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E.B. B A LO U SH EV  A ss . P ro fe s s o r, C .S c ., H ig h e r  In s t i tu te  o f  A rc h ite c tu re  &  C iv il E n g in e e r in g , S o fia , B u lg a ria

SYNOPSI S The pl ai n pr obl em f or  penet r at i on of  punch i n di sper se medi a i s exami ned by
means of  phys i cal  and t heor et i cal  model l i ng.  The model  t est s wer e car r i ed out  i n per f ec t l y  gr a ­
nul ar  heavy met al  medi a of  l ead spher es.  The def or mat i on pi c t ur es  of  t he pl as t i c  f l ow i n quas i ­
s t at i c  condi t i on wer e f i xed whi ch dev i at e f r om t he t ypi cal  cases of  l i anki ne.  The i mage pi c t ur es 
and s t r uc t ur e model  of  t he medi a ar e descr i bed by t he t heor y  of  Sai nt - Venant  f or  t he per f ec t  r i gi d 
pl as t i c  mat er i al .  The compl et e sys t em of  equat i ons  i nc l udes t he s t r esses 6  , f f  and T  and t he 
vel oc i t y  of  def or mat i on v and v . The f i el d of  s t r esses  i s made accor di ngx t o pr i vat e Sol ut i on of  
Sokol ovsk i i  ( 1948)  wher e Bohr  y i ^ l d condi t i on wi t h exper i ment al l y - f i xed f unc t i on F ( ( T. t  ) i s ap ­
pl i ed.  The admi ss i bl e coax i al i t y  of  t he t ensor  of  s t r esses  and t he t ensor  of  s t r ai n vel os i t y  al ­
l ow t o cal cul at e t he vel oc i t y  of  dess i pat i on of  t he ener gy  i n non- cohes i ve gr anul ar  medi a accor d ­
i ng t o t he equat i on D i  = T I V j  ^  0.  The k i ncmat i c  s t udy  shows t he cons i der abl e i nf l uence of  
t he ener gy  di ss i pat ed f or  I ncr ease of  t he c r i t i cal  l oad wi t h dept h of  penet r at i on of  t he punch 
i nt o t he medi a.

I NTRODUCTI ON

I n our  model  i nves t i gat i ons  ( l l nl oushev,  1976)  
we succeeded t o r eal i ze i mpr oved exper i ment al  
t echni cs  and exper i ment al  medi a of  heavy  met al  
wi t h f i ne gr anul ar  s i ze uni f or mi t y ,  bi g uni t  
wei ght  and i ncompr ess i bl e mat er i al ,  l ack of  
cohes i v i t y .  We have qui t e def i ni t el y  di r ec t ed 
our  at t ent i on t o a soi l  subs t i t ut e of  ar t i f i c i al  
mat er i al  by  whi ch one may most  accur at el y  meet  
t he condi t i on of  t he model  t heor y.

TEST EQUI PMENT

I n Fi g. 1 we have shown a model  t ank s i zed 
1200 x 450 x 60 mm of  sol i d s t eel  f r ame and 
s i l i cat e gl ass  wal l s  wi t h 20 mm t hi ckness.
The f oundat i ons  model s  ar e 90 t o 240 mm wi de 
and ar e l oaded by  cont r ol l ed way of  t hr ee- ax i al  
l oadi ng devi ce.  The v i s i bl e gl ass wal l  i s co­
ver ed by  20 x 20 mm scal e mash.  About  200 ex ­
per i ment s  ar e car r i ed out .  I n di f f er ent  t i me 
and per i ods  of  l oadi ng and di f f er ent  dept h dj . .

Fi g. l  Test  Equi pment
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The model  medi a i s composed by f i ne pol i shed 
spher i cal  gr anul es  wi t h di amet r e 0, 75 nun of  
l ead wi t h hi gh r i gi di t y .  The gr anul es  ar e dr i l y  
l ubr i cat ed by  gr aphi t e what  exc l udes cohes i on.  
The r emai ni ng t echni cal  dat a ar e:  y  = 70 kN/ m3.  
9» » 21° ,  angl e of  wal l  f r i c t i on i n g l as s O = 9?

