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SYNOPSI S The wor khar deni ng r ul e and t he y i el d f unct i on necessar y  f or  t he devel opment
of  t he const i t ut i ve r el at i onshi p of  soi l s ar e shown t o be abl e t o be uni quel y  det er mi ned f r om t he 
t est  dat a.  The suggest ed pr ocedur e f or  t hei r  det er mi nat i on i s i l l ust r at ed by t he exper i ment s made 
on a sand sampl e and a c l ay sampl e.

I NTRODUCTI ON

I n devel opi ng t he const i t ut i ve r el at i ons f or  
soi l s,  i t  has been a common pr act i ce t o adopt ,  
a pr i or i ,  a wor khar deni ng r ul e and a yi el d 
f unct i on,  and t hen check t he val i di t y  of  t hese 
assumpt i ons by t he nor mal i t y  r ul e.  I f  t he 
check i s unsat i s f act or y,  usual l y  some 
modi f i cat i on of  t he y i el d f unct i on i s made,  or  
an unassoc i at ed f l ow r ul e i s assumed.  Such 
pr ocedur e does not  ensur e a uni que sol ut i on f or  
a gi ven boundar y pr obl em.  The met hod suggest ed 
bel ow per mi t s  t he di r ect  det er mi nat i on of  t he 
wor khar deni ng r ul e and yi el d f unct i on f r om t he 
t est  dat a,  and besi des,  due t o t he coi nc i dence 
of  t he sel ect ed yi el d sur f ace wi t h t he pl ast i c 
pot ent i al  sur f ace,  t he nor mal i t y  l aw i s 
sat i sf i ed,  and t he uni queness of  sol ut i on i s 
guar ant eed.

pot ent i al  f unct i on;  A i s t he wor khar deni ng 
modul us .

f  and g can r espect i vel y  be r epr esent ed by:  

f  C(7i  j - HD = 0,  or  f ( p, q, H)  = 0 (3)

= 0,  or  g ( p, q , H)  = 0 ( 4)

wher ei n p i s t he oct ahedr al  nor mal  st r ess,  
and q i s t he oct ahedr al  shear  st r ess:

P = (° '1 + cr2 + (r3)  / 3 ( 5)

q = [((T1-tr2)2+((T2-tr3)2+((T3-(ri )2jV/2'  ( 6 )

DESCRI PTI ON OF METHOD

I n t he appl i cat i on of  f i ni t e el ement  met hod t o 
t he sol ut i on of  boundar y pr obl ems i n soi l  
mechani cs,  i t  i s necessar y  t o expr ess t he 
el ast o- pl ast i c  s t r ess- st r ai n r el at i on of  soi l s 
i n t he f ol l owi ng f or m:

M  = [ D ] ep { «£} CD

wher ei n [ D] ep i s t er med t he el ast o- pl ast i c  

mat r i x .

By usi ng t he i ncr ement al  t heor i es of  el ast i c i t y  
and pl ast i c i t y  i t  has been pr oved t hat  [ D̂

can be wr i t t en i n t he f ol l owi ng f or m:  ( e. g.  
Zi enk i ewi cz , 1977)

[D]ep= [D]
[d  ] { I f } I l f )  |[D]I

H & ] iT [ D ] { # }
(2)

--------- ---------  L J  t  J. a. O U-L 111 a  L I  JL A  y
f  i s t he y i el d f unct i on;  g i s t he pl ast i c

H i s t he wor khar deni ng par amet er ,  and i t  has 
been gi ven i n var i ous di f f er ent  f or ms by 
di f f er ent  aut hor s.  Di f f er ent  f or ms of  H may be 
t er med di f f er ent  wor khar deni ng r ul es,  and t hei r  
r el at i ons wi t h t he wor khar deni ng modul us A i n 
t he expr essi on of [ D] gp as gi ven i n Equ. ( 2)  ar e

l i st ed bel ow:  ( Huang,  1980)

i )

i i )

i v)

h  = w = f  c r . . • se?-

a  = ( - 1)  - 2 f _ . f . . . - £ !  

