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Non-iterative method for the analysis of soil-structure interaction

Analyse non-itérative sur l'interaction du sol-structure

A. DEMENEGHI, Professor o f Soil Mechanics, National University o f Mexico, Mexico

SYPNOPSI S A p r o c e d u r e  f or  t he c o mb i n e d  a n a l y s i s  of  s t r u c t u r e  and s o i l ,  wh i c h  c o n s i s t s  i n 

e s t a b l i s h i n g  c o mp a t i b i l i t y  b e t we e n  s t r u c t u r e  and s o i l  d i s p l a c e me n t s ,  i s  p r e s e n t e d .  St r uc t u r e  

d e f o r ma t i o n s  a r e  c a l c u l a t e d  as  a f u n c t i o n  of  s o i l  r e a c t i o n s  and s e t t l e me n t s  of  s o i l  a r e  f ound 

as a f u n c t i o n  of  l oads appl i ed t o i t  ( t hes e  l oads  a r e  e qua l  t o t he  s o i l  r e a c t i o n s ,  wi t h  oppos i t e  

s i gn ) ,  e mp l o y i n g  t he c o n c e p t  of  i n f l u e n c e  v a l u e s .  Fi n a l l y  a s i mp l e  e x a mp l e  of  a p p l i c a t i o n  i s 

i n c l u d e d ,  t o i l l u s t r a t e  t he me t h o d .

I NTRODUCTI ON

The me t h o d  f or  s o i l - s t r u c t u r e  i n t e r a c t i o n  

c o n s i s t s  i n t he f o l l o wi n g  p r oc e d u r e :

Su p p o s e  a r e t i c u l a r  s t r u c t u r e  wh i c h  r es t s  

ov er  a s o i l  wi t h  me d i u m t o h i g h  c o mp r e s s i b i l i t y  

( Fi g . l ) ,  i n wh i c h  f o r  t he  f o u n d a t i o n  we  c an 

us e  e i t h e r  a c o n t i n u o u s  f o o t i n g s  or  a s l ab  

wi t h  r e i n f o r c e d  c o n c r e t e  bea ms .  Si n c e  v s  don ’ t  

k no w t he s o i l  r e a c t i o n  d i a g r a m,  l e t  us  

s u s t i t u t e  t he d i s t r i b u t e d  l oads  of  s o i l  

( cont a. c t  p r e s s u r e )  by  d i s t r i b u t e d  l oads  under  

c o l u mn s  and u n d e r  t he mi d d l e  p o i n t s  of  spans ,  

as  i s  s h o wn  i n Fi g.  1.  We do t h i s  i n o r d e r  

t o s i mp l i f y  c a l c u l a t i o n s ;  i f  we wa n t  t o get  

a g r e a t e r  n u mb e r  of  r e a c t i o n s  r  ̂  » we  c an 

c o n s i d e r  e a c h  f o u n d a t i o n  b e a m as  t wo or  mo r e  

beams ,  f or  a n a l y s i s  p u r p o s e s .

Wh e n  we  us e t h i s  p r o c e d u r e  we  f i nd  t he 

s t i f f n e s s  ma t r i x  and we k n o w t he l oads  v ec t or ,  

bu t  we d o n ' t  k n o w t he d i s p l a c e me n t  v e c t o r .  

Ne v e r t h e l e s s ,  as we  s ee i n Fi g.  1,  i n t h i s  

c a s e  we do not  k n o w t he c o mp l e t e  l oad v e c t o r *  

and t he r e a c t i o n s  of  s o i l  r ^  a l s o  unk no wn .  

Ne v e r t h e s l e s s ,  wh e n  we ma k e  t he s e t t l e me n t  

a n a l y s i s  of  s o i l  we  c an f i nd  s o i l  d i s p l a c e me n t s  

<5 ^ as  a f u n c t i o n  of  r e a c t i o n s  r . . ,  t a k i n g  

t h e s e  as  u n k n o wn .  Su s t i t u t i n g  t h e s e  e q u a t i o n s  

