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L. J U R IN A

SYNOPSI S A numer i cal  pr ocedur e i s pr esent ed f or  t he " i dent i f i cat i on" ,  or  back cal cul at i on,  of  t he 
ear t h pr essur e act i ng on t unnel  l i ner s on t he basi s of  i n si t u measur ement s  per f or med on t he f ul l  sca­
l e st r uct ur e.  The " opt i mal "  ear t h pr essur e di s t r i but i on i s back cal cul at ed by mi ni mi z i ng an er r or  f un ­
ct i on def i ned on t he basi s of  t he i nver se equat i ons of  t he st r uct ur al  pr obl em and of  a ser i es of  add ­
i t i onal  condi t i ons.  The r esul t s obt ai ned by appl y i ng t he pr ocedur e t o a s i gni f i cant  pr obl em ar e pr e ­
sent ed .

I NTRODUCTI ON PROBLEM FORMULATI ON

I n many  pr act i cal  cases i t  i s of  i nt er est  t o de ­
t er mi ne t he pr essur e exer t ed by t he gr ound on t u ­
nnel  l i ner s af t er  t hei r  i nst al l at i on.  To t hi s pu ­
r pose,  t wo basi c appr oaches ar e commonl y adopt ed.  
The f i r st  one consi st s i n t he di r ect  measur ement  
of  t he ear t h pr essur e by means of  pr essur e cel l s 
i nst al l ed on t he l i ner .  The second met hod cons i s ­
t s i n t he back cal cul at i on of  t he ear t h pr essur e 
on t he basi s of  di spl acement s  measur ed at  some 
l ocat i ons of  t he l i ner  ( see e. g. ,  Kovar i  et  al . ,  
1977) .  I t  can be obser ved t hat  bot h met hods have 
advant ages and shor t comi ngs i n t hei r  pr act i cal  
appl i cat i on.  For  i nst ance,  t he measur ement s  r e ­
qui r ed by t he second met hod ar e pr obabl y  cheaper  
and mor e r el i abl e t han t hose r equi r ed by t he f i r st  
one;  on t he ot her  hand,  t he second met hod r equi ­
r es an anal yt i cal  t ool  f or  t r ansf or mi ng di spl a ­
cement  dat a i nt o l oad di s t r i but i ons and t hi s may 
gener at e some pr obl ems when deal i ng wi t h s t r uc t u­
r es of  compl ex shape or  wi t h non- l i near  behavi our .

A gener al  appr oach f or  t he i dent i f i cat i on of  t he 
ear t h pr essur e act i ng on st r uct ur es of  any shape,  
on t he basi s of  i n si t u measur ement s,  has been 
pr esent ed by Gi oda and Jur i na ( 1980) .  The met hod 
can be seen as an ext ensi on of  t he c l assi cal  back 
anal ysi s:  i n f act ,  ot her  condi t i ons can be t aken 
i nt o account  i n addi t i on t o t he i nver se equat i ons 
of  t he pr obl em and var i ous t ypes of  i n si t u mea ­
sur ement s can be consi der ed ( i ncl udi ng di spl ace ­
ment s  and r ot at i ons of  poi nt s of  t he st r uct ur e;  
val ues of  t he ear t h pr essur e at  some l ocat i ons;  
val ues of  concent r at ed l oads;  et c. ) .  The " opt i ­
mal "  ear t h pr essur e di s t r i but i on i s det er mi ned 
by mi ni mi z i ng a sui t abl y def i ned er r or  f unct i on.  
The pr ocedur e al l ows f or  non- l i near  behavi our  of  
bot h st r uct ur e and sur r oundi ng medi um.

