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The rotational stiffness of strip footings in sand
La rigidité rotatoire des semelles filantes dans le sable

K. DU THINH, Ph.D., AB Jacobson & Widmark, Lidingd, Sweden
S. HANSBO, Professor Chalmers University of Technology, Gothenburg, and Jacobson & Widmark, Lidingd, Sweden

SYNOPSIS A sound analysis of structures requires accurate knowledge of the real support condi-
tions. Up to now, little attention has been paid to the question of rotational stiffnessof foot-
ings, although this factor influences directly the behaviour of framed structures. It has been shown
that, in plastic design, the development of plastic hinges in a plane frame depends largely on the
rotational stiffness of the foundation (Wiberg, 1982). Traditional approaches utilizing a spring
constant neglect important features of the real problem, e.g. (i) non-linearity of the constitutive
relationship of soils, (ii) effect of embedment, (iii) effect of stress level, and (iv) rvole of
eccentricity. In this paper, a new approach to the problem of rotational stiffness of a strip foot-
ing will be presented. It accounts for the three first factors. More general considerations in-

cluding the fourth factor and other footing geometries are dealt with elsewhere (Du Thinh, 1984).

EXPERIMENTAL INVESTIGATIONS Loading and Measurements

Half-scale model tests were carried out in a The footings were loaded stepwise. In each step,
massive concrete pit whose dimensions are the load was maintained constant during eight
5.0x2.0x2.15 m®. The stiip footing was sim- (08) minutes. Unloading was carried out when the
ulated by placing three indentical footings force had reached one third of the estimated
(0.3x0.3x0.3 m’) side by side. All the three failure load and was followed by reloading
footings were given the same embedment and, up to failure.

were loaded identically (Fig 1).

In each load step, the settlements at the cor-
ners of the footings were recorded at times =
0.5, 1, 2, 4 and 8 minutes after load applica-
tion. The contact stresses at the soil/footing
interface were measured by means of total
stress cells of the Gl6tzl type. These were in-
stalled, flush with the surrounding surface, in
the base and on the front and back faces of the
middle footing.

Test Soil

The test footings were placed in fine sand. The
dry density and water content of the soil were:

Pg = 1.56%0.02 t/m’ and w = 4.1:0.3%

Further characteristics of the soil are: grain
Fig. 1 Approach to the plane strain conditions diameter at 50% passing dgy = 0.12 mm; coeffi-

cient of uniformity Cy = (d60/d10) = 2;

true density p_ = 2.64 t/m®; minimum and maxi-
The two outer footings were used as dummies in mum void ratios e . = 0.52, e . = 0.86.
order to create a plane strain condition for
the middle footing. Triaxial testing of oven-dried samples, pre-

pared by pluviation, yielded the empirical re-
The loading device was, statically speaking, a lationship eitan¢'=0.537 (eizinitial void ra-
pendulum support. It comprised two hinges, be- tio;¢'= effective angle of internal friction).

tween which a hydraulic jack, a load cell and
an adjustable column were inserted. The upper ° °
hinge was fixed at the reaction frame, and the ¢'tr= 3778-3877, and under plane strain condi-
lower one fitted into the footing at the chosen . 1 _240,_,50 v

loading point. tions ¢pl—41.6 4276 (¢pl—1.10¢tr).

In the actual case, under triaxial conditions,
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EXPERIMENTAL RESULTS

Some typical results of the loading tests are
illustrated in Fig., 2, using the notations D/B
for relative embedment, and e for load eccen-
tricity.

The results show that the rotational stiffness,
Sr’ which is defined as
d(ed) _ a(ed)

St* @@ T 3(a)

(a = rotational angle in rad),
(i ) decreases_non-linearly with the acting
moment, eQ, and

(ii) increases with the embedment depth, D.

The most significant increase occurs when the
relative embedment passes from zero to unity.
These general features can be explained by the
degree of mobilization of the shear strength.
As the stress level approaches the plastic
state, the footing gradually looses its rota-
tional rigidity. At failure load,Sr tends to
zero.

Some other results of general interest are com-
piled in Table 1.

Table 1: load 6f and settlement S¢ at failure

Tests Qg (xN/m) (sg/B')100%
D/B e/eq
s =0 -0 -fs 108.0 4.1
s -0 -1 -fs 73.3 4.4
s -1 -1 -fs 170.0 8.0
s =2 -1 -fs 295.0 18.1
Notes: (1) e, = (0.75)B/6 B=0.30m B'=B-2e
(2) s, at front edge (i.e. max settle-
‘ ment)
(3) Q¢ = after Brinch Hansen's 90% cri-
terion (Brinch Hansen, 1963)
and "end-tangent-method" by
Jacobsen et. al. (1980)
ANALYSIS

The behaviour of the S_ vs. eQ-curves can be
derived from the rotation vs. moment relation-
ship.

