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SYNOPSIS

Herein an exact solution is derived for oedometer consolidation under a variety of continuous

loading procedures.
meters and preconsolidation pressure.

A rapid test procedure has been introduced,

tailor-made apparatus for CL-testing has been developed.
in such a manner that this ratio can be kept at a maximum

pore pressure and total pressure,
allowable level,
and plotting of results are computerized.

Typical results of CL-tests are presented and discussed in some detail.

for which the total testing time becomes minimum.

This lead to simple formulas for interpretation of required deformation para-

simply called the CL-test (continuous loading). A

A minicomputer controls the ratio between

Data acquisition, interpretation

In addition, the results

of several test series using different ratio of loading is presented and compared with more con-

ventional test procedures.
dation pressure and deformation parameters.

INTRODUCTION

Continuous loading consolidation tests (CL)

offer several advantages over conventional in-
cremental load tests (IL). First of all the
total time required for a CL-test is consider-
ably reduced. Secondly, results can be presented
directly as continuous stress-strain curves in
arithmetic plots, which enable a straight for-
ward interpretation. The smooth loading proce-
dure is also favourable from the viewpoint of
reduced sample disturbance.

Over the last decade a number of continuous load
ing procedures have been developed for oedometer
testing, such as constant rate of strain (CRS),
constant rate of loading and controlled gradient.
Perhaps the CRS-test is so far the most well-
known of the three.

In a pioneer test series Crawford (1964) used
continuous loading in which the rate of loading
was kept small enough to justify the neglection
of the pore water pressure. Thus, the effective
stress versus straln was readily obtained.
Although Crawford registered the pore pressure
in his samples, compressibility and permeability
were not determined, presumably due to the lack
of interpretation formulas.

Smith and Wahls (1969) developed approximate
interpretation formulas for CRS-tests based on
the observed pore water pressure at the imper-
vious sample base, and an assumed pore pressure
distribution throughout the sample. The pore
pressure at the sample base was up to 50% of the
applied total axial stress, thus permitting fast
tests.

Particular imphasize is given to the determination of the preconsoli-

Lowe et. al. (1969%) introduced the controlled
gradient consolidation test in which the rate
of deformation is continuously adjusted to keep
the base pore pressure constant. For such con-
ditions very simple interpretation formulas
were derived.

Wissa et. al. (1971) elaborated further on the
CRS-test, examining the transient period in
which the base pore pressure is adjusting itself
to imposed rate of deformation.

Aboshi et. al. (1970) performed tests under
constant rate of loading and derived the ade-
quate interpretation formulas.

In order to optimize the continuous loading
procedures it is necessary to abandon the re-
strictions imposed by either of the aforemen-
tioned procedures. Herein, it is shown that
this can be achieved after deriving accurate
solutions for the interpretation of the contin-
uous colidation problem, independent of the
type of continuous loading procedure which is
applied.

The influence of the rate of loading on the pre-
consolidation pressure is a question of vital
importance in CL-testing. Early tests by
Crawford (1964) revealed substantial increase

in po' with increased rate of loading. Less

significant effects were observed in a number of
IL-tests by Senneset (1978), and in IL- and CL-
tests by Ludvigsen (1978) and Senneset and
Ludvigsen (1979).

The extensive work by Bjerrum (1967, 1972) on
the nature of secondary consolidation and its
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dependence of stress history, indicates that
Pc' should not be considered as a single value,

but rather as a stress range over which the rate
of secondary consolidation gradually increases.
The reasons behind this observation will be
discussed in view of the results obtained herein.

THE NEW EQUIPMENT

A rational use of the advantages of continuous
loading procedures requires such sophisticated
equipment as a logging devices, a computer,
transducers, and plotting units.

Fig., 1 is a general view of our new oedometer
equipment for CL-testing. The oedometer sample
is of standard size (area 20 cmz, height 2 cm)
and is confined by a steel ring and a porous,
sintered bronze disc at the top. The base is
impervious, but contains a small porous filter-
stone with a pore pressure transducer beneath it,
The oedometer is placed in a rig containing an
electromechanical press and transducers to
record vertical load, displacement and pore
pressure.

