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F a i l u r e  a n a l y s i s  o f  p i l e  f o u n d a t i o n s

Analyse de l'état limite des fondations sur pieux

BENT HANSEN, Professor of Soil Mechanics, Technical University of Denmark

SYNOPSI S The des i gn of  pi l e f oundat i ons  by  s pec i f y i ng a s af et y  agai ns t  ul t i mat e f ai l ur e
us i ng t he t heor y  of  p l as t i c i t y  i s per mi t t ed i n t he Dani s h Code of  Pr ac t i c e.  Thi s  paper  out l i nes  
t he gener al  pr i nc i pl es  of  c al c ul at i on and des c r i bes  t he met hod whi c h was  us ed f or  c hec k i ng t he 
s af et y  of  some of  t he pi er s  of  t he Far oe Br i dge.  I n t hese pi er s  t he pi l es  ar e abl e t o t r ans mi t  
moment s  and t r ans v er s al  f or ces  t o t he f oundat i on.  The c al c ul at i on met hod i s bas ed on s t at i c al l y  
admi s s i bl e l ower  bound sol ut i ons ,  and i t  ut i l i z es  t he opt i mi z at i on t ec hni que of  t he Si mpl ex  met hod 
f r om Li near  Pr ogr ammi ng.

I NTRODUCTI ON

Pi l e gr oups  s uppor t i ng br i dge pi er s  mus t  be abl e 
t o t ake ec c ent r i c  and hor i z ont al  l oads.  They  
mus t  t her ef or e i nc l ude bat t er  pi l es ,  and t he 
det er mi nat i on of  t he l oads  on t he i ndi v i dual  
pi l es  f or  any  gi v en l oad c as e on t he pi er  f oun ­
dat i on i s a gener al  t hr ee- d i mens i onal  equ i l i b ­
r i um pr obl em, i n whi c h al l  s i x  equi l i br i um equa ­
t i ons  mus t  be sat i s f i ed.

A c al c u l at i on met hod f or  such pi l e gr oups  was  
f i r s t  f or mul at ed by  N0k k ent v ed ( 1924) ,  who as ­
sumed l i near l y  el as t i c  pi l es  whi c h ar e abl e t o 
t ake onl y  ax i al  f or ces .  Sc hi el  ( 1960)  i nt r o ­
duc ed a s y s t emat i c  not at i on t o f ac i l i t at e c a l ­
c ul at i ons  i n pr ac t i c e and t o t ake i nt o ac c ount  
pi l es  whi c h ar e r i g i d l y  f i xed i n t he f oundat i on 
and l at er al l y  s uppor t ed by  t he soi l .  On t hi s  
bas i s  a pi l e gr oup may  be c al c ul at ed by  t he 
t heor y  of  el as t i c i t y ,  t he des i gn c r i t er i on be ­
i ng t hat  t he des i gn ax i al  pi l e f or ce,  or  bend ­
i ng moment ,  or  t r ans v er s al  f or ce,  mus t  not  be 
ex c eeded i n any  pi l e.

I n Dani s h des i gn pr ac t i c e ( DI F,  1984)  t he d e ­
s i gn c r i t er i on i s ul t i mat e f ai l ur e under  t he 
t heor y  of  p l as t i c i t y  of  t he ent i r e pi l e gr oup.  
By  t hi s  t heor y  t he i ndi v i dual  pi l es  ar e as s umed 
t o y i e l d when des i gn s t r es s es  ar e r eached,  and 
u l t i mat e f ai l ur e wi l l  not  oc c ur  unt i l  so many  
pi l es  hav e y i e l ded t hat  t he f oundat i on has  be ­
c ome a mec hani s m.  The s af et y  f ac t or s  i nvol v ed 
may  be adj us t ed so t hat  t he number  of  pi l es  r e ­
qui r ed i n a gi v en gr oup i s muc h t he same by  t he 
t wo c al c ul at i on met hods ,  but  c al c ul at i ons  by  
t he t heor y  of  p l as t i c i t y  ar e s i mpl er ,  es pec i a l ­
l y  dur i ng des i gn when pi l es  wi t h gi v en des i gn 
s t r engt hs  ar e t o be ar r anged so t hat  t he r e ­
s ul t i ng gr oup c an t ake a gi v en t ot al  l oad.