The f i el ds of  nar r owed pl as t i c  def or mat i ons  and 
f i el ds of  unl i mi t ed pl as t i c  des t r uc t i on bot h 
shown i n Fi g. 2 wer e s t udi ed by  means of  i mmova­
bl e phot o- camer a.  The speed of  penet r at i on of  
punch- f oundat i on was exper i ment al l y  def i ned 
v = 0, 0075 mm/ s  so t hat  i t  may  not  af f ec t  k i ­
nemat i cal l y  t he def or mat i on pi c t ur e.  The hi gher  
speeds of  penet r at i on showed bi gger  pl as t i c  
zones and t hi s di d not  af f ec t  v i s i bl y  t he r at e 
of  t he out er  l oadi ng.  Ev i dent l y  t hi s i s t he 
l i mi t  of  quas i - s t at i c  condi t i on t ol er at ed wi t h 
t he exper i ment s .

The ac t i ve par t  of  t he f i el ds  and i nt er medi at e 
r adi al  f i el d ar e devel oped c l ose t o t he c i r c l e-  
cy l i ndr i cal  sur f aee.  The f or ces of  l oadi ng ac ­
cor di ng t o t he dynamomet r i c  sys t em of  t he 
dev i ce r ead t he moment  of  des t r uc t i on cor r es ­
pondi ng t o t he pi c t ur e of  pl as t i f i cat i on of  
t he mat er i al  as l oss of  s t abi l i t y  of  t he medi a 
i r r espec t i vel y  of  t hat  par t  r emai ned bet ween 
t he pl as t i c  f i el ds  of  t he f oundat i on.  The r ol e 
of  t he f oundat i on br eadt h as f act or  f or  pr o ­
por t i onal  i nc r ease of  t he bear i ng capac i t y  was 
r egar ded under  doubt  ( Ual oushev,  1966) .  Onl y  
smoot h f oundat i ons  ar e exami ned her e.

THEORETI CAL ANALYSI S AND APPROACH 

St r uc t ur al  and Mat hemat i cal  Model

Fi g. 2 Test  phot ogr aph pi c t ur e of  t he pl as t i c  f l ow f i el ds

TEST RESULTa

The i ncr ease of  t he bas i c  s i ze of  t he model -  
f oundat i on r esul t s  i n expans i on and penet r at i on 
of  t he pl as t i c  f i el d bel ow t he f oundat i on,  r es ­
pec t i vel y  out s i de of  t he same wher eas  i t  keeps 
t he char ac t er  of  t he f or m s l i di ng sur f ace.
Ther e i s a moment  when t he des t r uc t ed f i el ds 
r each max i mum s i ze of  dept h bel ow t he edge of  
t he f oundat i on / f or  exampl e at  br eadt h 180 mm/ .  
The i ncr ease of  f oundat i on makes mor e di s t ant  
t he t wo des t r uc t ed f i el ds each ot her  wi t hout  
ef f ec t i ng subs t ant i al l y  t he char ac t er  of  t hei r  
f or m and si ze.  Si mi l ar  pr eser vat i on of  t he f or m 
of  t he pl as t i c  f i el ds  i s obt ai ned al so i n t he 
changeabl e dept h d^.  Fi g. 3 cont ai ned al l  pi c ­
t ur es of  def or mat i on i n gener al  combi nat i on 
and shows t hat  t he dept h of  f oundat i on al so i s 
not  i n condi t i on t o change t he f or m and di r ec ­
t i on of  devel opment  of  pl as t i c  f i el ds.  They  get  
nat ur al  cont i nuat i on of  t he s l ope l i ne of  t he 
s l i di ng sur f ace t o t he gr ound sur f ace under  
angl e c l ose t o 7 f / 4.  The k i nemat i cal l y  gener a ­
l i sed f or m of  t he punched medi a at  any  pr oba­
bi l i t y  i s af f ec t ed sol el y  by  t he mechani cal  
pr oper t i es  of  t he gr anul ar  medi a.
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The r eal i zed phys i cal  s i mpl i f i cat i on of  t he 
model  medi a as a body of  f i ne spher i c  gr anul es  
and pur e mechani c  pr oper t i es  pr oposed a good 
base f or  sui t abl e choi ce of  s t r uc t ur al  and 
mat hemat i cal  model  f or  compl ex  dec i s i on of  t he 
s t at i cal l y  non- det er mi nabl e t ask as per  t he 
t heor y  of  Sai nt - Venant  wi t h det er mi nat i on of  
t he s t r ess f i el ds  and t he f i el ds  of  s t r ai n r at e 
vel oc i t y .