The photo also give the layout of the control
unit box. This unit can monitor the following
recordings: Deformation of sample, load, pore
pressure and rate of deformation, all in engi-
neering units. The control unit is equipped for
direct connection to a Hewlett Packard minicom-
puter (HP 1000). The computer has the ability
to do measurements over a wide range, to scale
and linearize signals and to store the data in
specified data files. The datafiles may be
processed during or after the test to produce
test result diagrams on the x-y plotter (or at

a screen), and arrange test result tables on the
printer, without affecting the high priority
programs running towards ongoing tests for
process control and data acquisition.

A brief description of the oedometer equipment
with some spesifications is given below:

« The press unit and the rig are designed for
samples with different size.

*+ The DC-motor and the gear allow a range in
vertical movement from 0.0022 mm/min to
0.18 mm/min.

« The LVDT-transducer for measurement of de-~
formation has a capacity of ¥ 5 mm. The
transducer for pore pressure has a measuring
range of 0-103 kPa. The force transducer is
easy to shift to keep a proper measuring
range suited for the type of soil. Max.
load capacity is 20 kN. The present trans-
ducer has a range of 0 - 2.5 kN.

*» The control unit scale and monitor the
measured values in engineering units, and
is able to stop the test when preset
limitations are reached (max. load
deformation).

* The (false) deformations is the rig and
other parts of the oedometer, is corrected
for in the computer program.

or max

The computer carries out all interpretations of
the tests and produces the required diagrams.

THEORY FOR CL-TEST INTERPRETATION

It will be shown herein that a single set of
formulas can be used for interpretion of all
the available CL-test procedures. Thus, this
set of formulas represent a general synthesis
of all CL-procedures. Hence the specific
restrictions imposed by each seperate procedure
are overcome.

During CL-tests the following data are recorded
continuously, see Fig. 2.

q = applied load (vertical)

§ = sample compression
up, = pore pressure at impervious base.

Fig. 1.

A new oedometer for

continuous loading.
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Hence, the time derivatives of these quantities
are also known, and stored in the data acquisi-
tion system. These derivatives are denoted 4,

6 and U, respectively.

Load gq

Impervious base

Fig.2. CL-test.Principle and notations.

When these data are known, one can use the de-
fining equations for tangent modulus (M), per-

meability (k) and coefficient of consolidation
(cv) to arrive at the following interpretation

formuli (see Appendix):
JqH
M= aﬂﬂg (1)
Y H8
k = ¢, =——0 (2)
k 2ub
HZ
oy = ac & (3)
wherein H = initial sample height, and vy = 9gp,

= unit weight of water.

The dimensionless a- coefficients are all func-
tions of the ratio between ﬁb and 4, denoted X

= du

A o= b . b (4)
© dq

This pore pressure-load ratio (PLL-ratio) will
always range between 0 and 1.0. In an oedometer
the condition A = 0 covers a fully drained con-
dition, either due to sufficiently slow loading
or sufficiently high permeability, while A = 1
for a fully undrained and no volume-change con-
dition. The secret of successful CL-tests, and
the potentiality for reaching optimal efficiency
and economy with CL-tests, is to be found in
understanding the role of A in the subsequent
theory.

To arrive at the acoefficients, it is necessary
to obtain the pore pressure distribution over the
sample height, Fig. 2. In the Appendix it is
shown that for A = constant during a CL-test (or
portion of it) a rigorous solution of the diffe-
rential equation leads to the following pore
pressure distribution, in dimensionless terms,
when

f£,x) = u/up

. _cosha - coshatg
£48a1) cosha -1 (5)
where
(1-)) cosha =1 (6)

This numerical solution is illustrated in Fig. 3.
One should note that A = 0 for a = 0 and A =1
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for a = ». Moreover, one finds that

lim £(g,X) =1 - g2 (5a)
A0

lim £(£,X) = 1, except for £ = 1 (5b)
A+1

This means that the second degree parabola is a
rigorous solution for A = 0, as has already been
known for some time. The appromaximate solution
obtained by Tokheim and Janbu(1976) is fully

covered by the following pore pressure function

f(E,x) =1 -¢nP (7)

_ 4(3 - 2))
n= e T E (8)

It is seen that n = 2 for A = 0 exact while n =4
for A = 1. The limiting parabola (n = 4) for
A =1 is dotted in Fig. 3. for comparison.