Des i gn and c al c ul at i on pr oc edur es  f or  pi l e 
gr oups  by  t he t heor y  of  pl as t i c i t y ,  as s umi ng 
onl y  ax i al  l oads  i n t he pi l es ,  was  f or mul at ed 
by  Hans en ( 1959) .  Thi s  as s umpt i on i s r eas onabl e 
f or  pr ec as t  c onc r et e pi l es  wi t h wi dt hs  up t o
0. 40 m.  For  l ar ger  pi l es ,  e. g.  0. 70 m s t eel

t ubes ,  t he moment s  and t r ans v er s al  f or c es  wi l l  
f r equent l y  be i mpor t ant  f or  t he bear i ng c apac ­
i t y  of  t he pi l e gr oup.  Si nc e no gener al l y  ap ­
p l i c abl e met hod ex i s t ed t o t ake t hes e ef f ec t s  
i nt o ac c ount  by  t he t heor y  of  pl as t i c i t y ,  such 
pi l e gr oups  ar e us ual l y  s t i l l  c a l c ul at ed by  t he 
t heor y  of  el as t i c i t y ,  however .

I n 1981 a new c al c ul at i on pr oc edur e was  dev e l ­
oped whi c h ut i l i z es  t he t ec hni que of  L i near  Pr o ­
gr ammi ng t o f i nd s t at i c al l y  admi s s i bl e l ower  
bound s ol ut i ons  t o t he bear i ng c apac i t y  pr obl em 
of  pi l e gr oups ,  al s o when t he pi l es  ar e r i gi dl y  
f i x ed i n t he f oundat i on and l at er al l y  s uppor t ed 
by  t he soi l .  Thi s  met hod was  us ed t o c hec k  some 
of  t he pi er s  of  t he Far oe Br i dge agai ns t  u l t i ­
mat e  f ai l ur e f or  t he mos t  c r i t i c al  l oad cases .

THEORY OF PLASTI CI TY

I n c al c ul at i ons  by  t he t heor y  of  p l as t i c i t y  al l  
s t r ai ns  i n t he pi l es  and i n t he soi l  ar e p l as ­
t i c.  Ther ef or e,  t he c or r es pondi ng s t r es s es  ar e 
y i e l d s t r es s es  r es ul t i ng f r om des i gn v al ues  of  
ax i al  pi l e f or ces ,  p i l e moment s ,  and t r ans ­
v er s al  f or ces ,  and f r om l at er al  ear t h pr es s ur es  
i n ul t i mat e f ai l ur e.  The usual  upper  and l ower  
bound t heor ems  f or  k i nemat i c a l l y  and s t at i c al l y  
admi s s i bl e appr ox i mat e sol ut i ons ,  r es pec t i v el y ,  
can be s hown t o appl y.

Upper  bound s ol ut i ons

A k i nemat i c al l y  admi s s i bl e s ol ut i on f or  a gi v en 
pi l e gr oup ac t ed upon by  a gi v en t ot al  l oad can 
be def i ned by  s pec i f y i ng t he 6 r i gi d body  mov e ­
ment  c omponent s  ( 3 t r ans l at i ons  and 3 r ot at i ons )  
f or  t he f oundat i on bl ock .  Thi s  det er mi nes  t he 
ax i al  and l at er al  mov ement s  of  t he pi l es ,  t he 
dev el opment  of  y i e l d hi nges  et c.  As  t he c or r e ­
s pondi ng r es i s t anc es  ar e known,  t he wor k  equa ­
t i on can be us ed t o det er mi ne t he f ac t or  of  
s af et y  on t he t ot al  l oad abov e t he s af et i es  
whi c h hav e been appl i ed on t he i ndi v i dual  l oad 
c omponent s  and r es i s t anc es .
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Suc h a s ol ut i on i s k nown t o be an upper  bound 
sol ut i on.  Thus ,  t he c or r ec t  s ol ut i on ac c or di ng 
t o t he t heor y  of  p l as t i c i t y  may  be f ound by  
s eek i ng t he r i g i d body  mov ement  whi c h de t er ­
mi nes  t he mi n i mum v al ue of  t he t ot al  f ac t or  of  
saf et y .