Regression analysis on the observed values
a; (o =rotation in rad) and Y; = ai/(eﬁ)i,

shows that, for all the embedments studied, the
rotation vs. moment relationship can be ex-
pressed by the hyperbolic equation:

Si = b +b.a (2)
ea g 1
or
~ o
€0 = p_+b;a
in which 2 =
S ii i:i - ;:z(Yi 2 (28)
i i
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Fig. 2 Rotational stiffness Sr vs., overturning
moment eQ

b =Y - b.a (2B)
a,Y = means of o .Yy

In Table 2 are compiled further details, e.g.
the mean square about regression, s?, the
coefficient of determination, r?,and the stan-
dard errors spgo and spq of the coefficients b
and by, respectively. Those values make it
possible to judge the accuracy and reliability
of the hyperbolic model (2).

TABLE 2 -  Regressdon analysis; sinip footing

Model Y = hafh‘u (ho in rad/kNm; b.l in 1/kNm)

=
@ | n b, ¢+ s )107°] b, *s §? = remarks
2 o U x 100 %
£y
v |9 619+ 0.22 | 0.90«0.03 |0.1827 | 98.97 |s' - —1—
T V¥ e
6 571+ 0.13 | 0.95 £ 0.02 |0.0228 | 99.88 .
ﬂnw)i
w o 2.59 £ 0.23 | 0.50 £ 0.02 |[0.2567 | 98.82
- Y, = eli/e'Q',i
Hote 3.30 £ 0.12 | 0.46 £ 0.01 |[0.0227 | 99.88
where
R 3.71£0.00 | 0.28+0.00 |o0.0a3 | g9.76 |% 1 rad
x eﬁi in kNm/m
a6 3.98 £ 0.13 | 0.27 £ 0.00 |0.0248 | 99.85 | _
Y mean of Y;

Notes: (1) n pairs (cxi,Vi) used in the regression analysis

(2) lines with smaller value of n: the (a;,Y,) before unloading were
not considered



Notice that:

(1) r? is very close to 100%; consequently, the
coefficient of correlation, r is practically
equal to unity. The model is, therefore, signif-
icant.

(2) the second regression analysis, in which
the data before un/reloading were excluded, does
not affect significantly the values of the
coefficients b, and b1 obtained in the first
(overall) analysis (variation less than 8%),
except for by in the test S-1-1-fS5 which has
been changed by +27%. This means that, for
5-1-1-£fS, the overall regression line is a kind
of mean of two regression lings, one for the
data before unloading (up to Qf/3) and the
other for the rest. The physical meaning of
these observations will be dealt with later.

Interpretation and determination of bo' b_I

Interpretation:

In the coordinate system (a,Y), the regression
line, Eq. (2), has a slope bq (1/kNm) and an
intercept with the Y-axis by (rad/kNm). In the
a vs. eQ relationship, Fig. 3, the quantities
(bo) and (1/b1) represent the tangent at the
origin and the asymptote of the hyperbola,

respectively. In the following they will be
denoted:
a, = b0 initial rotational fexibil-
ity (rad/kNm), and
eau = 1/b, ultimate overturning moment.

The inverse of o_ is the initial rotational
stiffness S = 17u0 (kNm/rad) .

Hyperbolic moment vs. rotation relation
ship

Fig. 3

Determination of a_=b :
o o

The initial state is characterized by small
strains, €<<1. Under this condition the linear
elastic theory is valid and can be used to
assess a_.

The result gained in test S-0-1-fS is in very
good agreement with that obtained for a strip

sured in triaxial test at low strains and
Young's modulus E, interpreted from oedometer
secant modulus M, from the in-situ stress ¢§ to
06+Ao', where Ag' = stress increase due to a
loading of 10% of the failure load. As to the
other tests, however, considerations of the
lateral restraint is required.

8/C/10

The normal stress, o hY against the sides of

the footing prior to loading (0=0), is evaluated
in terms of the coefficient of lateral pressure
Ko = ooh/pgh and illustrated in Fig. 4.

Here, k is the ratio KSO/K in which K

pt,h pt.,h
is the coefficient of horisontal passive earth
pressure in translation (Caquot & Kérisel, 1956)

A value x above unity implies that the actual
angle of internal friction is larger than that
determined in the laboratory, i.e. ¢’>41.6°.