1.0
3
N 0.5
I
. |
o |
: i
O
s Exact A=0.99999

e Xac 5

< solution A=0.99
B A=1.0
] wesennenss APPIOX.
© solution
oz

0

0 0.5 =

Pore pressure function f{£,A) w=i-
Fig.3. Distribution of excess pore pressure

across sample. Exact and approximate value.

With f£(£,)) known one can obtain the interpre-
tation coefficients a as follows, see Appendix

ay = 1 = Af£(E,0) a8 (9)
[

o == 2/£'(1,)) (10)

Qo = amak (11)

Using the exact solution, Egs. (5) and (6), one
gets

ay = tagh a (12)
- 2(cosha - 1)

ok a sinh a (13)

& = 2(cosha - 1) (14)

c a2cosh a

Using the established formula (1 - A) cosha =1

647
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all a-coefficients are calculated as functions of Effektive vertical stress o° or p (kPa)
A, and the result is shown in Fig. 3. - TR S T - VRSO VI ) S Y T —
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Fig.4. Parameter coefficients a versus
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With the approximate solution, Egs. (7) and (8),
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one also obtains the approximate a-values by Egs 10. —

(9)-(11). These values are dotted in Fig. 4. H \V——/ %
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So far a large number of CL-tests with X = con- 0.06
stant has been carried out on different types of
clay, see eg. Ludvigsen (1978).

Q

The most resent CL-test series were performed on

rate

o o

o o

n 2
el tanaalany

Risvollan Clay, which is characterized in broad - =
terms by the following data: a 5
w = 39-49% (45%) WL'wp = 12%% 0. 200. 4o00. B00. &00. 1p00.
= _ - + .
§ < 20 = 45-55% (49%) Su 40 kpaZ Fig.5. Test results of CL-test No.4 and 5
Y = 18 kN/m’ Sensitivity = 10% on Risvollan Clay with X=0.3.
where the average values are given in parenthesis.
It is an overconsolidated clay with a relatively nounced changes in deformation rate 8 required
large scatter in water content and undrained to keep A = 0.3 = constant.

strength, and it is layered.
The results of all 12 tests on Risvollan Clay are

For » = 0.3 the computer results of two CL-tests plotted together in Fig. 6. The A-value varied
are contained in Fig. 5, in wich e, M, Cyr and § between 0.2 and 0.5, and for each X three tests
are all shown versus effective vertical stress d were conducted. It is almost surprising to ob-
or p'. The following trend is quite clear: The serve the small scatter in €, M and cy consider-
preconsolidation pressure pc' is well identified ing the large variation in applied A and the sub-
in all four diagrams to be about 250 kPa, aa comr stantlal differences in water content between
pared to the presentoverburden of p ' = 105 kPa. the individual samples.

Moreover, the gradually increasing structural

breakdown between p,' and pc' is remarkably Fig. 7 contailns a comparison between two CRS-
clear in both resistance plots, M-¢g' and cy~¢'. tests on Risvollan Clay, where the two speeds

It is also very interesting to note the pro- applied are 0.6% versus 6% per hour. Broadly



speaking the M and cy variations are not affected
by the speed, and apparently the largest speed
is easler to handle and of course guicker and
less expensive, Even at 6% per hour the excess
pore pressure is small (X < 0.1).

FACTORS OF INFLUENCE

Each test has been interpreted for modulus num-
bers (m) and preconsolidation pressures (pg')

and these vital data are plotted versus the pore

Effective vertical stress o’or p’ (kPa)
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Fig.6. Test results of 12 CL-tests on
Risvollan Clay with A=constant
Range 1=0.,20-0.50.
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pressure ratios A in Figs. 8 and 9.