I n t hi s paper  t he appl i cat i on of  t he above pr oce-
du r e t o t he cal cul at i on of t he ear t h pr essur e on
t unnel l i ner s i s di scussed, and t he r esul t s c on-
cer ni ng an i l l ust r at i ve exampl e ar e pr esent ed

I n what f ol l ows,  under l i ned cap i t al and l ower ca-
se l et t er s denot e mat r i ces and col umn vect or s J

r e spect i vel y;  a super scr i pt T means t r anspose

Consi der  a t unnel  l i ner  of  gener al  shape and as ­
sume,  f or  si mpl i c i t y,  t hat  af t er  i t s i nst al l at i on 
a pl ane st r ai n s i t uat i on nor mal  t o t he t unnel  
axi s i s r eached.  Under  t hi s condi t i on,  t he l i ner  
can be di scr et i zed i nt o a mesh of  l i near  el ement s 
at  whose nodes t wo di spl acement  component s and 
one r ot at i on ar e def i ned.  Let  t he f i ni t e el ement s

be gr ouped i n n set s S1 . For  t he i - t h set ,  t he

ear t h pr essur e component s nor mal ,  pn , and t angent ,

pj ,  t o t he l i ner  can be appr oxi mat ed by l i near

combi nat i ons of  sui t abl y chosen f unct i ons.

( l a, b)

I n eqs. ( l ) ,  and £*  ar e t he appr oxi mat i ng f unc ­

t i on vect or s;  s 1 i s t he cur v i l i near  absci ssa

al ong t he l i ner  f or  zone S1 and aj  ̂ and a*  ar e 
t he unknown coef f i c i ent  vect or s.

Denot i ng wi t h N1 t he mat r i x  of  t he shape f unc t i ­
ons r el at i ng t Ke di spl acement s  of  t he nodes of  
t he i - t h set  t o t he di spl acement  f unct i ons,  t he 
pr i nc i pl e of  v i r t ual  wor ks al l ows one t o def i ne

t he nodal  f or ce vect or  f 1 , equi val ent  t o t he 
ear t h pr essur e di s t r i but i on,  as f ol l ows:

f 1 i  Nl T T e 1 ds ( 2)

I n eq. ( 2) ,  T i s a t r ansf er  mat r i x  r el at i ng t he 
pr essur e component s i n t he n, t  r ef er ence f r ame

t o t hose i n t he gl obal  r ef er ence syst em and j d1

i s a vect or  havi ng p 1 and p^ as ent r i es.
r n r t

By subst i t ut i ng eqs. ( l )  i nt o eq. ( 2) ,  and by wr i t ­
i ng eq. ( 2) f or  al l  t he el ement  set s,  t he f ol l ow­
i ng r el at i onshi p i s obt ai ned f or  t he vect or  of  
nodal  f or ces f  equi val ent  t o t he ear t h pr essur e 
di s t r i but i on on t he ent i r e l i ner :

f  = S- a (3)
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Vect or  a cont ai ns al l  t he unknown coef f i c i ent s 
of  t he Junct i ons appr oxi mat i ng t he ear t h pr essu ­
r e di s t r i but i on and S i s a mat r i x  dependi ng on 
t he l i ner  geomet r y  and on t he t ype of  appr ox i mat ­
i ng f unct i ons.

I f  l i near  el ast i c behavi our  i s assumed f or  t he 
l i ner ,  t he r el at i onshi p bet ween nodal  f or ces and 
nodal  di spl acement s u can be expr essed i n t he 
f ol l owi ng wel l  known f or m:

bet ween some of  t he coef f i c i ent s  of  vect or  a,  i . e.

*
L- a = £ ( 7)

I n eq. ( 7) ,  mat r i x  L i s composed of  vect or s £

and ^  comput ed at  t he l ocat i ons wher e t he ear t h

pr essur e component s ar e measur ed.  By assembl i ng 
eqs.  ( 6 ) and (7)  i n an uni que syst em,  one obt ai ns

K- u = f ( 4)

wher e K i s t he st i f f ness mat r i x  of  t he assembl ed 
f i ni t e el ement  syst em.