We have secur ed condi t i on of  quas i - s t at i c  f l ow 
of  gr anul ar  medi a af t er  t he pl as t i c  l i mi t .
Fur t her  we shal l  have i n mi nd onl y  t he vel oc i t y  
of  def or mat i ons  t hat  ar e owi ng t o t he mec hani ­
cal  pr oper t i es  of  t he mat er i al  i n t r eat ment  of  
t he t heor y  of  pl as t i c i t y .  The model  of  t he gr a ­
nul ar  medi a i s t he one of  t he f i ne pl as t i c  r i ­
gi d body  wi t h most  t ypi cal  pr oper t i es :  i sot r o ­
py and i ncompr ess i bi l i t y  of  mat er i al .

The pr obl em exami ned f al l s  t o t he pl ai n s t r ai n
pr obl ems.  Fr om t he condi t i on f or  vol umi nous
i ncompr ess i bi l i t y  f ol l ows t han any i ncr ease of
def or mat i ons  i s c l ear  s l i di ng wi t h shear i ng
s t r ess  T  ; Thi s  i s dead r i ght  at  Poi sson 

xy
f act or  0, 5 and t hat  i s why  t he t heor y  i s ap ­
pl i cabl e f or  t he pl as t i cal  f i el ds  of  el as t o ­
pl as t i c  mat er i al .  The y i el d c r i t er i on and t he 
equat i ons  of  equi l i br i um i n gener al  case of  t he 
vol umi nous  f or ces def i ne t he s t r ess f i el d*

. . .  3 6x /  3 x + 3 Z x y /  3 y = X

3 Z x y /  3 x + 3 6^ /  3 y = Y ( 1)

. .  Z 2 -  i / 4 ( 6X -  6y ) 2 ♦ T * y  = k 2

and t he condi t i ons  of  i ncompr ess i bi l i t y  of  t he 
vol ume and co- ax i al i t y  of  t he pr i nc i pal  di ­
r ec t i ons  of  t he s t r esses  and s t r ai n vel oc i t i es  
t ensor s  ( Hi l l ,  1950)  :

. . .  3  v /  3  x + 3 v /  3 y = 0
x y (2)

2 T  3 V . /  9 y  + 3 V /  d  x

Gx  -  3 v x /  3 x -  3 v y /  3 y

The sys t em of  f i ve equat i ons  of  Sai nt - Venant  
( l )  and ( 2)  pr ov i des  t he f ol l owi ng poss i bi l i t i es :

( i )  equat i ons  ( 2)  ar e uni f or m compar ed t o t he 
vel oc i t i es  and t he el ement  t i me i s not  
r ead.

( i i )  The s t at i cal ' unknown quant i t i es  of  t he 
sys t em t>x , 0y , 7Tx y , v x and vy ar e de­

t er mi ned i n t wo i ndi v i dual  st ages:  t he 
f i r s t  t hr ee s t r esses  gi ve s t at i cal l y  
det er mi nabl e t ask and f i el d of  s t r esses;  
vel oc i t i es  may  be cal cul at ed l at er .

( i i i )  The di f f er ent  t ypes s t at i cal l y  non-  
det er mi nabl e pr obl ems i n t he sense of  
Hi l l  ( 1950)  ar e sor t ed out  wi t h t he f ul l  
sys t em of  equat i ons  and coi nc i dence of  
t he f i el d of  t he s t r esses and t he one of  
t he vel oc i t i es  of  def or mat i on.

Mat hemat i cal  Model s

The pl as t i c  condi t i on of  t he di sper se medi a 
ar i ses  owi ng t o t he i ncr ease of  t angent i al

s t r ess  over  det er mi ned cr i t i cal  val ue over  cer ­
t ai n ar ea.  Thi s l i mi t  i s at t ai ned on t he spot  
by max i mum vel oc i t y  of  s l i di ng def or mat i ons  
at  pl as t i c  i nvar i abi l i t y  of  t he vol ume and co­
ax i al i t y  of  t he st r ess and vel oc i t y  t ensor s.
The l i mi t i ng condi t i on based on t he y i el d cr i ­
t er i on of  Coul omb i s al ways br eached due t o 
l ack of  coi nc i dence of  t he genui ne l i nes of  
s l i di ng ( wi t h di scont i nuat i on of  vel oc i t i es)  
wi t h t he pr obabl e l i nes of  Coul omb f r i c t i on 
f r om t he f i el d of  st r ess.  Di scont i nuat i on of  
t he vel oc i t i es  may  happen onl y  on some of  t he 
char ac t er i s t i cs  of  t he vel oc i t y  c L and / 3 y *