Fig. 8 contains the 12 CL-results from the Ris-
vollan Clay together with two CRS-tests at

§ = 0.6, and 6% per hour. It is seen that m
tends to descrease with increasing X while pg'

appears to increase slightly with increasing A.
As far as the absolute value of M is concerned
these are two compensating effects (the one kills
the other). For the two CRS-tests the tendency
is seemingly reversed.

Effective vertical stress og’or p (kPa)
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Fig.7. Test results of 2 CR§-tests on
Risvollan Clay with € =6,0% pr hour(1)
and 0.6% pr hour (2).
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Fig.8. Summary of test results for the

Risvollan Clay.

It is of particular interest to note that even
the rate of deformation of 6% per hour corre-

sponds to a low value of X < 0.15, even though
it is a relatively fat, impervious clay, with

ca. 50% clay fraction.

In Fig. 9 are plotted the results of a series of
CL-tests on Eberg Clay, together with a few CRS-
tests and the range of values obtained by diffe-
rent IL-tests.

This figure indicate almost constant m and Pc'

with A, although there is a very slight indica-
of a similar trend as in Fig. 8. The clay is
almost normally consolidated, ie. pc'~po'.

It is of particular interest to observe the close
coherence obtained for all the three types of
tests. The differences are actually too small

to warrent any relative evaluation. Hence, the
choice of test type may be a question of con-
venience and economy. The latter is highly de-
pendent on time.

The test duration is plotted versus A in Fig. 10
for all the tests on the Risvollan and the Eberg
clay. The figure shows the following general
trend:

In the overconsolidated Risvollan clay the test-
ing time 1s roughly half of that of the normally
consolidated Eberg clay, and for A = 0.35-0.60,
the full testing time is less than 1 hour for
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the OC-clay, and less than 2% hours for the NC-
clay. In contrast, the CRS-tests lasted from

9 to 40 hours. It should be noted, however,
that in our opinion the tendency today is to use
much too slow deformation rates in the tentative
standards of CRS-tests. 1In most clays a rate

of 5% to 1l0% per hour should be acceptable. An
exception may be the high-plastic clays with

w 2 100% in which case one may have to use about
1% to 2% per hour.

Fig. 11 is an idealized M-o' curve for in tact
OC-clays, based on the statistical average of
Fig. 6: During reloading in an oedometer M
increases up to in situoverburden p,', where-
after it stays fairly constant (at Moc)' Then

it decreases, due to structural breakdown which
continues until the preconsolidation pressure
Pc' is reached. Thereafter, in the normally
consolidated range, M increases linearly with
o', and it often points backwards to p,' as the
new virgin origin.

The stress range Ag' over which the structural
breakdown takes place varies with type of soil
and testing procedure. It is a very important
field for further research.

The value of Mgc = myc (p,'+a) where a = attrac-

tion (20 to 50% of Apc' = pc'-p,') reflects the

residual, isotropic in situ stress induced by
Apc'. The value of myc lies often in the
range of 30-60 for Norwegian clays.

The most pleasant finding so far seems to be
how little p.' is influenced by variations in
CL-testing techniques, even though the general
trend appears to be increased p.' with increased

8, especially for A > 0.35.
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Fig.11. Idealized M-o’curve for OC-clay.
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SUMMARY

Over the last 10 years CL-testing of different
types is slowly being implemented in various
parts of the world. Considering the large po-
tential gains at stake, it is surprising that
the use of CL-testing is progressing so slowly
both in practice and in research. Perhaps the
most important reasons are:

* uncertainties about the reliability of the
various available test procedures

* unknown background for test interpretations

+ lack of sufficiently advanced equipment and
data logging systems.

It is hoped that this article may help removing
the apparent obstacles against a more widespread
use of CL testing.

In this article the principle of CL-testing is
briefly reviewed, and a relatively new apparatus
for such testing is described. The apparatus

is highly automized, and the interpretation is
computerized so that the test results can be
presented in report-ready diagrams immediately
after the test is completed.

This development was rapidly advanced after Tok-
heim (1976) derived an accurate solution for the
CL-process for constant ratio between base
pore pressure and total load, herein called ).
This solution, together with initial tests dis-
closed that the deformation parameters obtained
were nearly independent of X below say 0.8. This
finding indicated that the testing time for
Norwegian clays could be reduced substantially,
say from 5 hours to less than one hour, with
little loss of accuracy.