i n t he e x p r e s s i o n s  d e r i v e d  of  t he i n i t i a l  

a p p l i c a t i o n  of  s t i f f n e s s  me t h o d ,  we  f i nd an 

e q u a t i o n  s y s t e m i n wh i c h  t he u n k n o wn  ar e onl y  

t he r o t a t i o n s  i n t he j o i n t s  0 ^ and t he 

r e a c t i o n s  of  s o i l  r . .  So l v i n g  t h i s  s y s t e m of  

e q u a t i o n s  we f i nd  t f i e r o t a t i o n s  i n t he j o i n t s  

and t he  r e a c t i o n s  of  s o i l .  As  we h a v e  v er t i c a l  

d i s p l a c e me n t s  as  a f u n c t i o n  o f  r e a c t i o n s ,  

we c an  a ] s o  f i nd t hem.

4 2 4 4  2 4 4  2 4

FIG. I M E M B E R S ,  R E A C T IO N S ,  L IN E A R  D IS P L A C E M E N T S  AND 

R O T A T I O N S  NUMERATION

I n o r d e r  t o ma k e  t he  c o mb i n e d  a n a l y s i s  of  

s t r u c t u r e  and s o i l  i t  i s  d e s i r a b l e  t o us e  

s t i f f n e s s  me t h o d  f or  s t r u c t u r e  a n a l y s i s .

STRUCTURAL  ANAL YSI S

St r u c t u r a l  a n a l y s i s  i s  ma d e  u s i n g  s t i f f n e s s  

me t h o d ,  i n  wh i c h  e a c h  j o i n t  mu s t  be i n 

e q u i l i b r u i u m, e. g.  , t ha t  t he s u m of  t he f i x ed  

mo me n t s  and t he mo me n t s  due t o d i s p l a c e me n t s  

mus t  be z e r o  i n e a c h  j o i n t .  Mo r e o v e r ,  member s  

( beams  and c o l u mn s )  mu s t  be i n e q u i l i b r i u m 

u n d e r  e f f e c t  of  t he s um of  t he f i x ed  s hea r  

f o r c e s  p r o d u c e d  by  d i s p l a c e me n t s .  I n ma t r i x

wh e r e  K i s  t he s t i f f n e s s  ma t r i x  of  s t r uc t u r e ,  

6^ and 0 ^ l i near  and r o t a t i o n a l  d i s p l a c e me n t s  

and and M® ar e  f i x ed  f o r c e  s h e a r s  and 

f l e x u r a l  mo me n t s .  I n e q u a t i o n  s y s t e ms  1 t her e 

a r e  t h r e e  t y p e s  of  u n k n o wn  e l e me n t s :  d i s p l a c e  

me n t s  6^ ,  r o t a t i o n s  0^  and r e a c t i o n s  r ^

( t hes e  c an  a p p e a r  i n v |  or  M®) .
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St i f f n e s s  ma t r i x  d e t e r mi n a t i o n ,  and f i x ed  

s h e a r s  and mo me n t s  d e t e r mi n a t i o n ,  c an be ma d e  

f or  ea c h  me mb e r  and t hen t hey  mus t  be I n t e g r a  

t ed ov e r  t he c o mp l e t e  s t r u c t u r e  ( Be a u f a i t  

e t . a l .  , 1970) .  The  p r o c e d u r e  o u t l i n e d  i n t he 

p r e c e d i n g  p a r a g r a p h s  i s  g e n e r a l ,  but  i n or der  

t o s i mp l i f l y ,  beams  wi t h  c o n t i n u o u s  s u p p o r t s  

a r e  p r e s e n t e d  on l y .  Re a c t i o n  b l o c k s  ar e  

i n c l u d e d  at  t he mi d d l e  of  s pans ,  so aux i l i a r y  

e q u a t i o n s  ar e n e e d e d  f o r  t hes e  r e a c t i o n s  

b l o c k s ;  t hes e  e x p r e s s i o n s  c a n  be f ound  by  

t he us e of  t he c o n j u g a t e  b e a m t h e o r e ms .