Thi s  def i nes  a c al c u l at i on met hod whi c h i s us e ­
f ul  e. g.  f or  pl ane pi l e f oundat i ons  wher e t he 
pos s i bl e r i gi d body  mov ement s  t o i nv es t i gat e 
ar e e i t her  t r ans l at i ons  per pendi c ul ar  t o some 
pi l e r ows  or  r ot at i ons  about  i nt er s ec t i on l i nes  
bet ween pi l e r ow pl anes .  The met hod i s l ess  
us ef ul  f or  t hr ee- di mens i onal  pi l e gr oups  be ­
c aus e of  t he l ar ge number  of  pos s i b l e r i g i d body  
mov ement  s t at es .  The s eek i ng of  a mi n i mum s ol ­
ut i on i s d i f f i c ul t  by  hand,  and i t  i s not  s i mpl e 
t o pr ogr am f or  a comput er .

Cons equent l y ,  c omput er  c a l c ul at i ons  of  u l t i mat e 
f ai l ur e i n pi l e gr oups  ar e f r equent l y  done by  
as s umi ng t he t ot al  f ac t or  of  s af et y  t o i nc r eas e 
monot onous l y  f r om zer o,  t ak i ng t he pi l e gr oup 
f r om t he i ni t i al  el as t i c  s t at e t hr ough i n t er me ­
di at e e l as t i c - pl as t i c  s t at es  unt i l  u l t i mat e 
f ai l ur e i s r eached.  Thi s  l eads  t o a uni que s ol ­
ut i on,  but  t he wor k  of  c omput at i on i s c ons i der ­
abl e .

Lower  bound s ol ut i ons

A s t at i c al l y  admi s s i bl e s ol ut i on i s def i ned by  
a set  of  ax i al  l oads ,  moment s ,  and t r ans v er s al  
f or ces  i n t he pi l es  whi c h ar e i n equ i l i br i um 
wi t h t he gi v en t ot al  l oad mul t i p l i ed by  a f ac ­
t or  of  s af et y , and whi c h do not  ex c eed t he f a i l ­
ur e c ondi t i ons  any wher e i n t he pi l es  or  t he 
soi l .  Suc h a s ol ut i on i s k nown t o be a l ower  
bound sol ut i on,  i . e.  t he c or r ec t  s ol ut i on ac ­
c or di ng t o t he t heor y  of  p l as t i c i t y  c or r es ponds  
t o t he set  of  pi l e f or c es  whi c h per mi t s  t he 
max i mum f ac t or  of  s af et y  t o be mul t i p l i ed on 
t he t ot al  l oad.

Thi s  def i nes  a c al c ul at i on met hod whi c h i s us e ­
f ul  f or  des i gn.  As  t he f or c es  bet ween pi l es  
and f oundat i on c an be f i xed at  k nown des i gn 
val ues ,  t he pr obl em of  ar r angi ng a pi l e gr oup 
so t hat  i t  can t ake a k nown t ot al  l oad i s r e ­
duc ed t o t he pr ob l em of  ar r angi ng k nown f or c es  
so t hat  t hey  i n an ef f i c i ent  way,  e. g.  us i ng 
t he l eas t  pos s i bl e number ,  bal anc e t he gi v en 
l o a d .