v ’  a w p Uu  ao j

h  = S f c P '

= ') - fb j ^  • fq- j
A =

i i i )  H = t l

a _  t  d (
A -  ( ' ) T V

(7)

( 8 )

( 9)

( 1 0 )
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V) h  = H( eS, ep) Medi an di amet er , dj -g = 0. 18mm

(11)

I n or der  t o det er mi ne t he r equi r ed 
wor khar deni ng r ul e of  H t oget her  wi t h t he y i el d 
f unct i on f ,  t he pl ast i c  pot ent i al  f unct i on g 
and t he wor khar deni ng modul us A,  so t hat  t he 
el ast o- pl ast i c  mat r i x  [ Dj ' may be eval uat ed,

t wo ki nds of  convent i onal  soi l  t est  may be 
per f or med,  vi z.  1)  i sot r opi c consol i dat i on t est  
and 2)  dev i at or i c  t r i axi al  compr ess i on t est  
wi t h ^  = (Tj  = const .  Fr om t he t est  cur ves

t hus obt ai ned,  we can det er mi ne,  cor r espondi ng 
t o any poi nt  M( p, q)  on t hese cur ves,  t he 
magni t udes of  i t s t wo oct ahedr al  pl ast i c  st r ai n

component s gP and 6^ .  Now by pl ot t i ng

t hese poi nt s on a p- q di agr am,  and l abel i ng 
besi de each poi nt  t he val ue of  H cal cul at ed 
f r om t he measur ed oct ahedr al  component s

fcP and 6^,  we can t r ace out  t he cont our  l i nes

of  H.  These cont our  l i nes wi l l  r epr esent  t he 
y i el d l oci  f ( p, q, H)  = 0.  By assumi ng 
di f f er ent  f unct i ons of  H we woul d get  di f f er ent  
cont our  maps as i l l ust r at ed i n Fi g. 3a- 3d 
i ncl usi ve.  Thus i t  i s seen t hat  by usi ng 
di f f er ent  wor khar deni ng r ul es we woul d get  
r adi cal l y  di f f er ent  shapes of  y i el d l oci  or  
y i el d f unct i ons f .

I n or der  t o get  a uni que sol ut i on f or  a gi ven 
boundar y pr obl em t he wor khar deni ng r ul e and t he 
yi el d f unct i on f or  a gi ven soi l  may be uni quel y 
det er mi ned f r om t he t est  dat a by t he f ol l owi ng 
pr ocedur e.

Let  us make t he axes of  £ p and 6^  coi nc i de

r espect i vel y  wi t h t he axes p and q i n 
a p- q di agr am as shown i n Fi g. 4.  Then we can 
i ndi cat e t he di r ect i on of  t he r esul t ant  vect or  
of  t he i ncr ement al  oct ahedr al  pl ast i c  st r ai n

component s and by a smal l  ar r owhead at

any poi nt  M( p, q)  i n t hi s di agr am.  By 
connect i ng t hese ar r owheads we can t r ace out  a 
f ami l y of  f l ow l i nes.  Or t hogonal  t o t hese 
l i nes i s t he f ami l y of  l oci  of  t he pl ast i c 
pot ent i al  l i nes g.  By t r i al  and er r or  we can

f i nd an expr ess i on of  H( £P, £P)  or  a

wor khar deni ng r ul e whi ch wi l l  make t he l oci  of  
t he y i el d f unct i on f ( p, q, H)  = 0 coi nc i de wi t h 
t hese l oci  of  pl ast i c pot ent i al  f unct i on g.
The yi el d f unct i on f  = g t hus det er mi ned i s 
uni que and sat i sf y i ng t he nor mal i t y  l aw.