The i n si t u measur ement s  per f or med on t he f ul l  
scal e st r uct ur e pr ov i de a cer t ai n set  of  nodal

di spl acement s,  u * , and,  possi bl y,  t he ear t h pr es ­

sur es,  j ) *, at  some l ocat i ons of  t he l i ner .  These 
dat a al l ow one t o def i ne t he val ues of  some en ­
t r i es of  vect or  u and,  t hr ough eq. ( 2) ,  of  some 
ent r i es of  vect or  f  ( cf . eq. 4) .  The i dent i f i cat i on 
pr obl em,  t hen,  consi st s i n f i ndi ng t he set  of  pa ­
r amet er s a t hat  f ul f i l  eq. ( 4) ,  t hr ough eq. ( 3) ,  
mi ni mi z i ng t he er r or  exi st i ng bet ween t he i nput

dat a ( i . e.  u*  and j >*) and t he cor r espondi ng dat a 
obt ai ned by t he sol ut i on of  eq. ( 4)  and by eqs . ( 1)  .

I n or der  t o def i ne t he equat i ons gover ni ng t he 
i dent i f i cat i on pr obl em,  l et  vect or  u°  gr oup t he 
di spl acement  component s t hat  have t o be cons t r a ­
i ned i n or der  t o el i mi nat e any r i gi d movement  
of  t he l i ner .  Taki ng i nt o account  eq. ( 3) ,  eq. ( 4)  
can be par t i t i oned as f ol l ows:

( 5)

wher e vect or  u^ col l ect s t he f r ee ( unknown)  di s ­
pl acement s .

Ref er r i ng t he nodal  di spl acement s  t o t hose of  
vect or  u , t he ent r i es of  vect or  u°  vani sh.  Tak ­
i ng i nt o account  t hat  t he mat r i x  composed by sub-  
mat r i ces  K2 2 , K23, Kj  2 and K33 i s not  si ngul ar ,

because of  t he ver y  nat ur e of  vect or  u 0 , a st at i c 
condensat i on can be per f or med on eq. ( S)  by el i mi ­
nat i ng t he f r ee di spl acement s  U£ . Some al gebr ai c 
mani pul at i ons  l ead t o

'* 11 - 1 2 V
u 0

$1 ■

- 2 1 - 2  2 —23

*
u ■ =

* 2

—3 1 - 3  2 —33 - f j . - 3 .

C a = u D a ( 6 a, b)

wher e

£ ~ [  —2 2 - 23 - 33 - 3 2  ̂ —2“ —23 - 33 - 3 ^ ('6C')

D - K12 C + K13 K^ . [  S3 - K32 C ]  - Sx ( 6d)

Eq. ( 6a)  r el at es t he par amet er s a descr i bi ng t he 
unknown pr essur e di s t r i but i on t o t he known di s ­
pl acement s and eq. ( 6 b)  i nsur es t hat  no " f i c t i t i ­
ous"  nodal  r eact i ons ar e gener at ed at  t he nodes 
wher e t he di spl acement s  u ar e def i ned.

The measur ed ear t h pr essur e component s £*  can be 
expr essed,  t hr ough eqs. ( l ) ,  as l i near  r el at i ons

( 8)

' C '
T

' C ' ' C '
T *

u

L

D '

L

D

• a = L

D

*
E

0

By appl yi ng t he " l east  squar e"  mi ni mi zat i on pr o ­
cedur e t o eq. ( 8 ) ,  t he f ol l owi ng f i nal  r el at i on,  
l eadi ng t o t he " opt i mal "  vect or  a,  i s ar r i ved at :

( 9)

Not e t hat  ot her  condi t i ons,  expr essed by l i near  
combi nat i ons of  coef f i c i ent s  a,  coul d be cons i der ­
ed i n t he pr obl em f or mul at i on.  For  i nst ance,  one 
may  i mpose cont i nui t y  bet ween t he pr essur e di s ­
t r i but i ons and t hei r  der i vat i ves at  t he boundar y 
bet ween one set  of  el ement s and t he next .  Concen­
t r at ed l oads can be t aken i nt o account  as wel l .