Ef f i c i ent  c al c u l at i on pr oc edur es  hav e been de ­
v e l oped t o des i gn by  t hi s  met hod e. g.  doubl y  
s y mmet r i c al  pi l e gr oups  ac t ed upon by  doubl y  
s y mmet r i c al  l oad cases .  The met hod has  not  
been used on t he bear i ng c apac i t y  pr ob l em f or  
gi v en pi l e gr oups  unt i l  i t  was  r eal i z ed t hat  
t he det er mi nat i on of  t he set  of  pi l e f or c es  
whi c h c or r es ponds  t o t he max i mum f ac t or  of  
s af et y  c an be c ons i der ed as  a pr obl em i n Li near  
Pr ogr ammi ng.

LINEAR PROGRAMMING

I n or der  t o f or mul at e t he det er mi nat i on of  an 
opt i mal  l ower  bound s ol ut i on as a l i near  p r o ­
gr ammi ng pr ob l em i t  i s nec es s ar y  t o wr i t e  t he 
equi l i br i um equat i ons  as l i near  equat i ons  i n 
a number  of  v ar i abl es ,  eac h of  whi c h t akes  
v al ues  bet ween k nown bounds .  The t ot al  f ac t or  
of  saf et y ,  F , f or  whi c h a max i mum i s sought ,

i s one of  t he v ar i abl es .  The ot her s  ar e pi l e 
f or ce component s .

Pi l e f or ce c omponent s

Ther e ar e 6 unk nown f or ce c omponent s  per  pi l e.  
However ,  d i s r egar di ng t he t wi s t i ng moment s ,  
as i t  i s us ual l y  done f or  br i dge pi er s ,  t her e 
ar e onl y  3 quant i t i es  whi c h t ak e v al ues  bet ween 
k nown bounds :  The ax i al  f or ce,  t he r es ul t i ng 
moment  at  t he pi l e t op,  and ei t her  t he r es u l t ­
i ng t r ans v er s al  f or ce at  t he t op or  a max i ­
mum moment  i n t he pi l e at  some dept h bel ow t he 
t op.  Ther ef or e,  i n or der  t o l i near i z e t he pr ob ­
l em t he f ol l owi ng appr ox i mat i on i s made:  The 
t r ans v er s al  f or c e and t he moment s  ar e f or  eac h 
pi l e as s umed t o ac t  i n t he same pl ane.  The d i ­
r ec t i ons  of  t hes e pl anes  ar e c hos en i ni t i al l y  
and ar e k ept  c ons t ant  dur i ng t he opt i mi z at i on 
of  F .

The ax i al  f or ce i n pi l e no.  r  , Pp  , i s pos i t i v e 

as pr es s ur e.  I t s bounds  ar e det er mi ned by  t he 

r es i s t anc es  Q°  i n c ompr es s i on and Q^  i n pul l :

-  Q*  £ P < QC (1 )
Ï1 2?

The s i mpl es t  c as e f or  t he t r ans v er s al  f or ce T ,

t he moment  at  t he pi l e t op,  , and t he max i mum

moment ,  , i n t he pi l e i s s hown i n Fi g.  1 f or

a v er t i c al  pi l e.  I t  i s as s umed i n t hi s  c as e 
t hat  t he pi l e i s f i x ed at  t he dept h d  bel ow 
t he pi l e t op,  and t hat  i t  has  no l at er al  ear t h 
s uppor t  abov e t hi s  dept h.

Fi g.  1 Pi l e Fi x ed at  Dept h d  be l ow Pi l e Top

I f  d  i s smal l ,  Mp and T may  be t ak en as  t he un ­

k nown quant i t i es  wi t h t he y i e l d moment ,  , and 

t he s hear i ng r es i s t anc e,  S , r es pec t i v el y ,  de ­

t er mi ni ng t he bounds :
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-  Y S.M <■ Y
T  T  T

■ S < T i  S 
r  r  r

( 2)

( 3)

For  s uf f i c i ent l y  l ar ge v al ues  of  d  , however ,  

t he bendi ng moment  M^  i n t he pi l e bec omes  mor e

c r i t i c al  t han T The unk nowns  mus t  t hen be

c hos en as  and Ar  wi t h t he bounds  ( 2)  and:

-  Y < M < Y (4)

r es pec t i v el y .  I n t he equi l i br i um equat i ons  i t  
i s us ed t hat :

M 1 -  M 
r  r

( 5)

Fi g.  2 shows  a pi l e i n homogeneous  soi l .  I n u l ­
t i mat e f ai l ur e t he upper  par t  of  t he pi l e abov e 
a y i el d hi nge wi l l  be def l ec t ed l at er al l y ,  and 
t he soi l  r es i s t anc e at  f ai l ur e,  p ( kN/ m)  , wi l l  
be dev el oped al ong t hi s  par t .