By subst i t ut i ng t he f unct i ons of  H and f  = g 
t hus obt ai ned i n Equ. ( l l )  and Equ. ( 2)  we can 
f i nd t he f unct i on of  t he wor khar deni ng modul us 
A and eval uat e t he el ast o- pl ast i c  mat r i x  [ d ]

EXPERI MENTAL RESULTS 

Sand of  medi um densi t y

Descr i pt i on of  Chengde sand used i n t he 
exper i ment :

Uni f or mi t y  coef f i c i ent ,  ^ g / d ^ g  = 
Speci f i c  gr avi t y  of  
soi l  par t i cl e,

Max.  voi d r at i o,

Mi n.  voi d r at i o,

Gs = 2. 63

em! 1Y = 0. 80 
max

e . = 0. 40 
mi n

The sand sampl e t est ed i s of  r el at i ve densi t y  
D = 64$.  The uni t  wei ght  of  t he soi l  sampl e

t est ed i s cont r ol l ed wi t hi n t he l i mi t

V = 16. 7 + 0. 1 kN/ M3 .

The - l og p cur ve obt ai ned f r om t he i sot r opi c

consol i dat i on t est  i s shown i n Fi g. l .  The 
dev i at or i c  t r i axi al  compr ess i on dr ai ned t est s 
ar e made wi t h = 100, 300 and 500 kPa

r espect i vel y.  Fi g.  2 shows t he - Gj )  ~  Ea and

6V" f a t est  cur ves obt ai ned f or  (Tj  = 500 kPa,

wher ei n 6 denot es t ot al  axi al  st r ai n,  
a

The f ol l owi ng pr ocedur e i s used t o separ at e 
t he t ot al  st r ai n measur ed di r ect l y  i n t he 
exper i ment s i nt o el ast i c  and pl ast i c  st r ai n 
component s.  For  t he axi al  st r ai n £a , t he

el ast i c component  £® i s t aken as t he di f f er ence

bet ween t he t ot al  axi al  st r ai ns measur ed 
r espect i vel y  bef or e and af t er  compl et e unl oadi ng.  
The di f f er ence bet ween t he t ot al  axi al  st r ai n 
and i t s el ast i c component  i s t aken as i t s

pl ast i c  component  Ep . I t  i s f ur t her  assumed

t hat  pur e shear  does not  i nduce el ast i c 
vol umet r i c  st r ai n,  and t hat  t he change i n

el ast i c vol umet r i c  st r ai n i s due ent i r el y

t o t he change of  Ap = ( ACT̂ + 2A( Tj ) / 3 . The

magni t ude of  A£® can t hus be det er mi ned

di r ect l y  f r om t he unl oadi ng and r el oadi ng 
br anch of  t he £ - l og p cur ve obt ai ned i n t he

i sot r opi c consol i dat i on t est .  Pl ast i c

vol umet r i c  st r ai n component  i s t hen

cal cul at ed by

£ P = £ - t e v &v W

£p = 6p - Ey/ 3 t he pl ast i c  oct ahedr al  shear  

st r ai n component  can be det er mi ned.

Fr om t he val ues of  and £p t hus det er mi ned

f or  any poi nt  M( p, q)  on t he CT̂ = const .

cur ves t he cont our  maps of  t he y i el d l oci  f  
cor r espondi ng t o di f f er ent  wor khar deni ng r ul es

of  H,  e. g.  H =t p , H = £p , H = W and

ar e pl ot t ed as shown

i n Fi g. 3a t o 3d i ncl usi ve.  I t  can be seen f r om 
t hese f i gur es t hat  t he y i el d l oci  t hus 
det er mi ned ar e r adi cal l y  di f f er ent  f r om one 
anot her .

