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W . FO R STER P ro fe s s o r o f  S o il M e c h a n ic s , B e rg a k a d e m ie  F re ib e rg , G DR

E. W E B E R  D r.- ln g .,  IB K  G ro R ra sch e n , G D R

s y n o p s is
On t he bas i s  of  PHOHLI CH' s  met hod a s t ochas t i c  var i ant  i s r epr esent ed t o expr ess  t he st at i c  s t a­
bi l i t y  of  s l opes by  pr obabi l i t i es  of  f ai l ur e.  The cohes i on and t he coef f i c i ent  of  f r i c t on ar e 
r andom var i abl es.  The i nf l uence as of  cor r el at i ons  bet ween t he shear i ng par amet er  as of  assump­
t i on of  nor mal ,  equal  and empi r i c  di s t r i but i on r espec t i v l y  of  t hi s  par amet er s  on t he pr obabi l i t y  
of  f ai l ur es  i s shown i n an exampl e.

I NTRODUCTI ON

Accor di ng t o gener al l y  common def i ni t i ons  of  
saf et y  f act or ,  a s l ope wi t h a coef f i c i ent  of  
s t at i c  s t abi l i t y  of  S § 1. 0 pr oves  i n pr i n ­
c i pl e st abl e.  However ,  pr ac t i cal  exper i ence 
agai n and agai n shows t hat  even s l opes whi ch 
cor r espond t o t hi s coef f i c i ent  f ai l .
Reasons  f or  t hi s ar e among ot her s  t he negl ec ­
t i ng of  t he s t ochas t i c  qual i t i y  of  t he par a ­
met er s ,  whi ch ar e bas i c  f or  t he mechani c  model ,  
and i ncor r ec t nesses  wi t hi n t he def i ni t i on of  
t he saf et y  f act or .  Ther ef or e t he t heor y  of  
s i z i ng of  di f f er ent  sys t ems us i ng t he pr obabi ­
l i t y  of  f ai l ur es  begi ns  t o ent er  i n engi nee ­
r i ng,  and al so i n soi l  mechani cs.  Us i ng t he 
met hod of  PRC) H1I CH i t  i s i l l us t r at ed f or  a 
homogeneous  sl ope,  how t he s t abi l i t y  i s t o 
char ac t er i ze when cons i der i ng t he s t ochast i c  
char ac t er  of  t he i nf l uenc i ng par amet er s .
I n ex t endi ng t he met hod of  PR0H1I CH a saf et y  
di s t ance SM i s f or med as a di f f er ence bet ween

t he par amet er s  pr omot i ng and pr event i ng a 
f ai l ur e.  Thi s i s t he bas i s  f or  t he def i ni t i on 
of  pr obabi l i t y  of  f ai l ur e:

PBr  = P ( SM < ° >-

I n t hi s  paper  espec i al l y  t he i nf l uence of  t he 
used di f f er ent  dens i t y  f unc t i ons  i s shown.

STOCHASTI C MODI FI CATI ON OP FROHl I CH' s  METHOD

Onl y  t he i nf l uence of  t he shear i ng par amet er s  
on t he pr obabi l i t y  of  f ai l ur e i s i nves t i gat ed 
i n t he anal ys i s  r epr esent ed her e.  I t  was pos ­
s i bl e t o show i n pr ev i ous  s t udi es t hat  t he 
nat ur al  dens i t y  of  soi l  p  does not  have any

i mpor t ant  i nf l uence on t he r esul t  because of  
i t s  gener al l y  smal l  var i ance.  The same app­
l i es  t o t he geomet r i cal  par amet er s  sl ope 
hei ght  H and angl e of  s l ope (1 „ No essent i al l y  
hi gher  pr obabi l i t y  of  f ai l ur es  was y i el ded 
f r om cal cul at i ons  wi t h var i ances  of  t he hei ght  
of  sl ope <f  =  + H/ 30,  d p  = + 0, 330 r esp.

The f ol l owi ng pr obl ems wer e i nvest i gat ed:

-  t he i nf l uence of  cor r el at i ons  bet ween t he 
shear i ng par amet er s  and

-  t he i nf l uence of  assumpt i on of  nor mal  di s t r i ­
but i on,  equal  di s t r i but i on and empi r i cal  
di s t r i but i on of  t he shear i ng par amet er s  on 
t he pr obabi l i t y  of  f ai l ur es.  Resul t s  of  
exper i ment al  i nves t i gat i ons  al l ow t o ut i l i ze 
such di s t r i but i ons .