Fi g.  2 Pi l e i n Homogeneous  Soi l

Equi l i br i um equat i ons

I f  t he pi l e gr oup c ons i s t s  of  n  p i l es , t he equi ­
l i br i um c ondi t i ons  can be wr i t t en as  6 equat i ons  
wi t h m = 3n+1 unk nown quant i t i es .  Wi t h t he us ual  
t ens or  not at i on:

t oget her  wi t h  ( 5) .

B.
i ( 9)

The f i r s t  n v ar i abl es ,  X^ , ar e t he ax i al  pi l e

f or ces ,  P , and t he nex t  n v ar i abl es  ar e t he mo-
r-

ment s ,  . The t hi r d gr oup of  n v ar i abl es  ar e

ei t her  t he t r ans v er s al  f or ces , ( f or  s t i f f l y

s uppor t ed pi l es ) ,  or  t he bendi ng moment s ,  .

The l as t  var i abl e,  no.  m , i s t he s af et y  f ac t or  F.  

The c oef f i c i ent s  t o F ar e t he 6 c omponent s  ( wi t h 
oppos i t e si gns)  of  t he t ot al  l oad on t he f oun ­
dat i on :

R. ( 10)

The ot her  c oef f i c i ent s ,  , ar e f ound f r om t he

geomet r y  of  t he pi l e gr oup, t he c hos en di r ec t i on
angl es ,  0 , f or  t he pl anes  i n whi c h T and M 3 r ' e r r
ar e as s umed t o ac t ,  and , i f  ar e unknowns ,

al s o f r om ( 5)  and pos s i bl y  ( 8 ) . The 6 quan ­
t i t i es  B.  ar e i ni t i al l y  zer o.

The pr ob l em i s now t o f i nd a set  of  v al ues  X^

whi c h s at i s f i es  ( 9)  and al s o t he c ondi t i ons
( 1)  -  ( 4) ,  wh i c h may  be wr i t t en on t he gener al  
f or m:

and whi c h mi ni mi z es  t he f unc t i on:

/  =  r .
k h

( 11)

( 12)

I ni t i al l y ,  al l  c oef f i c i ent s  r ^  ar e z er o ex c ept

r  whi c h i s - 1.  I n ( 11)  L  i s zer o and U i s
m m m

i n f i n i t e .

The y i e l d hi nge wi l l  c l ear l y  dev el op at  t he 
dept h:

Tr
d  = —  ( 6 )

P

and t he moment  at  t hi s  dept h i s:

Mr  = Mr  + \  Tv d  ( 7)

The bounds  ( 2)  and ( 4)  ar e v al i d , but  T i s seen

not  t o be a l i near  f unc t i on of  t he t wo moment s .  
I t  i s,  howev er ,  on t he saf e s i de t o use an ap ­
pr ox i mat e v al ue of  d  , det er mi ned by:

Cal c ul at i on pr oc edur e

The des c r i pt i on of  an ef f i c i ent  c al c ul at i on 
pr oc edur e t o s ol v e t hi s  pr obl em,  t he s o- c al l ed 
Si mpl ex  met hod,  may  be f ound i n a number  of  
t ex t book s  on L i near  Pr ogr ammi ng,  e. g.  Luenber -  
ger  ( 1973) .  Thi s  pr oc edur e may  be out l i ned as 
f o l l ows '.