Mat hemat i cal l y  avoi di ng of  t hese cont r adi c t i ons  
at  pr eser ved phys i cal  sense of  Coul omb f r i c t i on 
i s per f or med i n sever al  ways:
( a)  non- co- ax i al  model s  ( de Jong,  1959) , ( Geni ev,

1958) , ( Dr escher  & Jong,  1972) , ( Spencer , 
1964) , ( Mandl  & Luque,  1970) ;

( b)  assoc i at ed l aw ( Dr ucker  & Pr ager ,  1952) ,  
( Shi el d,  1953, 1955) , ( Chen, 1969) , ( Sol ov j ev , 
1969) ;

( c)  i nc r ement al  bonds -  ( I v l ev,  1967) , ( Wei dl er  
& Pasl ay,  1970) ;

( d)  Hypot heses  f or  mi c r odef or mat i on -  ( Kowe, 1963)
( e)  change of  Coul omb mechani sm -  ( Ni kol aevsk i i , 

1969) .

The exper i ment al  achi evement s  may  be gener al i zed 
i n sever al  conc l us i ons:  t hey show coax i al i t y  of  
t ensor s  of  s t r esses  and vel oc i t i es  of  def or ma­
t i on ( Dr escher  & Uuj ak,  1966) , ( Koscoe, 1970) ,  
( Bal oushev,  1976) ;  t he f or m of  des t r uc t i on i n 
cur vel i ned sur f aces  t ends t o be c i r c l e- cy l i nd ­
r i cal  one ( t he r el at i ve s l i di ng of  f i el ds  of  
t he medi a) ;  t he r ol e of  t he vel oc i t y  of  di l a-  
t ance and exper i ment al l y  obser ved l i nes of  t he 
def or mat i ons  i s coor di nat ed i n t heor et i cal  ana ­
l ys i s  of  t he vel oc i t y  f i el d ( James & Br ansby,  
1971) .  Some k i nemat i c  dec i s i ons  show f or  t he 
gr oundl essness  of  s t at i cal  model s  of  di sper se 
medi a at  pl as t i c  di s t r uc t i on ( Dr escher ,  1972) .

The pi c t ur es  obt ai ned by us f or  t he def or ma­
t i ons i n gr anul ar  medi a bel ow l oaded punch de­
t er mi ned sever al  char ac t er  moment s  i n t he f or ­
mat i on of  t he pl as t i c  f i el ds  and on t hem i t  was 
made t he scheme of  t he cal cul at i ng model .  We 
have ascer t ai ned bi g s i mi l ar i t y  wi t h t he pi c t u ­
r es of  St eenf el t  ( 1979)  whose per f ec t  exper i ­
ment s  and model  equi pment  we had t he chance t o 
get  acquai nt ed wi t h r ecent l y .  The pl as t i c  f i el ds 
moved i n t he pass i ve pr essur e zone out s i de of  
t he punch f or m s l i di ng sur f ace under  angl e t o 
7T/ 4.  The cur vel i near  ar eas  i n t he i nt er medi at e 
f i el d bel ow t he punch edge ar e devel oped on 
c i r c l e- cy l i ndr i cal  sur f aces  and cl ose t o same.  
The s i zes of  t he pl as t i c  f i el ds  moved t end t o a 
det er mi ned f or m as wel l  as t he dept h dj .  does

not  change t he char ac t er  of  t he f i el ds di st r uct ed 

Adopt ed Mat hemat i cal  Model

We compose t he mat hemat i cal  model  by means of  
r ej ec t i on of  Coul omb y i el d c r i t er i on and i n­
t r oduc t i on of  Mohr  y i el d c r i t er i on i n i t s ge­
ner al  t ype:

3f /  3 6 .  d  6  + 3f /  3r m. dt m = 0 ( 3)

whi ch shows t hat  t he t angent i al  s t r esses i n t he 
condi t i on of  pl as t i c  f l ow r epr esent  a f unc t i on 
of  nor mal  0 st r ess,  Fi g. 4,  and t he same
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endeavour  t o a const ant  c r i t i cal  s t r ess  K
wi t h 6  i ncr ease,  and t he s l i di ng sur f ace t o in
JT / 4 angl e.