St i f f n e s s  ma t r i x  of  me mb e r  j  wi t h  c on t i nuous  

( F i g . 2)  i s:

9P 0q « r « S

4 El 2 El -  6  El 6  El

L L L 2

2 El 4 El _  6  El 6  El

L L L 2 L 2

6  El _  6  El 12 El _ 12 El

L* L 2 L 3 L 3

6  El 6  El _ 12 El 12 El

L* L J L d

( 2)

F i x e d  mo me n t s  and s h e a r s  ( member  ov e r  j o i n t )  

due  t o a u n i f o r m l oad a r e  ( Fi g.  2) :

w ( L
3 3 

T 2

( 3 )

V =  - w - j L - j  ( 5 )

r  2'

Mc = -  w . l :

q 4 7 1 -

V = -  w. L.
s .1 1

( 4)

( 6 )

For  t he u n i f o r m l oads  at  f o u n d a t i o n  ( Fi g.  2) :

-  13 L 2

3072 J

f  67 ’ 2 

3072

67

3072

L 2
3

r
r  '

11 

‘ 192

2
L.

J

13 L2
j

r  + 11 L2
J3072

r
192

121 L2 r  + 1 L. r  •

3 r j

( 7)

( 8 )

512 3 r J r
512

Lj r
j  s

V = 
s

7 L.  r  + J _  L.  r  +1 + 121 L. r

512 j  r 512
3 s

( 9)

(10)

Ver t i cal  di spl acement s 6 ^ 1 at  f oundat i on l evel ,  i n 

t he mi d d l e  of  t he s p a n  ( F i g . 2 ) f f or  a member  

wi t h  cont i nuous  s u p p o r t s ,  i s  f ound  u s i n g  

c o n j u g a t e  b e a m t h e o r e ms :

El  0O -  EI 0 „  -  8 El  6 + 16 El  6, . . .  -  8 El  6-  

L ~L~ L 2 r  77  T J

i n whi ch:  L = l enght  of  member  j

E = mat er i al  el as t i c i t y  modul us of  member  j

I  = moment  of  i ner t i a of  member  j

6^= r ot at i on at  j oi nt  p

0 = r ot at i on at  j oi nt  q
q

6^= di spl acement  at  j oi nt  r

<$ = di spl acement  at  j oi nt  s

+ 13 L r  ., + 1 L

384
r +1

1 w. L

JT  2
( 11 )

Co n c l u d i n g ,  s t r u c t u r a l  a n a l y s i s  i s  mad e  wi t h 

s y s t e m e q u a t i o n s  1 and a u x i l i a r y  e q u a t i o n  

1 I .

SOI L  SETTL EMENTS

Ro t a t i o n s  ar e c o n s i d e r e d  p o s i t i v e  i n a 

c o u n t e r c l o c k wi s e  s e n s e  and d o wn  d i s p l a c e me n t s  

ar e p o s i t i v e .  Po s i t i v e  f l e x u r a l  mo me n t s  

( member  ov e r  j o i n t )  ha v e  c l o c k wi s e  s e n s e  and 

p o s i t i v e  s h e a r  f o r c e s  ( member  o v e r  j o i n t )  

ar e  u p wa r d .

Ve r t i c a l  d i s p l a c e me n t s  <5̂  a r e  f o u n d  as  a 

f u n c t i o n  of  s o i l  r e a c t i o n s  r . ,  t a k i n g  t he 

r e a c t i o n s  r .  as  u n k n o wn s ,  f or  t he s t r a t i g r a p h y  

and p r o p e r t i e s  s h o wn  i n Fi g.  3.  Se t t l e me n t  

of  s t r a t u m j  u n d e r  s e c t i o n  i ,  due t o l oad  r  

l o c a t e d  at  k i s :

f l G . 2  FO UNDATIO N M E M B E R  WITH CONTINU OU S S U P P O R T S  

AND D I S T R IB U T E D  LOAD

5 i j k = Kv i j  Hj  ^ > i j k

i n whi ch:  6 ■= def or mat i on of  r ect angl e i j , due t o 

a r eac t i on l ocat ed at  k ( r k^

M . -  st r ai n modul us of  soi l  i n r ect angl e
v i j  ±J

Hj  = t hi ckness of  s t r at um j

( Aa)  = nor mal  ver t i cal  st r ess i nc r ement  i n 

J t he r ect angl e i j , due t o a pr essur e 

r ^ / b^  i n t he cont act  ar ea bet ween

soi l  and f oundat i on

b = f oundat i on wi dt h,  cor r espondi ng t o 

t he l oad r,  

but  ( A0 ) i Jk -  I 1Jk ( r k / bK)

wher e ^ i j k  = ^n l̂ -uence v al ue i n t he r ec t angl e i j  ,

due t o a uni t  pr essur e i n k

7 4 2
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FIG. 3 SOIL S E T T L E M E N T S  D E T E R M I N A T I O N

