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Prediction of Time-Dependent Behaviour of Clay

Prédiction des Mouvements dans le Temps des Argiles

F. OKA

Assistant Professor, Department of Civil Engineering, Gifu University, Kakamigahar, Gifu, Japan

SYNOPSIS This paper is concerned with the constitutive equation of normally consolidated clay and
the prediction of time-dependent behavior of clay. The constitutive equation is derived based on
the Cambridge theory and Perzyna's elastic/viscoplastic theory. The derived equation can universal-
ly explain not only such time-dependent behaviors as creep, stress relaxation and strain rate
effect, but also as secondary consolidation and one-dimensional consolidation including the second-
ary compression. The proposed theory has a feature that secondary consolidation rate can be deter-
mined by the strain rate controlled undrained triaxial compression test.

INTRODUCTION

Since normally consolidated clays are regarded
as strain hardening plastic and rate sensitive
materials with dilatancy, the constitutive

model must be the one which can describe the be-
haviors due to those properties. The researches
concerned with the constitutive equations for
the materials may be divided into two cate-
gories, namely, (i) the deformation character-
istics at the equilibrium state and (ii) the
rate sensitive properties. The aim of this paper
is to construct more general realistic consti-
tutive equations for fully saturated normally
consolidated clays by unifying the results of
above two major approaches, based on Perzyna's
elastic/viscoplastic theory(1963) and Cambridge
theory(1963), so-called Cam-clay model.

DERIVATION OF CONSTITUTIVE EQUATIONS
In this paper, we will discuss the infinitesimal

strain field. The total strain rate tensor €44
is given by J

. ‘e -vp
LsF E.. + ELn
elj Elj Elj (1)
whereeézg is the viscoplastic strain rate tensor
and éij Jis the elastic strain rate tensor.

The following three fundamental assumptions are
set up to derive the constitutive equations.

(1) Adachi and Okano(1974) firstly tried to
extend the critical energy theory for the clays
so that it can explain the time-dependent be-
haviors by using the modified Perzyna's theory
and some assumptions. In their theory, clays
are assumed to be attained to their static
equilibrium state after completion of the pri-
mary consolidation, Arulanandan et al.(1971)
made clear, however, that the increase of pore
water pressure took place when giving back to
undrained condition after the end of primary
consolidation. Febres-Cordero and Mesri (1974)
also pointed out the secondary consolidation
occurred even in the case of isotropic consoli-
dation. These secondary consolidation phenomena
are deeply related to Bjerrum's concept of

delayed compression(l1967). Taking into account
above experimental evidences, it is natural to
assume that normally consolidated clays never
reach their static equilibrium state at the end
of primary consolidation.

(2) We assume that the mechanical behavior of
clays at the static equilibrium state can be
described by the critical state energy theory
which is called Cambridge theory(1963). So, the
static yield function is defined as follows.

fs= Kg (2)
= ' 1
£ /53;/M*cm + lnog (3)
€= 1nar;1)(,s) (4)
where J2= %sijsij is a second invariant of de-

viatoric stress tensor Sij’

mean effective stress, M* is the value of
/2J2/c$ at the critical state, and Kg and

[y} 3
o ckk/a is the

lnc$;s) are hardening parameters. The super-
script (s) denotes the value at static state.

In the Cambridge theory, the strain hardening
parameter lncé§s) is related to the plastic

volumetric strain vP

P_ P _A-k_ 1 (8) , 0 (S)

M (1+e)1ncmy /cmyi (5)
where c'(§) and v? deonte the initial values of
d&‘s)and vP respectively, and e is a void ratio,
(3) The viscoplastic strain rate tensor is

determined by Perzyna's elasto/viscoplastic
theory(1963).

“Vp_ af
€37 (F)>—55-

(6)

F= —=- (7)

215



1/37

<¢(F)> = ®(F) F>0 , = 0 F<0 (8)

where Gij is a stress tensor.

Since F=0 expresses the statical yield condi-

tion,the function f for dynamic state in Eq. (6)
takes the same form as Eg.(3). From Eq.(7), we
have f=(l+F)Ks= Kqr and the dynamic yield func-

tion is expressed as follows.

()

my d (9)

f=/232/M*0' +1lno! =lno
m m

Fig.l shows the static and dynamic yield sur-
faces and effective stress path.