The f i r st  t r aces of  such a concept i on we met  i n 
Tor r e ( 1948) .  We have exper i ment al l y  det er mi ned 
t he f unc t i on F ( 6 ,t )  as a y i el d c r i t er i on of  
t he t ype ( Dal oushev,  1979) :

x "  = n. K. 5 ( 4)

The par amet r e 1 -  n -  2 det er mi nes  t he r emot i ng 
of  t he cr i t i cal  l i ne f r om t he axes of  fr. The 
f act or  K = m. t an?*  conf or mi ng t o t he exper i men­
t al  medi a may meet  di f f er ent  r equi r ement s  i n­
c l udi ng pass i ng t o t he c l ass i c  case of  Coul omb.  
The f act or  K must  not  be mi xed up wi t h t he no­
t i on f or  i nt er nal  cohes i v i t y  but  l i ke a mat er i ­
al  const ant  det er mi ned under  condi t i ons  of  f r ee 
and l oaded sur f aces  when i ndent at i on of  t he 
punch i n pl as t i c  medi a wher e t he sol ut i ons  ar c  
f unct i onal .  We met  s i mi l ar  i nt er pr et at i on i n 
Mr oz  ( 1967) .

Fr om Fi g. 4 i s seen t hat  t he common poi nt  C of  
t he cr i t i cal  cur ve and t he st r ess c i r c l e of  
Mohr  i s det er mi ned of  t he changeabl e angl e 2 JX  

and t he AC ar ea gi ves t he s l i di ng ar ea compar ed 
t o t he pr i nc i pal  s t r ess f f . . The s t at i cs  det er ­
mi nabl e t ask f or  t he s t r esses  i s car r i ed out  
as per  t he t heor y  of  Sokol ovsk i i  ( 1954)  and 
t he mai n sys t em of  di f f er ent i al  equat i ons  i s 
obt ai ned as f ol l ows:

( 1 -  A)
3 X

3  X

3 /  d *
U — —  -  C -=—  + D

s i ^ V
2 X

x ( 5)

wi t h denot i ons:

a > £ a  x < 4

=
si n'

a
2 2/ t  

T
’ Y

A = cos 2JU. cos 2 V

B = cos 2/ - s i n 2 Y

C = si n 2/ <. s i n 2 V

D > si n 2/4. cos 2 V

Nandel  - 2dX = d6 f t  -

( 5)

The uni f i cat i on of  t he changeabl e f ac t or s  /■! 
and V'  i s ef f ec t ed by  means of  new changeabl e 
ones 2; and V  whi ch appear  l i ke char ac t er i s t i cs  
of  t he f i el a of  s t r esses:

( 6 )

STATI CS SOLUTI ON

The y i el d c r i t er i on of  pl as t i c  f l ow f r om t he 
equi at i on ( 4)  i s det er mi ned by t he dat a of  t he 
model  medi a and soi l  pr ot ot ype:  t he uni t  wei ght  
of  t he model  medi a i s = 7 0  kNj d? and t he av e ­
r age uni t  wei ght  of  t he soi l  pr ot ot ype i s 

Y =  17, 5 kN/ m ant i t he angl e of  i nt er nal  f r i c ­
t i on i s ^  = 21°  f or  bot h di sper se medi a.

The model  cons t ant  of  uni t  wei ght s  ( Fl or i n,
1959)  i s:

( 7 )

We denot e t he par amet r es  l i ke f unc t i on of  t he 
uni t  wei ght  model  const ant  whi ch has l eadi ng mea-  
di ng al so f or  equat i on ( 4) :

T(8)= y !  o C ~ Z ; n = ' J  oCK = m. t a n ^  ; 

wher e:  m -  i s par amet r e of  t he cons t ant  K

n -  i s par amet r e of  par abol i c  cur ve of  
t he y i el d cr i t er i on.