1.  The opt i mi z at i on i s obt a i ned by  an i t ­
er at i on pr ocess ,  eac h s t ep goi ng f r om 
one s o- c al l ed bas i c  f eas i bl e s ol ut i on 
t o anot her .  A bas i c  f eas i bl e s ol ut i on 
i s a set  X whi c h s at i s f i es  ( 9)  and

( 1 1 ) ,  al l  v ar i abl es  ex c ept  6 , t he bas i c  
var i abl es ,  t ak i ng a bound val ue,  L.  or

\  ■

2.  Dur i ng t he c al c ul at i ons  t he v ar i abl es  
X^ ar e r epl ac ed by  t he t r ans f or med v a r i ­

abl es  X^  , e bei ng an i ndi c at or  whi c h 

t ak es  t he v al ues  +1 or  - 1.  The t r ans -
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f or med v ar i abl es  ar e def i ned by:

Thus,  onl y  t he bas i c  v ar i abl es  Xy t ake

val ues  d i f f er ent  f r om zer o.  Xe ( i . e. F)
m

wi l l  al way s  be one of  t he bas i c  v ar i ­
abl es .  For  t hi s,  t he i ndi c at or  e i s 
al way s  + 1 .

3.  The bas i c  f eas i bl e s ol ut i ons  ar e r epr e ­
s ent ed by  t r ans f or mat i ons  of  t he equa ­
t i on s y s t em ( 9)  and ( 12) :  By  r ow oper ­
at i ons  t he c oef f i c i ent s  a ^  ar e t r ans ­

f or med so t hat  t hey  i n each equat i on
( 9)  ar e uni t y  f or  one of  t he bas i c  v a r i ­
abl es  and zer o f or  t he ot her s .  I n t hi s  
way  t he t r ans f or med r i ght  hand s i des  B .

i ndi c at e t he v al ues  of  t he per t i nent

bas i c  v ar i abl es  X^ , t he i ndi c at or  e

s howi ng whi c h of  t he ex pr es s i ons  ( 13)  
i s val i d.  By  r ow oper at i ons ,  us i ng t he 
equat i ons  ( 9) ,  t he c oef f i c i ent s  i n

equat i on ( 1 2 ) ar e al s o t r ans f or med so 
t hat  t hey  ar e zer o f or  al l  6 bas i c  v ar i ­
abl es  .

4.  I t  can eas i l y  be s een t hat  i n t he t r ans ­
f or med equat i on s y s t em t he c oef f i c i ent s  
d i f f er ent  f r om zer o and uni t y  can be 
i nt er pr et ed as:

r k = d f / d x l  = - d F / d X *  ( 14)

and

aH  = -  d X eb / d X ek  ( 15)

wher e b i ndi c at es  t he bas i c  v ar i abl e 
whi c h i s r epr es ent ed by  equat i on no.  i  . 
I n t he Si mpl ex  met hod ( 14)  i s us ed t o 
dec i de i n each s t ep whi c h of  t he non-  
bas i c  v ar i abl es  t o i nc r ease,  and ( 15)  
i s t hen used t o f i nd t he s i ze of  t he 
i nc r ement ,  dependi ng on whi c h of  t he 
f ol l owi ng happens  f or  t he s mal l es t  i n ­
c r ement :

a.  One of  t he bas i c  v ar i abl es ,  X^ , de ­

c r eas es  t o zer o,  i . e.  bec omes  non-  
b a s i c .

b.  Anot her  v ar i abl e i nc r eas es  t o

i t s  upper  bound,  . I t  al so

bec omes  non- bas i c ,  but  t he s i gn of  e 
shoul d be changed.

c.  The non- bas i c  v ar i abl e,  , i nc r eas es

t o i t s  upper  bound.  The s i gn of  e 

s houl d be changed.

5.  I n c as es  b.  and c.  t he v ar i abl e t r ans ­
f or mat i on ac c or d i ng t o ( 13)  i mpl i ed by  
t he c hanged s i gn of  e i s per f or med.  I n

c ases  a.  and b. ,  wher e X^ now bec omes  a

bas i c  var i abl e,  a r ow oper at i on i s t hen 
per f or med,  so t hat  t he equat i on s y s t em 
r epr es ent s  t he new bas i c  f eas i bl e s o l ­
ut i on.  When al l  v al ues  of  hav e be ­

c ome pos i t i v e,  no f ur t her  i nc r eas e of  F 

i s poss i bl e,  and t he opt i mal  s ol ut i on 
( f or  t he c hos en v al ues  of  0 , ) has  been 
f ound.