The sol ut i on of  t he i dent i f i cat i on pr obl em i s 
s t r ongl y i nf l uenced by t hr ee char act er i s t i cs  of  
t he exper i ment al  dat a,  i . e.  t hei r  number ,  t hei r  
" qual i t y"  and t he er r or s af f ect i ng t hem.  The 
" qual i t y"  of  t he exper i ment al  i nf or mat i on con ­
cer ns,  e. g. ,  t he l ocat i ons i n whi ch t he meas ur e ­
ment s  ar e per f or med,  t he di r ect i ons of  t he d i s ­
pl acement s  measur ed,  et c.  For  i nst ance,  i t  i s 
easy t o see t hat  t he ear t h pr essur e di s t r i but i on 
on t he ent i r e l i ner  cannot  be i dent i f i ed on t he 
basi s of  di spl acement  and pr essur e measur ement s  
concent r at ed cl ose t o t he t unnel  cr own onl y.

I t  i s wel l  know t hat  ever y exper i ment al  meas ur e ­
ment  i s af f ect ed by er r or s t hat  depend on t he 
t ype of  measur ed quant i t y,  on t he i nst r ument  ad ­
opt ed,  on t he f i el d condi t i ons,  et c.  An appr ox i ­
mat ed way t o t ake i nt o account  t hese er r or s con­
si st s i n associ at i ng t o each exper i ment al  i nf or ­
mat i on a " wei ght "  dependi ng upon t he measur ement  
accur acy.  Ot her  appr oaches,  l eadi ng t o cons t r ai n ­
ed mi ni mi zat i on pr obl ems,  can be adopt ed i n or der  
t o al l ow f or  t he i nf l uence of  i nput  er r or s.  A 
di scuss i on on t hi s poi nt  f al l s out s i de t he l i mi t s 
of  t hi s st udy and wi l l  const i t ut e mat t er  f or  a 
separ at e paper .

I LLUSTRATI VE EXAMPLE

The appr oach descr i bed i n t he pr ecedi ng sect i on 
was appl i ed t o t he back cal cul at i on of  t he ear t h 
pr essur e act i ng on t he l i ner  shown i n f i g. 1 . For  
t he pur poses of  t hi s exampl e t he " exper i ment al "  
dat a wer e gener at ed numer i cal l y  by means of  a t wo 
di mensi onal  f i ni t e el ement  anal ys i s  assumi ng a 
geomet r y  ( cf .  f i g. l a)  si mi l ar  t o t hat  adopt ed by 
Sakur ai  and Yamamot o ( 1976) .  The di spl acement
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di s t r i but i on al ong t he l i ner ,  as obt ai ned by t hi s 
anal ysi s,  i s r epor t ed i n f i g. 2 . Not e t hat  i n 
f i g. 2 t he di spl acement s  ar e r ef er r ed t o t he nodal  
poi nt s of  t he mesh adopt ed f or  t he i dent i f i cat i on 
anal ysi s ( cf .  f i g. l b)  and t hat  t hey ar e di vi ded 
by t he r adi us R of  t he upper  par t  of  t he l i ner .

Y

0. 4 p

Y

13

a )  b )

Fi g.  1 I l l ust r at i ve exampl e geomet r y.

.0 1 5

.0 1 0

. 0 0 5

.0 0 5

-.010

Two i dent i f i cat i on anal yses,  r ef er r ed t o i n what  
f ol l ows as cases b)  and c ) , wer e car r i ed out .  For  
bot h anal yses t he i nput  dat a consi s t  of  t he d i s ­
pl acement s  of  t he nodes of  f i g. l b char act er i zed 
by odd number s;  t hus,  onl y 20 di spl acement  compo ­
nent s wer e speci f i ed.  I n or der  t o at t empt  a s i mu­
l at i on of  t he exper i ment al  accur acy,  t he di spl a ­
cement s wer e appr oxi mat ed t o 1/ 10 mm.

For  anal ysi s b)  t he l i ner  was di v i ded i nt o t hr ee 
zones:  f i r st  zone f r om node 1 t o node 7;  second 
zone f r om node 7 t o node 13;  t hi r d zone f r om node 
13 t o node 19 ( cf .  f i g. l b) .  Quadr at i c di s t r i but ­
i ons of  nor mal  and t angent i al  pr essur e component s 
i n t he f i r st  and second zone,  and l i near  di s t r i ­
but i ons i n t he t hi r d zone wer e assumed.  Cont i nui ­
t y of  bot h pr essur e component s  at  t he boundar y 
bet ween t he f i r st  and second zone was i mposed.

