p l . Ph y s . ,  ( 16) ,  No . 2,  

8 9 - 96  .

Ch e ung ,  Y. K.  ( 1976) .  Fi n i t e  s t r i p  me t h o d  i n 

s t r u c t u r a l  a n a l y s i s .  Pe r ga mo n .

Cheung,  Y. K.  and Fan,  S. C.  ( 1979) .  An a l y s i s  

of  p a v e me n t s  and l ay e r ed  f o u n d a t i o n s  by  

t he f i n i t e  l ay er  me t hod .  Pr oc .  3r d I nt .  

Co n f . Num . Met h . i n Ge o me c h . ,  Aa c hen ,  ( 3) ,  

11 2 9 - 1 1 3 5  .

Fox ,  L.  ( 1948) .  Co mp u t a t i o n s  of  t r a f f i c  

s t r es s es  i n a s i mp l e  r oad s t r u c t u r e .  

Pr oc .  2nd I n t . Co n f . Soi l  Me c h . Fo u n d . En g g ,

( 2) ,  236- 246 .

Ge r r a r d , C. M-  ( 1967) .  St r es s es  and d i s p l a c e 

men t s  i n l ay e r ed  c r o s s - a n i s o t r o p i c  e l a s 

t i c  s y s t ems .  Pr oc .  5t h Au s t . - N. Z . Co n f . 

Soi l  Me c h . F o u n d . En g g . ,  205.

J ones ,  A.  ( 1962) .  Tab l es  of  s t r e s s e s  i n 

t h r ee - l a y e r  e l as t i c  s y s t ems .  Hi gh . Re s .  

Boar d,  Bu l l e t i n  342,  176- 214 .

Rowe,  R. K.  and Book er ,  J . R.  ( 1981a) .  The b e 

h a v i o u r  of  f oo t i ngs  r e s t i ng  on a n o n h o mo -  

g e n e o u s  s oi l  wi t h  a c r us t .  Pa r t s  I  and 

I I .  Ca n a d i a n  Ge o t e c h . J l . ,  ( 18) ,  No . 2,  

250- 264  and 265- 279.

Rowe,  R. K.  and Book er ,  J . R.  ( 1981b) .  The 

e l as t i c  d i s p l a c e me n t s  of  s i ng l e  and mu l 

t i p l e  u n d e r r e a m anc ho r s  i n a Gi b s o n  s oi l .  

Ge o t e c h n i q u e , ( 31) ,  No. l ,  125- 142 .

Rowe,  R. K.  and Book er ,  J . R.  ( 1982) .  Fi n i t e  

l ay er  ana l y s i s  of  n o n - h o mo g e n e o u s  s oi l s .  

Eng . Mec h . Di v .  , ASCE, ( 1 0 8 ) , No . EMI ,  115- 132.

Smal l ,  J . C.  and Book er ,  J . R.  ( 1982a ) .  Fi n i t e  

l ay er  a n a l y s i s  of  p r i ma r y  and s e c o n d a r y  

c o n s o l i d a t i o n .  Pr oc .  4 t h I n t . Co n f . Nu m. 

Me t h . Ge o m. ,  Edmon t on ,  ( 1) ,  365- 371 .

Smal l ,  J . C.  and Book er ,  J . R.  ( 1982b) .  An a l y s i s  

of  l ay er ed  e l a s t i c  v i s c o e l a s t i c  ma t e r i 

al s .  Pr oc .  8t h Au s t . Co n f . Me c h . St r u e t s . 

and Mat l s ,  Newc as t l e ,  2 6 . 1 - 28 . 6 .

Tham,  L. G.  and Cheung ,  Y. K.  ( 1981) > I n f i n i t e  

r i g i d  p a v e me n t  on l ay e r ed  . f ounda t i on .  

Pr oc .  8t h Ca n a d i a n  Cong.  Appl .  Mec h . ,  

Monc t on ,  875- 876 .

Ues h i t a ,  K.  and Me y e r h o f f ,  G. G.  ( 1968) .  Su r 

f ac e d i s p l a c e me n t  of  an e l a s t i c  l ay er  

under  u n i f o r ml y  d i s t r i b u t e d  l oads .  Hi gh  

Re s . Re c o r d ,  No . 228,  1- 10.

ZI e n k i e wi c z ,  O. C.  ( 1976) .  The Fi n i t e  El e me n t

Me t hod .  3r d Ed. ,  Mc Gr a w Hi l l .

728