An i ni t i al  bas i c  f eas i bl e s ol ut i on may  
be f ound by  as s umi ng i n i t i a l l y  F =  0 
and al l  i ndi c at or s  e = +  1.  The equi l i b ­
r i um equat i ons  ( 9)  ar e s at i s f i ed by  i n ­
t r oduc i ng 6 f or mal  v ar i abl es  Y.  whi c h

ar e t he i ni t i al  bas i c  var i abl es .  By  an 
opt i mi z at i on pr oc es s  s i mi l ar  t o t he 
abov e t he v al ues  of  t hes e v ar i abl es  ar e 
br ought  t o t hei r  l ower  bounds ,  whi c h 
ar e zer o.

I f  necess ar y ,  t he c al c u l at i on may  be r epeat ed 
wi t h anot her  c hoi c e f or  t he d i r ec t i on angl es  0,, , 
s eek i ng i n t hi s  way  t o opt i mi z e t he f i nal  val ue 
of  F.

Fi nal  s ol ut i on

The f i nal  t r ans f or med equat i on s y s t em (9) and (12)  
i ndi c at es  t he v al ue of  F and al so,  us i ng ( 5)  and
( 13) ,  al l  pi l e f or ce c omponent s .  A us ef ul  f ur ­
t her  i nf or mat i on i s obt ai ned by  t he f ac t  t hat ,  
ac c or d i ng t o ( 14)  t he i ndi v i dual  c oef f i c i ent s  

i ndi c at e t he c hanges  i n F c aus ed by  c hanges

i n t he des i gn v al ues  f or  t he pi l e f oundat i on.

Thus ,  i f  al l  v al ues  of  Q ° ar e equal ,  t he s um of

al l  c oef f i c i ent s  r ,  , f or  whi c h k  i ndi c at es  an

ax i al  pi l e f or ce at  t he upper  bound,  Q , wi l l

i ndi c at e t he s ens i t i v i t y  d F / d Q ° .  I n a s i mi l ar

way  d F / d Q ^ , d F / d Y  and,  when appl i c abl e,  d F / d S  

may  be det er mi ned.

CALCULATI ON OF BRI DGE PI ER

As  an ex ampl e t he pi l e gr oup s uppor t i ng t he pi er  
c al l ed FF 10 f or  t he Far oe Br i dge i s shown i n 
Fi g.  3.  The pi l es  ar e dr i v en as  c l os ed s t eel  
t ubes  wi t h 0. 71 md i a me t e r  i nt o l i mes t one.  For

Fi g.  3 Pi l e Gr oup f or  Far oe Br i dge Pi er  FF 10
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al l  50 pi l es  ar e as s umed t he des i gn v al ues  ( f or  
nor mal  l oad c as e s ) :

Q° = 4. 5 MN

Qf  = 0. 88 MN ( 16)

and
Y = 1 . 0  MNm

The des i gn soi l  r es i s t anc e at  f ai l ur e p = 0 . 5MN/ m 
was  es t i mat ed.  However ,  t he appl i c at i on of  (8 ) 
and ( 5)  woul d i n t hi s  c as e gi ve unac c ept abl y  
hi gh v al ues  of  T . Cons equent l y ,  ( 3)  was  used,

as s umi ng S =  0. 2 MN.  As  an al t er nat i v e on t he 
saf e s i de t he use of  ( 4)  and ( 5)  wi t h a f or mal  
v al ue d  = 10  m was  al so i nves t i gat ed.