Boundar y  Condi t i ons

Al l  t he quant i t i es  ar e expr essed wi t h t he con­
s t ant  K of  t he mat er i al  and changeabl e angl es 
2 f \ . and 2 f  . The component s  of  t he s t r esses  
and t he coor di nat es  x and y of  t he poi nt  ar e 
obt ai ned at  n = 2 :

u f  t an 2 M\ n- 1 / t an2M cos2M-  cos2V/
'  "  n + s i n 2yn '

xy
-  K( MaSi <) 7r - r si n 2 ^  

s i n 2yu.
(9 )

The equat i ons  of  t he coor di nat es  ar e as f ol l ows:  

x *  K r i  + X2 c o s 2 M _ ( 1_± 212_ c o s 2 ^ o

T L ( cos2M)  ( cos 2 U  ) J32/ 1)

-  i n t an U L  + JT/ 4 j ]  +
I L cos 2M J

( 10)

Cos^2f 4.
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and i n t he i nt er medi at e r adi al  zone:

t an2#2 _ t a n ^

n -  1 T 2 + n  '  n -  1 2A  ( 11

The angl e H* det er mi nes  t he di r ec t i on of  t he 
pr i nc i pal  s t r ess  6^  wi t h t he ver t i cal  ax l e x,  

f or  t he ac t i ve pr essur e zone Y  = 0 and x  =+1,  
f or  t he pass i ve zone V'  =7T/ 2 and X  =- 1,  and 
f or  t he r adi al  f i el d t he char ac t er i s t i cs  ar e 
T, t  const  and = const .

The s t at i cs  det er mi nabl e sol ut i on wi t h mak i ng 
t he f i el d of  s t r ess i s shown on Fi g. 5

9v 3v 3v

2 s i n2V' ^ - i  + cos2Y*  (— -  + - —  ) = 0 ( 12)  
a y  3x  oy

The equat i ons  of  t he char ac t er i s t i cs  of  t he ve ­
l oc i t i es  have t he same t ype:

- t oT m -  TFT"  t an W  7 n/ 4) ( 1 3 )

y

wher e / 4 &  J t / 4 ,  or t ogonal i t y  of  t he char ac t e ­
r i s t i cs  obl i gat or y  as per  t he condi t i ons  of  
Gei r i nger .

By t he admi ss i on t hat  we come near er  t o coax i a­
l i t y  when t he l eadi ng angl e M  of  t he Hi d i n g  
ar eas  comes c l ose t o = /T / 4 by  i ncr ease of  
6 '  s t r esses we can put  t o a gener al  pl an t he 
f i el d of  s t r esses,  t he f i el d of  vel oc i t i es  and 
t he hodogr aph of  t he vel oc i t i es  on Fi g. 6 a,  b 
and c.

a c t .  f . p a s s . f.
{f =Tt / 2 X - - 1

Fi g. 5 Fi el d of  s t r esses  wi t h t he 
char ac t er i s t i cs  ^  and ^

KI NEMATI CS SOLUTI ON

The t heor et i c  f i el d of  t he s t r esses  f r om Fi g. 5 
shows t he pr obabl e s l i di ng l i nes.  As  i t  i s seen 
f r om compar i son of  Fi g. 2,  Fi g. 3 and Fi g. 5 t he 
exper i ment al l y  obser ved s t r ai n f i el ds  get  near ­
l y  compl et e coi nc i dence.  The or i ent at i on of  one 
of  t he char ac t er i s t i cs  of  t he s t r esses under  an­
gl e 7T/ 4 wi t h t he hor i zon wi t h t he i ncr ease of  
s t r ess  6  denot es  a r eal  coi nc i dence wi t h one of  
t he r eal  l i nes of  di s t r uc t i on whi ch l i ne i s 
one of  di scont i nuat i on of  t he vel oc i t i es  of  
def or mat i on.  I n t heor et i cal  sense t he uni f or mi t y  
of  t he t ype of  t he char ac t er i s t i cs  f r om t he 
f i el d of  t he s t r esses  wi t h ones of  t he vel oc i t y  
f i el d shows t he endeavour  t o co- ax i al i t y  of  t he 
s t r esses  and t he vel oc i t i es  t ensor s,  one r at her  
bi ndi ng condi t i on ( Bi l l ,  1950) .

The vel oc i t y  f i el d i s made as per  t he met hod of  
Bi l l  ( 1950)  or  as per  Sokol ovsk i i  ( 1969)  when 
we have cons t r uc t ed t he f i el d of  t he s t r esses.  
The k i nemat i cs  of  t he pl as t i c  f l ow of  t he medi a 
wi t h condi t i on of  vol umi nous  i ncompr ess i bi l i t y  
and t he equat i ons  of  Gei r i nger  i s gi ven wi t h 
t he equat i ons:

2 si n2' f ' | ^x -  c o s 2 V' ( g ^  + ^  ) = 0 ( 12)

Fi g. 6 a)  The f i el d of  s t r esses
b)  The f i el d of  vel oc i t i es  and
c)  The hodogr aphs.