I nves t i gat i ons  on t he quant i t at i ve cor r el a ­
t i on of  t he shear  par amet er s  0 ’ ,  c'  showed,  
t hat  t her e ar e s t r ongl y  negat i ve cor r el at i ons  
bet ween angl e of  i nt er nal  f r i c t i on and cohe­
s i on i nt er cept ,  r angi g f r om r  = - 0. B t o - 0. 9.  
f or  our  mat er i al  a cor r el at i on coef f i c i ent  
of  r  = - 0. 0 was f ound.  The cal cul at i ons  wer e 
based on t he equat i on f or  s i mpl e and l i near  
cor r el at i on

c ! , t an^J -  sampl i ng el ement s  of  c 1 and 
t an0 ' j

S ' ,  t anj Z1' -  mean val ues  of  c'  and t anj j C.

The par amet er s  necessar y  f or  t he f ur t her  cal ­
cul at i ons  wer e t aken f r om t he s t at i s t i c  ana-

O
l ys i s  ( l i near  r egr ess i on,  X -  adapt i on t est  
f or  nor mal  and equal  di s t r i but i on)  of  t he 
shear i ng t est s car r i ed out  i n l abor at or y .
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Char act er i st i c val ues of  shear  par amet er s f or  
di f f er ent  assumpt i ons of  densi t y f unct i on

TABLE 1 For  t he condi t i on of  a nor mal  di st r i but i on 
t hi s was done f or  exampl e by St oyan et  al .  
11979)  and Weber  ( 1979) .  The r esul t i ng r andom 
var i abl e i s agai n nor mal  di st r i but ed,  havi ng 
t he mean val ue

nor mal  di st r i but i on

char act er i st i c val ue m ✓  2

c'  / M/ m2/ 42. 55 155. 7

t an0 1 0. 5280 0. 0065

equal  di st r i but i on

char act er i st i c val ue a b

c'  / kN/ m2/ 21. 30 63. 80

t anpf ' 1 0. 3902 0. 6658

The nat ur al  densi t y of  soi l  j >n = 2, 04 g/ cm .

On t he basi s of  equat i on 1 t he saf et y di st ance 
i s t o cal cul at e accor di ng t o

SM =

2
2 r a

ft' T
, r  cos if j. /, 

c ' + — = -- - - -  t anj zf '

SM = A1° '  + A2 t an^' 1.

1,  ( 3)

( 4J

SM = A,  o'  

and t he var i ance

+ Ap t an01 ( 5)

^ I m = A 1 * 1  + AI  d l ^ ~ 2T A1A2 ^ c  ^ t anp °

I n or der  t o appl y known t abl es t he f ol l owi ng 
nor mal i zat i on was used!

____

^ 3 m ’
Br u ;  • ( 7)

Wher e t denot es t he st andar d nor mal  densi t y  
f unct i on.  A si mi l ar  pr act i ce i s appl i ed when 
assumi ng an equal  di st r i but i on f or  t he cohe­
si on c'  and t he coef f i ci ent  of  f r i ct i on t anp' . 
The val ues Â  and of  equat i on 4 ar e mul t i ­

pl i ed wi t h t he upper  and l ower  l i mi t s b,  a of  
t he cor r espondi ng densi t y f unct i on.
The r esul t  ar e:

f l ^ J  =
1 1

A1 bt an0> “  A2

( 8 . 1)

t anj a '

The used symbol s ar e seen i n f i gur e 1,
f ( x 2 ) = - - - - - - - - - - - - - - - - - - -  = - - - - - -  . ( 8. 2)

A1 bc'  A2 ac

Fi g.  1:  Mechani cal  model  f or  st abi l i t y est i ­
mat i on

I t  has t o be t aken account  t hat  o'  and t an^ 1 
ar e r andom var i abl es wi t h cor r espondi ng den­
si t y f unct i ons,  whi ch par amet er s ar e avai l abl e 
f r om t abl e 1.  The densi t y f unct i on of  t he sa­
f et y di st ance i s a necessar y f act or  f or  t he 
cal cul at i on of  t he pr obabi l i t y of  f ai l ur es.
I n our  case,  t wo r andom var i abl es have t o be 
summed up by a convol ut i on of  t hei r  densi t y  
f unct i ons accor di ng t o t he r ul es of  pr obabi ­
l i t y  cal cul us.

For  t hi s case sol ut i ons ar e onl y avai l abl e 
f or  t he convol ut i on of  i ndependent  val ues.
The convol ut i on of  t wo equal l y di st r i but ed 
r andom var i abl es l eads t o a t r apezoi dal  den­
si t y f unct i on.

1.  C + A > x > D + A : f  ( x;  = 0 ( 9 ;

x -  ( 0 + X)
2.  C + A-  x ^ C + B:  f  ( x;  =

3.  B + C i  x i  A + D . f  ( x)  =

4.  A + D-  X s B + D : f  ( x;  =

( B -  A) ( D -  C)

D -  C 

B -  D -  x

IB  - A )  CD -  c ;

The cor r espondi ng pr obabi l i t y  of  f ai l ur es i s 
r esul t i ng by i nt egr at i ng t he densi t y f unct i on 
f r om t he cor r espondi ng l ower  l i mi t  up t o x = 0,  
i f  necessar y i n i nt er val l s.
The cal cul at i on of  t he pr obabi l i t y  of  f ai l u­
r es f r om an empi r i c di st r i but i ons of  t he 
shear i ng par amet er  i s based on t he f ol l owi ng 
equat i on

PBr  = V n
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n -  t ot al  number  of  sampl es

n^  -  number  of  sampl es wi t h.  0.