The des i gn l oad case B 093 has  t he f ol l owi ng 
c omponen t s :

* 1  =
V = 158 . CD o MN

* 2  =
H = 

x
0 .. 36 MN

* 3 =
H =

y
0 .. 0 0 MN

* 4 =
M = 

x
35 ,. 03 MNm

* 5  =
M =

y
19 . 14 MNm

* 6  = *
* II -  0

C
D MNm

The same v al ue of  0^ i s as s umed f or  al l  pi l es .

I ni t i a l l y  0 = 1 5  deg was  c hos en as t he mean of
t he v al ues  s ugges t ed by  t he hor i z ont al  l oads
H , H and t he moment s  M , M . By  r epeat i ng 

x  y x  y

t he c al c ul at i ons  f or  v ar y i ng v al ues  of  0 i t  was  
f ound,  however ,  t hat  0 = 36 deg gi v es  t he max i ­
mum v al ue of  F .  The r es ul t s  of  t he c al c ul at i ons ,  
whi c h wer e per f or med on a per s onal  comput er ,  
HP 85,  ar e s ummar i z ed i n Tabl e I .

TABLE I

Cal c ul at i on Resul t s

As s ump ­
t i on

0

deg
F dF/dQc dF/dQ t dF /dY dF/dS

OIIH

- 0. 633 0. 118 0. 118 - -

y, s 15 1. 245 0. 269 0 .0 0 0 0. 008 0. 138

Y , S 36 1. 370 0. 298 0 .0 0 0 0 .0 2 0 0. 048

Y , d 15 1. 243 0. 269 0 .000 0. 333 -

Y , d 36 1. 361 0. 298 0 .0 0 0 0 .0 2 0 -

t he v al ue of  Y , pr ov i ded onl y  t hat  Y i s gr eat er  
t han zer o.  I n t hi s  l oad case no pi l e i s at  i t s

pul l i ng r es i s t anc e,  so d.F/d.Q*' = 0.  I n l oad cases  
wi t h h i gher  hor i z ont al  l oads  t hi s  r at i o may  i n ­
c r ease,  but  i t  nev er  ex c eeds  t he v al ue 0. 03.

CONCLUSI ONS

When des i gn agai ns t  u l t i mat e f ai l ur e of  t he pi l e 
f oundat i on i s per mi t t ed,  as  oppos ed t o des i gn 
agai ns t  f ai l ur e i n t he mos t  c r i t i c al l y  l oaded 
pi l e,  e f f i c i ent  c a l c ul at i on met hods  may  be o b ­
t ai ned by  ut i l i z i ng s t at i c al l y  admi s s i bl e l ower  
bound s ol ut i ons  f r om t he t heor y  of  pl as t i c i t y .

Such met hods  hav e been us ed t o ar r ange pi l e 
gr oups  so t hat  t hey  ar e abl e t o t ake gi v en t o ­
t al  l oads .  I n t hi s  paper  i t  i s s hown t hat  by  
us i ng t he c omput at i on t ec hni que of  L i near  Pr o ­
gr ammi ng t hey  can al s o be us ed t o f i nd t he 
s af et y  of  a gi v en pi l e gr oup ac t ed upon by  a 
gi v en t ot al  l oad.
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As  des i gn v al ues  of  l oads  and s t r engt hs  ar e
used,  F  > 1 i s r equi r ed.  Thi s  r equi r ement  i s not
s at i s f i ed i f  t he pi l es  c annot  t r ans mi t  moment s
or  t r ans v er s al  f or c es  t o t he f oundat i on ( i n t hi s
c al c ul at i on M = 0 as i t  c annot  t hen be t aken 

z

by  t he pi l e gr oup ) .

The pi l e gr oup was  des i gned by  t he t heor y  of  
e l as t i c i t y  wi t h a v al ue of  F c l os e t o uni t y .  
Thi s  c al c ul at i on shows  a mar g i n  of  saf et y  
agai ns t  u l t i mat e f ai l ur e of  at  l eas t  30 per  cent  
( t hi s i s al so v al i d f or  t he ot her  l oad cases ) .  
Thi s  mar gi n does  not  s eem t o depend s t r ongl y  on
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