(1 ) 

■ 1

E X A M P L E

4  t o n /m  

1=1.305 i l Ö  m4 ^

1= 13.5 x I O4 m4

4 . 6  r

m v = 0 .0 2 2 2  m / t o n y,Z.4m

FIG. 4  S T R U C T U R E ,  STRATIGRAPHY AND PROPERTIES ( E X A M P L E )

Va l u e s  of  I ^ . ^ c a n  be o b t a i n e d  by  c o mp u t i n g  

t he s t r e s s  c a u s e d  by  a un i t  p r e s s u r e  i n b^  

ov e r  t he r e c t a n g l e  i j  ( Ze e v a e r t ,  1973) ,  

Se t t l e me n t  i n t he r e c t a n g l e  i j  due  t o a l l  

l oads  r ^  and t o e x t e r n a l  l oad q ( F i g . 3)  i s

m
6,  -  M H . ( qi  j  +  I  I .  r  l b  ) 

i j  v i j  j  k =L l j k  k k 7

i n whi ch m i s t he  t o t a l  n u mb e r  of  r e a c t i o n s  

a p p l i e d  at  s u r f a c e  and q i s t he  n o r ma l  

v e r t i c a l  s t r e s s  due t o p r e s s u r e  q at  t he 

e x t e r n a l  s u r f a c e  ( Fi g.  3) .

Now,  t he s e t t l e me n t s  u n d e r  i  wi l l  be:

ô.= £ <5,. 
1 j - i  11

Ro t a t i o n s  and d i s p l a c e me n t s  of  e a c h  me mb e r  

a r e  ( Fi g.  5)

Member  number  

1 

2

3

4

P

05

67

07

fir

«1

61

s

«3

«3

6 -  E M H q i j +  Z M H ( Z I  r  / b . )  ( 12)

1 j , i  J j” i v iJ J k. i  ^  k/ k

i n wh i c h  p = n u mb e r  of  s u b s o i l  s t r a t a

I n t h i s  e q u a t i o n  we s ee t he s o i l  d i s p l a c e me n t s

as  a f u n c t i o n  of  t he ] oads  r .  .
k

DI SPL ACEMENTS COMPATI BI L I TY

Onc e  s t r u c t u r e  a n a l y s i s  and s o i l  s e t t l emen t s  

d e t e r mi n a t i o n s  ar e ma d e ,  d i s p l a c e me n t s  

c o mp a t i b i l i t y  b e t we e n  t h e m mu s t  be e s t a b l i s h e d  

( De me n e g h i ,  19 7 9) :  s o i l  s e t t l e me n t s  o b t a i n e d  

by  E q . 12 a r e  s u s t i t u t e d  i n t he  r e s u l t i n g  

s y s t e m e q u a t i o n  f r o m Eqs  1 and 11 of  t he 

s t r u c t u r a l  a n a l y s i s .  I n t h i s  way ,  v e r t i c a l  

d i s p l a c e me n t s  ar e no mo r e  u n k n o wn  and t he 

u n k n o wn  ar e o n l y  t he r o t a t i o n s  and t he 

r e a c t i o n s  r ^ • I t  i s  e a s y  t o s ee t ha t  t he 

n u mb e r  of  e q u a t i o n s  i s  t he s ame as  t he number  

of  u n k n o wn  e l e me n t s ;  t he e q u a t i o n  s y s t e m c an 

be s o l v e d  and t he v a l u e s  of  t he r o t a t i o n s  

and t he r e a c t i o n s  c an be d e t e r mi n e d .  Us i n g  

E q . 12 s o i l  s e t t l e me n t  c an  be c o mp u t e d ,  as  

v a l u e s  of  r_̂  ar e  n o w k n o wn

EXAMPL E

PIG. 5 M E M B E R S ,  R E A C T IO N S  AND D IS P L A C E M E N T S  NUM ER ATIO N 

(EXAM PLE)