The shear  par amet er s  whi ch bel onged t o t he 
same sampl e wher e used i n equat i on 4.  By  
t hi s  ex i s t i ng dependences  bet ween c'  and t an0 ' 
wer e t aken i nt o cons i der at i on.

EXAMPLE

I n t he di sc r i bed way  pr obabi l i t i es  of  f ai l u ­
r es  wer e cal cul at ed f or  f our  cases

( i ;  bot h r andom var i abl es  ar e nor mal l y
di s t r i but ed and i ndependent  ( r =0) ;

( i i )  t he r andom var i abl es  ar e nor mal l y  di ­
s t r i but ed and cor r el at ed ( i n our  
exampl e r  = - 0. 8; ;

( i i i ;  t he r andom var i abl es  ar e equal l y  di ­
s t r i but ed

( i v;  base of  cal cul at i on i s an empi r i cal  
di s t r i but i on

By  us i ng t he char ac t er i s t i c  dat a f r om t abl e 1,  
t he r esul t s  f or  al l  f our  cases i nc l udi ng t he 
cor r espondi ng geomet r i cal  f or m of  t he s l opes 
ar e l i s t ed i n t abl e 2.  The hei ght  of  t he s l o­
pe was  H = const  = 20. 0 m.

We have t he f ol l owi ng r esul t s :

( i ;  Tak i ng i nt o account  cor r el at i ons  
bet ween var i abl es  t he pr obabi l i t y  
of  f ai l ur es  f or  equal  geomet r i cal  
val ues  of  sl ope and mean val ues 

>0  i s r educed ( cases 2, 4;

( i i ;  I n cont r ar y  t o t he assumpt i on of  
nor mal  di s t r i but i ons ,  whi c h ar e 
unl i mi t ed at  bot h s i des,  condi t i ons 
ar e so,  t hat  i t  seems r eal  t o use 
ot her ,  at  bot h s i des l i mi t ed den ­
s i t y  f unc t i ons  ( equal  di s t r i but i on,  
empi r i c  di s t r i but i on) .  Wi t h t hese 
assumpt i on t he pr obabi l i t i es  of  
f ai l ur es  may  be PBr  = o ( case 3, 4) .

l i mi t ed di s t r i but i ons  seem t o r epr e ­
sent  a bet t er  appr oach t han unl i mi ­
t ed di s t r i but i ons.

( i i i ;  Resul t s  show f ur t her ,  t hat  even i f  
t her e ar e saf et y  di s t ances  S j j  > 0

a f ai l ur e of  a s l ope i s pr obabl y.

( i v;  Ther e ar e near l y  no di f f er ences  bet ­
ween t he r esul t s  v/ hen us i ng t he 
compar abl e var i ant s  of  dens i t y  f unc ­
t i ons i n t he r ange of  l ar ger  s l ope 
angl es  ( (J a 50° ;  and hi gher  pr obabi ­
l i t i es  of  f ai l ur es  ( var i ant s  1, 3 and 
2, 4 r esp. ) .

TABLE 2

Numer i cal  r esul t s  -  pr obabi l i t i es  of  f ai l ur es

0 A1 A2
p 1

B r r B r r B r
P4
r B r

25° 0, 0242 2, 587 1, 396 « 0 *  0 0 0

30° 0, 0208 2, 230 1, 065 *  0 s 0 0 0

35° 0, 0204 1, 810 0, 825 0, 0025 » 0 0 0

Oo

0, 0179 1, 681 0, 643 0, 0089 <c 0 0 0

VJ
l o
o 0, 0170 1, 267 0, 392 0, 0509 0, 0047 0, 0409 0

55° 0, 0164 1, 115 0, 287 0, 0997 0, 0228 0, 1080 0, 0333

60° 0, 0158 0, 983 0, 193 0, 1820 0, 0885 0, 2010 0, 1000

65° 0, 0153 0, 866 0, 107 0, 2990 0, 2236 0, 3250 0, 2000

CONCLUSI ON

A condi t i on f or  us i ng f ai l ur e pr obabi l i t y  
i ns t ead, of  saf et y  f ac t or  f or  pr ac t i cal  pur ­
poses  seems t o be a t hour ough i nves t i gat i on 
t o get  a knowi edoe of  t he i nf l uences of  di f ­
f er ent  poss i bl e assumpt i ons.
I n t hi s paper  especc i al l y  anal ysed ar e t he i n ­
f l uences  of  di f f er ent  dens i t y  f unc t i ons  f or  
t he r andom var i abl es  and cor r el at i ve r el at i ons  

bet ween t he var i abl es.
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