Taking into account the elastic stress-strain
relation and from Egs.(l)-(4),(6) and (9), the
following constitutive equations for normally
consolidated clays are obtained.

x

. 1 k m1 1 >i5
€..55=S. .+ = 36.. +=g—=,<O(F)>—=
ij 2G7ij (l+e)0rn 3713 M*om /53;
L P TTR vedy 1,
g SOLF) > (Mr- —F) 38, (10)
m m

Critical State

Line
/2J2
;=Kd
Stress
| Path
f =k ] &
&.C '
0 ot BN g1 (8) N
myi 1 my me m

Fig.l Yield Surfaces and
Undrained Stress Path

Table I Values of Material
Constants of Clay
A K M m' G C

2

(kPa) (1/sec)

0.1 0.02 1.5 28.8 363 l.44x10_8
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where e is a void ratio, A is the slope of e-lnq;

line for consolidation test,k is the swelling
index, G is the elastic shear modulus.,

DERIVATION OF FUNCTIONAL FORM & (F)

The functional form of ¢(F) is originally assum-
ed to be

Q(F)=coexp{m'ln(0$§d)/c$§sb} (11)

Now, let's examine Eq.(ll) and discuss the way
to determine the parameter m' by using the exp-
erimental evidences. Substituting Egs. (2)-(4)
and (9) into Eq.(l1l), an expression is found.

/23 V’Jés)
5T +lno$- 5)
m c

m

@ (F)=Cexp{m’ ( —1n0$(s))}(12)

in which the superscript (s) means that the
stress value at a static state where having the
same value of plastic volumetric strain for the
corresponding dynamic state. First of all, the
validity of Eq.(12) will be examined by constant
strain rate test results. Since the volume
change is assumed to be negligible under un-
drained conditions, i.e. Epr™ 0, we have the
relation of effective stress and plastic
volumetric strain.

wPo o K ' '
7 (l+e)ln(°m/°me) (13)

with the condition vP=0 at 0'=0$P.
where Uée denotes the effectTve™Stress state

reached after arbitrary time duration of consol-
idation.

When assuming 511=5Y?, the following relation
is found for two points having the same value
of vP on the differnt stress path obtained by
the test with different strain rate.

oY B e LY i i 2) e
1nl‘$:}'f: )= g (V2J, )J‘T"Zué X”}Q
1 1
= D g sgra qf2) /g1y (14)
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Fig.2 Relationships between Stress
Ratio and Strain Rate in
Undrained Compression Test
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where M=/,§M*, q(
Fig.2 shows the relation between stress ratio
g/og'! and strain rate €11 of the undrained
conStant strain rate triaxial compression test
on normally consolidated clays. The material
constants are listed in Table I. It is clearly
shown that there is a linear relation between
lne;: and q/céand Eqg. (14) is satisfied. The

-(011‘033)(1) (2)=(011

value of m' is determined from the linear rela-
tion in the figure.

Now let's examine the time-dependent behaviors
under isotropic stress state mentioned in
Assumption (l)and discuss the relation between
the secondary consolidation rate o and the
strain rate parameter m' of shear deformation

process. ln(cﬁ/cé(s)) has the following relation

to v

l+e

ln(o'/o'(s))— (vP*—P) (15)

*
in which vP" is the value of vP attained by the
completion of secondary consolidation under
isotropic stress state c'

In the case of v2J,= 0, we have the follow1ng
relation from Egs.(10),(12) and (15),

*
tz£=ClM*exp{m'%;%—(vp -vp)} (1l6)

= *qt
where C‘.L CO/M are

Furthermore, taking C= ClM*exp(m'l+e p*) (17)
- A=K
and o= Tre)mT (18)

the following relation is obtained by integrat-

ing Eq.(l16) with the condition VP=V8 at t=t,
and Cl= const.