St i f f n e s s  ma t r i x

d e t e r mi n a t i o n  f or  e a c h  me mb e r :

Me mb e r  1

6 2 - 2  4 
E= 1 . 5811  x 10 t o n / m ; 1= 1 . 3 0 5 x 1 0  m ;

L  = 8 m 

Us i n g  E q . 2:

K =

Usi ng Eqs.  3 and 4:  M̂  -  6. 4 x 8 = 34. 1333 t on- n

12

Me = - 6. 4 x 82= - 34. 1333 t on- m 

6 12

Usi ng Eqs.  7 and 8:

Me = - 1. 3958 r  -  3. 6667 r  -  0. 27083 r  : M =0. 27083 r ,
5 1 2  3 1

+ 3. 6667 r  +  1. 3958 r

e
5

0s S1 «3

10 316 67 5 158 34 - 1 934. 38 1 934 38 05
5 158 34 10 316 67 - 1 934. 38 1 934 38 06
1 934 38 - 1 934 38 483. 59 - 483 59 «1
1 934 38 1 934 38 -  483. 59 483 59

Fi nd t he r e a c t i o n  and s e t t l e me n t  d i a g r a ms  f , or  

t he s t r u c t u r e ,  s t r a t i g r a p h y  and p r o p e r t i e s  of  

e x a mp l e  s h o wn  i n F i g . 4, .  Fo u n d a t i o n  wi d t h  

i s  8 m.  E= 1 . 5811  x 10 t o n / m2 .

Usi ng Eqs.  5 and 6:

v f = - 6. 4 x  8 = - 25. 6 t on;  V^ = - 6. 4 x  8 = 25. 6 t on

2 2

7 4 3
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V?= 1. 8906r  + 2r  + 0. 1094r  ; V®= 0 . 1094r  +  2r ,1 1 2  3 1 *

+ 1. 806r 3

I n a s i mi l ar  way,  s t i f f ness  mat r i ces and f i xed 

moment s and shear s f or  member s 2,  3 and 4 ar e obt ai ned:

Us i n g  E q s . 9 a n d  10:

s' ' 0 e «1 ¿¡3

10 316 67 5 158. 34 -  1 934. 38 1 934. 38

5 158 34 10 316. 67 - 1 934. 38 1 934. 38

- 1 934 38 -  1 934. 38 483. 59 -  483. 59

1 934 38 1 934. 38 -  483. 59 483. 59

9, 9 s

K = 1 856.

928.

07

04

928. 04 

1 856. 07

07

07 Me=

21. 333 t on 

- 21. 333 t o

-  16 t on » v e= -
3

16 t on

St i f f ness mat r i x  f or  t he compl et e st r uct ur e i s

det er mi ned by  addi ng t he s t i f f ness mat r i ces  of  each

one of  t he member s:  K= K, + K + K + K ; t her ef or e:
1 2 3 4

<S 6 e 0 0 0
^  1 3 s 6 7 s

967.18 -967.16 -1 934.38 -1 934 38 - 1 934 38 -1 934 38
-967.18 967.18 1 934.33 1 934 38 1 934 38 1 934 38

4 934.38 1934.38 12 172.74 5 158 34 928 04 0
4 934.38 1934.38 5 15834 12 172 74 0 928 04
-1 934.38 1934.38 928.04 0 12 172 74 5 158 34
4  934.38 1 934.39 0 928 04 5 158 34 12 172 74

Equi l i br i um of  moment s  at  t he j oi nt s and of  shear s

at  t he member s  ( Eq. l ) l eads t o t he f ol l owi ng

expr essi ons,  cons i der i ng t hat  by symmet r y of  st r uct ur e

6 = 6 , 0 = - 0  and 0 = - 0 :
3 1 s 5 0 7

Rot at i on 0 5( r ow 3 of  s t i f f ness mat r i x  of  st r uct ur e) :  

- 1 934. 38 6X+ 1 934. 38 S3+ 12 172. 7405 + 5 158. 3406 

+ 928. O407+ O08+ 34. 1333 -  1. 3958r 1-  3. 667r 2

-  0. 27083r 3 = 0 ( 13)

Di spl acement  6 i  ( r ow 1 of  s t i f f ness mat r i x  of  

s t r uc t ur e) :

967. 18 6X+ - 967. 18 6 3-  1934. 38 0 5 -  1934. 38 0g 

- 1934. 38 0? - 1934. 38 00-  25. 6 + 1. 8906 r x+ 2r 2 

+0. 1094 r 3 - 16 =0 ( 14)

Rot at i on 0 ? ( r ow 5 of  st i f f ness mat r i x  of  s t r uc t ur e) :

- 1934. 38 6X+ 1934. 38 63 +928. 04 0 5+ 0 06 +12172. 74 0 ? 