Fr om t he £p and fcp val ues t hus det er mi ned f or  
v

poi nt s on a gi ven (T̂ = const ,  t est  cur ve we can 

pl ot  i n t he £ p - pl ane a cor r espondi ng

By usi ng t he r el at i onshi p
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Fi g. 1 I sot r opi c
consol i dat i on cur ve 
f or  sand

Fi g. 2 Devi at or i c
t r i axi al  compr essi on 
t est  cur ve f or  sand

Fi g. 7 I sot r opi c
consol i dat i on cur ve 
f or  cl ay

Fi g. 8 Devi at or i c
t r i axi al  compr essi on 
t est  cur ve f or  cl ay

[ k Po )

( k N 0 « OPo)

Fi g. 3 Yi el d l oci  f or  di f f er ent  wor khar deni ng 
r ul es f or  sand

o 5  io t s  20 {ximpa} 10 15 Z0[x i o o k Pi>}

Fi g. 9 Yi el d l oci  f or  di f f er ent  wor khar deni ng 
r ul es f or  cl ay

Fi g. 4 Equi pot ent i al  
l oci  f or  sand

9  (k Po) 
m

Fi g. 5 Compar i son of  
cal cul at ed and exp.  
q-  t cur ves  f or  sand

Fi g. 10 Equi pot ent i al  
l oci  f or  cl ay

3 | ( X« Wk Po .)

- EXPERIMENTAL 

□  <s° + CALCULATED

Fi g. 6 ( l ef t )
Compar i son of  
cal cul at ed and exp.  
q-  6v cur ves f or  sand

20

15-

10

5

'0 2 4 6 8 10 i?(%)

Fi g. 11 Compar i son of  
cal cul at ed and exp.  
q - £ cur ves f or  cl ay

= i 6oo K&

Fi g.  12 ( l ef t )
>1 Compar i son of

f  T  t  I cal cul at ed and exp.

n . , r  , r  I i >  q-  ev cur ves f or  c l ay

o Z 4 6 8 10 /2(%J
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£p - 6^ cur ve.  The sl ope of  t hi s cur ve at  any

par t i cul ar  poi nt  M( p, q)  wi l l  r epr esent  t he 
di r ect i on of  t he i ncr ement al  r esul t ant  pl ast i c 
st r ai n vect or  passi ng t hr ough t he cor r espondi ng 
poi nt  dr awn i n a p - q pl ane.  Based upon t he 
dat a t hus obt ai ned t he f l ow l i nes and t he 
equi pot ent i al  l oci  may be t r aced out  i n t he 
p - q pl ane as shown i n Fi g. 4.

Fr om Fi g. 4 we f i nd t hat  f or  t he t est ed Chengde 
sand wi t h Dr  = 64% t he equi pot ent i al  l oci  g,

whi ch i s i dent i cal  wi t h t he y i el d l oci  f ,  may 
be appr ox i mat ed by el l i pses,  t hus

f  = g = q2 + 2 Cp - 7H) 2 - 78H2 = 0

wher ei n t he wor khar deni ng par amet er  H,  as f ound 
t hr ough t r i al  and er r or ,  i s

h = [ ( f i P) 2 + o.os(e p) 2 ] x i o 4 + 2 / I p

The wor khar deni ng modul us A as cal cul at ed f r om 
Equ. ( 11)  gi ves

= ( 28p - 36H) [ 8x l 04 ( p - 7H)  fcP

0. 001 / / f P) ]+ 2x103q ( £p

The el ast i c shear  modul us G as f ound f r om t he 
unl oadi ng and r el oadi ng br anch of  t he 
(Tj  = const ,  t est  cur ves i s

G = 217p (P -  ° --53q ) 
Pa

0. 60

wher ei n pa i s t he at mospher i c  pr essur e.

The el ast i c bul k modul us K i s f ound f r om t he 
unl oadi ng and r el oadi ng br anch of  t he 6 - l og p 
cur ve,  and i t  i s gi ven by v

K = dp /  d d® = 3S0p

I n or der  t o check t he accur acy of  t he sel ect ed
f ,  H,  G and K wi t h t he exper i ment al  dat a we 
have pr epar ed t he q - 6 and q - di agr ams

as shown i n Fi g. 5 and Fi g. 6.  The agr eement  
bet ween t he cal cul at ed and exper i ment al  val ues 
i s f ound t o be sat i sf act or y.