VELOCI TY OF ENERGY DI SSI PATI ON

I n conf or mi t y  wi t h t he t heor ems of  Dr ucker  & 
Gr eenber g,  Pr ager  ( 1951)  t he vel oc i t i es  of  t he 
s t r esses  i n t he begi nni ng of  t he pl as t i c  f l ow 
and t he vel oc i t i es  of  t he el as t i c  def or mat i ons  
ar e zer oes.  The vel oc i t i es  of  t he pl as t i c  
def or mat i on ar e admi t t ed f or  vel oc i t i es  of  f ul l  
def or mat i on i n t he i nt egr al  of  v i r t ual  wor k.
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Pr ov i ded 6 , S  and y  ar e t he def or mat i on ve-
x ji 1 xy

l oc i t i es  t he di ss i pat i on ener gy  i s equal  t o:

DH = 6x. l x + 6y.£y +Z. f  ).dA *  0 (14)

The c l osed pl as t i c  ar ea i t may  be exami ned f or  
di ss i pat ed ener gy  by means of  t he sur f ace f or ­
ces under  cont our  13 as per  Pr ager  & l l odge ( 1956)  
wi t h Fi g. 7 and equat i ons:

Fi g.  7

X = 6" . cos ô  + T. s i n  oi

( 15)
Y = Oy . s i n eC + T . c o s  o(.

X (  M x  + + t * T  ) dA = 7 u ( X* v x + Y * v y >ds

The f i el ds of  t he s t r esses and s t r ai n vel oc i t i es
ar e det er mi ned by  means of  al l  0 , G  , "C and

x  y xy
v , v as f unc t i ons  of  t he sys t em x , y  of  t he 
cont i guous di f f er ent i al  f i el d.

CONCLUSI ON

The t heor et i cal  model  was t est ed i n numer al  
exampl es and compar ed t o t he r esul t s  of  t he 
exper i ment .  The bear i ng capac i t y  f or  t he model  
on b = 180 mm has t he f ol l owi ng val ues:

( i )  At  dj  = 0 mm f r om t he s t at i cs  and k i ne ­

mat i cs  sol ut i on:

Ps t  = Pk i n ’  ° ’ 063 MN/ m2

( i i )  For  dept h d r = 60 mm:
2

st at i cs  sol ut i on -  p + = 0, 096 MN/ m
2

k i nemat i cs  sol ut i on -  = 0, 148 MN/ m

m = p,  . / p t  = 1, 54 
en * Ki n * s t  ’

( i i i )  Exper i ment al  r esul t s :

b = 18o mm,  d̂ .  = 0 mm,  = 0, 082 MN/ m̂

b = 180 mm,  d̂ .  = 60 mm,  p^  = 0, 1435 MN/ m̂

The i ncr ease of  t he dept h of  f oundat i on r i ses 
t he r ol e of  t he ener gy  di ss i pat ed and i t s r ea­
di ng i n t he k i nemat i c  sol ut i on gi ves answer  wi t h 
i ncr eased bear i ng capaci t y .  The mat hemat i c  mo ­
del  wi t h y i el d c r i t er i on of  Mohr  r epr esent ed 
a poss i bi l i t y  f or  i ndi v i dual  sol ut i ons  i n sepa­
r at e phases of  t he t ask,  as wel l  as f or  com­

pl et e k i nemat i c  s t udy  of  t he sol ut i ons.  The pa­
r abol i c  f unc t i on f r om ( 4)  f or  t he concr et e mo ­
del  medi a may  be modi f i ed f or  any  ot her  medi a 
by means of  uni t  wei ght  model  const ant  ,

i nc l udi ng a nat ur al  one.  The k i nemat i c  s t udy  
became poss i bl e t hanks t o t he t heor et i c  con­
s t r uc t i on of  pl as t i c  f i el ds by shape and si ze.
The heavy  model  medi a showed f i el ds of  pl as t i c  
f l ow di f f er ent  f r om t he wel l - known condi t i ons  
of  i i anki ne and t hat  i s what  di r ec t ed our  at t en ­
t i on t o co- ax i al i t y  of  t he model s.  ~
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