For  anal ysi s c)  t he l i ner  was di v i ded i nt o t wo 
zones:  f i r st  zone f r om node 1 t o node 13 and se­
cond zone f r om node 13 t o node 19.  I n t he f i r st  
zone quadr at i c  pr essur e di s t r i but i ons wer e assum­
ed,  whi l e i n t he second zone t he pr essur e di s t r i ­
but i ons wer e l i near .

The r esul t s  of  anal yses b)  and c ) , compar ed wi t h 
t he " r eal "  pr essur e di s t r i but i on a ) , ar e shown 
i n f i g.  3 . The comput ed di s t r i but i ons of  t he 
pr essur e component  nor mal  t o t he l i ner  appr ox i ma­
t e t he r eal  di s t r i but i on wi t h a r easonabl e accu­
r acy,  whi l e a cer t ai n di f f er ence can be obser ved 
bet ween r eal  and comput ed di s t r i but i ons of  t an ­
gent i al  pr essur e.  Thi s i s due t o t he f act  t hat  
( because of  t he l i ner  geomet r y)  t he l i ner  def or ­
mat i on and,  i n t ur n,  t he di spl acement s  adopt ed 
as i nput  dat a f or  t he i dent i f i cat i on anal yses 
st r ongl y depend upon t he pr essur e nor mal  t o t he 
l i ner ,  whi l e t hey ar e weak l y  i nf l uenced by t he 
di s t r i but i on of  t angent i al  pr essur e.

Fi g.  2 Di spl acement  di s t r i but i on al ong t he l i ner  (u and v ar e t he di spl acement  component s i n t he x 
and y di r ect i ons,  r espect i vel y) .
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di st r i but i ons;  b)  and c)  r esul t s of  t he i dent i f i cat i on anal yses.

CONCLUSI ONS

A numer i cal  pr ocedur e has been out l i ned f or  t he 
i dent i f i cat i on,  or  back cal cul at i on,  of  t he ear t h 
pr essur e act i ng on t unnel  l i ner s,  on t he basi s 
of  i n si t u measur ement s  per f or med on t he f ul l  sca­
l e st r uct ur e.  Var i ous t ypes of  measur ement s  can 
be adopt ed as i nput  dat a,  e. g.  di spl acement s  and 
r ot at i ons of  st r uct ur al  poi nt s,  val ues of  t he 
ear t h pr essur e at  some l ocat i ons,  val ues of  con ­
cent r at ed f or ces,  et c.  Such a pr ocedur e r epr ese­
nt s an usef ul  t ool  f or  checki ng t he agr eement  be ­
t ween t he ear t h pr essur e " pr edi ct ed"  by wel l  es t a ­
bl i shed t heor i es and t he act ual  pr essur e di s t r i ­
but i on.  I t  coul d be al so adopt ed,  i n t he spi r i t  
of  Ter zaghi ' s  " obser vat i onal  met hod" ,  f or  det ec t ­
i ng poss i bl e var i at i ons of  t he ear t h pr essur e dur ­
i ng t he const r uct i on wor ks and,  i f  necessar y,  f or  
modi f y i ng t he st r uct ur al  char act er i s t i cs of  t he 
1 i ner .

An appl i cat i on t o a si mpl e pr obl em has been pr e ­
sent ed.  The r esul t s of  anal yses i ndi cat e t hat  t he 
pr ocedur e coul d be appl i ed t o t he sol ut i on of  
pr obl ems of  pr act i cal  i nt er est .  Thi s suggest s 
f ur t her  ef f or t s f or  r esear ch on t hi s t opi c,  espe­
c i al l y  r el at ed t o assessi ng t he i nf l uence of  ex ­
per i ment al  er r or s on t he i dent i f i cat i on r esul t s.

ed by t he C. N. R.  ( Nat i onal  ( I t al i an)  Resear ch 
Counc i l ) .
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