P_ P P__

v —aln(t/t0)+v0 (vo— aln(a/CtO)) (19)

The parameters A,k and eO( initial void ratio)

are given from the consolidation and soil test.
Therefore, the next task is to discuss the
determination of S and (s)

9 s
U'(s)) chl (initial value of
my
From Egs. (5) and (10), we obtain
- V27
. 2 1+
e‘{ﬁ’=/§czexp{m'(M*d‘; +1not/a! - )‘_e vP)1 (20)
C0 (s)
= - ] []
C,= ﬁ’?;exP{ m ln(omy1 /9pe)} (21)

Because Eq. (20) is valid under the undrained
conditions, for instance, C2 can be determined

from Eq. (20), by substituting the value of 91?
(=€1:) and q/0'=( /373723 /c )whlch are given
as the correspgndlng value o? ,or ¢! in Fig.2,
Also, one can determine Cz from vP by Egs. (10)
and (21). Thus the constitutive equations (10)
are completed.
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It has been mentioned that the way to determine

.(s)

Cg and lno_ would be discussed. For the com-

pletion of the constitutive equations, hLowever,
it is enough to know the value of C, which is,
expressed by those two parameters, Cpand 1no$;f)
So far six parameters Cy, m',A,k,eq and ome re
already determined. The other parameters

M* and G are got from the shear test.

EFFECT OF SECONDARY CONSOLIDATION

In order to evaluate the effect of secondary
consolidation, the experimental results are
compared with the calculated results obtained
by using the proposed constitutive equations.
The physical properties of clays used are as
follows; specific gravity=2.61, liquid limit=
48.5% and plastic limit= 26.7 %. The material
constants are shown in Table I, Fig.3 shows the
theoretical and experimental stress paths of

1 day consolidated and 7 day consolidated
samples, and Fig.4 shows the effect of secondary
consolidation on the stress-strain relations,
The clay sample consolidated for a long period
increases in the undrained strength and the
initial tangent modulus.

A \
o' = 196 kPa 0" AN
150 [ ™€ 3
Critical
State Line
100 O 1 day consolidation
(Theory) e0=0.76
~ A 7 day consolidation
& ———— (Theory)
= L
550
| |
100 200
7' (kPa)

Fig.3 Effective Stress Path in
Undrained Compression Test
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//A
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/ > —— (Theory)
= a° ey 8,76
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o A
1
I
| 1
0 1.0 2.0

€11 (%/min)

Fig.4 Stress-Strain Curve in
Undrained Compression Test
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These results correspond to Shen et al.'s(1973)
findings. The experimental results fairly agree-
with the results predicted by the proposed
theory.

ONE-DIMENSIONAL CONSOLIDATION

One-dimensional consolidation analysis was
carried out by using the Eg.(10) and the equa-
tion of motion of two phase media. The numerical
solution was obtained by the finite difference
method. During the one~dimensional consolidation
process, it is assumed that the effective stress
ratio- K0(=og/0') is constant. o) is the hori-
zontal effectiv® stress and oy i¥ the vertical
effective stress. In Fig.5 and 6, U_ is the
value of u/Ao,_ at the impervious boundary, u is
the excess pore water pressure,Ac is the incre-
: > ' ' '

ment of vertical stress, w—on/cv(o), OV(O) 1s

the initial value of vertical stress, € is the
settlement per a unit of height and H is the
maximum drainage distance. The parameters used
for computation are as follows: e0=l.184(initial

void ratio), k=l.0x10_9m/sec(permeability),cé(o)

=392.2kPa, ¥=0.5, A=0.1, k=0.02, M*=1.225, m'=
28.8, c2=2.497x10'4 1/sec, Ky=0.5.

From Fig.5, it is seen that the vertical settle-
ment e tends to decrease with the increase of H
and the latter part of e-t curves are nearly
paralell to each other. The tendency of the e-t
curve appears to be supported by the experimen-
tal results of Aboshi(1973) and the hypothesis
of Ladd(1977). The final value of settlement

can be determined by Egq.(15). Fig.6 shows that
the increase of H leads to the later dissipation
of excess pore water pressure.

CONCLUSIONS
In this study, the constitutive eguations for

normally consolidated clays are derived that
can universally explain not only such time

H= 0.05 m
3 i il 1 i | . gl N A a
10 102 10° 104

t (min)

Fig.5 Relationships between
Settlement and Time

10 102 10
t (min)

Fig.6 Relationships between Excess
Pore Water Pressure and Time
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dependent behaviors as creep, stress relaxation
and strain rate effect, but also as secondary
consolidation (or delayed compression) and
one-dimensional consolidation including the
secondary compression. It must be emphasized
that the proposed theory has a feature to be
able to determine the secondary consolidation
rate from the results of strain rate controlled
undrained triaxial compression test. The derived
equations have eight material parameters which
can be determined by conducting two undrained
triaxial compression tests with different
constant rate in addition to usual consolidation
test. The proposed theory is applicable to the
analysis of settlement of clay deposit.
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