Compact ed cl ay

Descr i pt i on of  t he sat ur at ed compact ed cl ay 
used i n t he exper i ment :

Li qui d l i mi t  451
Pl ast i c l i mi t  21%
Speci f i c gr avi t y  2. 74 
Si ze gr adat i on:

0. 25 - 0. 05mm 10%
0. 05 - 0. 00 5mm 65%
<  0. 005mm 25% ,

Uni t  wei ght  16. 4kN/ M
Mol di ng wat er  cont ent  20%

The cl ay i s compact ed wi t h compact i on ef f or t  
about  40% gr eat er  t han t he St andar d Pr oct or

Met hod.  Max.  dr y densi t y  = 17. 0 kN/ M3 ,
Opt i mum moi s t ur e cont ent  19. 5%.

By usi ng t he same met hod as f or  sand,  t he 
f act or s f ,  H,  A,  G and K det er mi ned f r om 
exper i ment  ar e

f  = q2+0. 55( p- 5. 75H) 2- ( 1. 30+6. 75H) 2 = 0

H = 20eP( l - <
2x10 'J W

so ep

A = (6 . 3p + 55H+17 . 6)  [ 22( p- 5. 75H)

6x10
x( l  +

5J e p ( f i P) 2

1 + 50 £P

4x l 04qJ| P(  f cP) 3

1 + 50 ep

1 0 0

1 + 50 £»> ]

p- 0 , 33q 
G = l OOp f — - - - - - )

0. 73

K = l OOp

Fi gs,  7- 12 i ncl usi ve ar e pr epar ed f r om t he 
exper i ment al  r esul t s obt ai ned f or  t he cl ay,  and 
t hey cor r espond r espect i vel y t o Fi gs.  1- 6 
i ncl usi ve pr epar ed f or  t he Chengde sand.

CONCLUSI ON

The el ast o- pl ast i c  mat r i x  [ D] ep > whi ch

r epr esent s t he mat hemat i cal  model  expr essi ng 
t he const i t ut i ve r el at i onshi p f or  soi l s,  
cont ai ns 3 i ndependent  f act or s,  vi z.  ( 1)  y i el d 
f unct i on f ,  ( 2)  pl ast i c  pot ent i al  f unct i on g 
and ( 3)  wor khar deni ng modul us A.  Al l  of  t hese
3 f act or s ar e f unct i ons of  t he wor khar deni ng 
par amet er  H.  Ar bi t r ar y  sel ect i on of  a 
wor khar deni ng par amet er  H,  or  a wor khar deni ng 
r ul e,  t her ef or e,  woul d not  be abl e t o guar ant ee 
a uni que sol ut i on of  [ d ]  .

Thi s paper  has demonst r at ed t hat  t he pl ast i c
pot ent i al  sur f ace g can be uni quel y  det er mi ned
f r om t he exper i ment al  dat a i r r espect i ve of  t he
sel ect i on of  t he wor khar deni ng r ul e or  t he f or m
of  t he wor khar deni ng par amet er  H.  Thus i t  may
be ar gued t hat  [ D]  can onl y be uni quel y  

ep
det er mi ned pr ov i ded t he sel ect i on of  t he f or m 
of  H i s such,  t hat  i t  woul d l ead t o a yi el d 
sur f ace f  whi ch coi nc i des wi t h t hat  pl ast i c  
pot ent i al  sur f ace g det er mi ned f r om t he 
exper i ment al  dat a as pr ev i ous l y  not ed,

The t r i al  and er r or  met hod suggest ed i n t hi s 
paper  f or  t he det er mi nat i on of  t he 4 unknown 
f unct i on g,  f ,  H and A di r ect l y  f r om t he 
t est  dat a has been appl i ed f or  a sand sampl e of  
medi um densi t y  and a sampl e of  compact ed cl ay.  
Sat i s f ac t or y  agr eement  bet ween t he cal cul at ed 
and exper i ment al  r esul t s i s obt ai ned.
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