+ 5158. 34 08 + 21. 333 = 0

Usi ng aux i l i ar y  equat i on 11 f or  me mb e r  1:

2579. 2 05-  2579. 2 06-  2579. 2 6X-  2579. 2 63+5158. 3 6 3 

+ 51858. 3 62 + 0. 25r x + 0. 25 r 3+  2. 1667 r 2= 17. 0667

( 16)

Soi l  set t l ement s ar e f ound usi ng Eq. 12;  i nf l uence 

val ues det er mi nat i on i s as f ol ows ( Fi g. 6) :

I nf l uence val ues I
i j k

Uni t ar y  pr essur e l ocat ed Uni t ar y  pr essur e l ocat ed 

at  ar ea 1 ( k=l )  at  ar ea 2 ( k=2)

i  1 2 3 1 2  3

1 0. 4659 0. 02502 0. 000635 0. 02793 0. 9318 0. 02793

2 0. 2812 0. 1063 0. 00920 0. 1362 0. 5624 0. 1362

1

1

1

( I ) '  ( 2)  

1

- - - -  .

i

1

| ( 3)

'1 | - 2

1

1

1

i

1 3 " 
1 

1 

1 

1

1 . . .

- - - - - 1- - - - - - - - - - - 1- - - - - - *
2 m 4 m 2 m 

a) PLANT VIEW

FIG. 6 I N F L U E N C E  V AL U E S  D E T E R M I N A T I O N

Mak i ng i  =1 i n Eq.  12:

2 3
5i  = Z L I  r  / b

j  = i  J 3 k =l  I j k  k  k

S1 = 0. 0154x2. 4 ( 0. 4659r 1/ 8+0. 02793r 2/ 8 

+ 0. 00065r 3/ 8)

= 0 . 003713^ + 0. 0003849r _+ 0. 0007056r 3 

Si mi l ar l y :

6,  =0. 0007056r  + 0. 007426r ,  +0. 0007056r
2 1 2  3

but  r l = r 3 by symmet r y,  hence:

61.,= 0. 003767r 1+0. 008849r 2 ( 17)

6,  = 0. 0014l l r  + 0. 007426r  ( 18)L j 2

By s t r uct ur e symmet r y  and sust i t ut i ng Eqs 17 and 18 

i n Eq.  16:

5158. 4 0 5- 5158. 4 ( 0. 003767^  + 0. 0008849r 2)

+ 5158 4( 0. 001411r l  + 0. 007427r 2 ) + 0 . 5 ^

+ 2. 1667r 2 = 17 0667

Equat i on syst em 13,  14,  15 and 16*  i s now:

7014. 405+ 928. 0497-  1 6666r J -  3. 667r 2=- 34. 1333 ( 131)

r a + r 2= 20. 8 (14' )

928. O405+ 7014 49? =- 21. 333 ( 151)

5158. 4 e 5 - 11 . 6533r 1 +359076 r  2= 17. 0667 ( 16^

Sol vi ng t hi s syst em:

05= 0. 002007 0 7= - 0. 003307

r i = 15. 562 t on/ m r 2= 5. 238 t on/ m

7 4 4
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Sust i t ut i ng t hese val ues  i n Eqs.  17 and 10:

6^ = 0. 0633 m;  6^ -  0. 0609 m t hese r esul t s ar e 

shown i n Fi g.  7

T J j l U J l i l i l ]
6 . 3  6 .

1 5 . 5 6  15 .56

a) Soi l  r e a c t i o n s b) S e t t l em en ts  

F I G . 7 F I N A L  R E S U L T S  ( E X A M P L E )
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