In other words, in a zone where k>1, the soil is
obviously heavier compacted than assumed. This
is the case for S-1-1-fS. Thus, using the elas-
tic parameters obtained in the laboratory, the
calculated initial rotational flexibility, og,
would deviate from the observed value by 40-80%
(cf. results of regression analysis).

15 1.0 05 0,025

Fig. 4 Coefficients Kso = coh/pgh and
K= Kso/Kpt,h obtained in tests
S-1-1-fS and S-2~-1-fS (p= 1.63 t/mg;
Kpt,h for 69 = - 2¢/3 and ¢ = 41.6°)

In the case of S-2-1-fS, the distribution of
Ooh along the sides of the footing was nearly
uniform and k<0.25. As a result the lateral
restraint does not affect significantly the
initial rotational flexibility; the linear
elastic theory of a footing on the soil surface
can, therefore, be used successfully.

As to S-1-1-fS the distribution of oy, was ori-
ginally (0=0) trapezoidal. A redistribution of
Ooh took place due to rotation caused by the
moment el = 0.10elf. On the front face (near the
loading point), 0,4 increased along the upper
half and decreased along the lower half, On the
back face, the contrary took place. Plausible
distributions of o,y are presented in Fig., 5.

Moment equilibrium around the centre of gravity
of the footing yields:

josd

f od H
eQ - e'Qr +E; g -E3 3=20 (1)

In Eq. (1), it is assumed that the moments of
frictional forces counterbalance each other,

IM(t1)=0. In the actual case, (1) becomes:
e'd
L -9 -2:20 . 969 (eB-0.64 knm/m)
eQ e®

or ea/e'6r= 1.45

2193



8/C/10

e —

e T v

o T, at@:=0 (e=mean of 3 tokvalues)
« @ at@=0105 (+mean of 2to 3 values)

(Qf=ﬂ0kN/m; (+)=single value )

Fig. 5 Distributions of lateral pressure;
test S-1-1-fS

If we assume O,y = 0 on the upper half of the
back face, i.e. E, = 0, then:

e'Q
Eup= 230 4 §oas

ed e

or e6/e6r = 1.89

Notice that according to the linear elastic
theory the rotation is directly proportional
to the acting moment and inversely proportional
to Young's modulus. The above considerations
show that the methods for determining the rota-
tion of a stiff footing, resting on the surface
of a linearly elastic medium, can be utilized
to compute the initial rotational flexibility
of embedded footings, provided that:

(1) E and v be determined as described before,
and

(ii) the overturning moment, e'Qd., acting on
the base of the footing be considered in-
stead of e on the top of the footing. If
the lateral restraint_is negligeable, ther
e'QrweQ, otherwise e'Qr<eQ.

Determination of b1 = 1/e5u:

The e value has been obtained by linear re-
gression analysis using a hyperbolic coordinate
system. It is analogous with the ultimate shear
strengh (0,-0 )u computed by Duncan & Chang
(1970) in their hyperbolic model of shear
strengh of cohesionless materials under triax-
ial compression. The ratio Ry =le/eau (eQf =
failure moment) amounts to 0.86%0.08 "if all
the tests are accounted for. On the other hand,
triaxial compression tests yield a ratio Rg =
(c1 - 03)f/lo1 - 0,)uy equal to 0.84 +0.04 for
Pg = 1.60°t/m , and R = 0.87+0.02 for py =
1054 t/m3. In the actual case, we have py =

1.56 t/m?., Since Qf depends directly on

2194

(0, = 0.,);, it is reasonable to use R, as an
es%imate of RM for practical purposes.

CONCLUSIONS

It has been experimentally proven that the ro-
tation vs. moment relationship for a strip foot-
ing, resting on, or embedded in, a medium dense
fine sand and subjected to an eccentric vertical
force, can be accurately described by the hyper-
bolic function: a/ed = a_ + a/eQ ., (o = angle
of rotation; eQ = overturning mollent) where
0p = the initial rotational flexibility and
e@u is the ultimate overturning moment. The o
value can be determined by linear elastic
theory, provided that dug regard is paid to the
lateral restraint. The eQ, value can be as-
sessed by bearing capacity formulae.

The rotational stiffness is

_ _ 1
s, = d(ef)/da = Sro 5
(1 +—:9 a)

eQ
In which Sro = 1/a

& is the initial rotational
stiffness.
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