Based on the results of -several series of CL-
tests on intact clays the following observations
are made (all diagrams referred to are arith-
metic plots):

- For one tube sample 12 tests with X = constant
(=0.2-0.3-0.4 and 0.5) were carried out and
all tests were plotted in the same diagrams.
These condenced plots showed a surprizing
consistency in parameter variations with
effective stress, independent of ).

- A comparison between CRS-tests of widely
different strain rate (0.6% versus 6% per
hour) indicate that the differences between
the obtained deformation parameters are so
small, (and unsystematic) that the very low-
speed CRS-tests may be just a waste of time.
It may at least be very difficult to find
a logic defense for it.

* The preconsolidation pressure may be de-

ducted from one or all of the following

rithmetic plots: e-¢' , M-¢', cv—o' and
-¢' , when \A=constant.
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In

For an overconsolidated clay (Risvollan)

the modulus versus effective stress curve
shows the following general trend (Fig. 11):
M increases up to Moc at p} with a negative

¢ —intercept (equals attraction, a). Then

M, stays fairly constant over ca. %Apé =

%(ph—p%), whereafter M rapidly decreases
towards ph due to structural breakdown.
After pb an almost linear increase in
M=m(¢' -p';) is observed (with a positive
stress intercept ~ po).

The parameter ¢, versus o' varies in a

manner similar to M-¢' (because Cy = Mk/er

and k is much less affected by o

and p'
than M) . €

The diagram 8-0' shows the following trend

(Fig. 6):

8 increases almost linearly with ¢ up to
pb after which stays fairly constant.

Hence, the preconsolidation pressure can
easily be determined.

Even in CRS-tests (where A varies, but is
often below 0.1) the u-¢' plot indicate a
change in variation around pb (see Fig. 7).

The magnitude of pE appears to be the same

both for CL- and CRS-testing if A < 0.35.
ever, when X is increased very much beyond
this value (say to 0.6) pb tends to increase
slowly.

How-

The magnitude of m is also unaffected by
variations in A < 0.3, while m may decrease
slightly with increasing A > 0.35.

conclusion, it is our considered opinion

that CL-testing is to be preferred to IL-test-
ing for several reasons, but mainly for quality
and reliability of test results, and for expedi-
ence and economy.
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APPENDIX: DERIVATIONS

Let the pore pressure distribution across the
sample be given by a function f so that

u = fub (A-1)
The average f-value (f) then becomes

- 1

f = {de (A=2)
where £ = z/H, see Fig. 1.

Hence the average effective stress across the
sample is

g = q—fub (A=-3)
By definition, the tangent modulus is
=o' _d(g-fuy)_ ; ;7,499
M= dc - "a(s/H) (1 Af)Hdd
abbreviated to the form
- dj: ELH -
M uMHdG GMs (A4)
Wherein ay = 1-Arf (A-5)
and A= %Eh = gh (A-6)
T q

By definition, the permeability k is defined by
the Darcy equation v = ki. At the pervious

boundary v = $ and i = -du/d(yy,2) for £ =1,
hence
_ _ yuHd o o Y8 _
k aE (D) - %k 2%, (a=7)
where ag = -2/£' (1) (A-8)

wherein f'(l) equals df/df for £ = 1.
From classical consolidation theory Cy = Mk/Yw-

When utilizing Egs. (A-4) and (A-7) one gets

2
Cy = Qg %%b (a-9)
where O = ayog (A-10)

From the above it is apparent that the three
a-coefficients are readily found when the pore
pressure distribution function f(f) is estab-
lished from the proper differential equation.

The continuity equation reads, see eg. Janbu

(1965, 67 and 69).
-3 (a-11)
The hydraulic gradient is defined as i = -Yl g
w
which gives the Darcy velocity
k du
= - 22 A-12
v Y, 3z ( )
: de _ de 3¢’
Reformulating 3t ~ 30" 3t
and observing that, by definitions,
= 30’ _ do' 30" _ 23 (goy)rt=g - 2
M=% “a +adge =3¢ @wW'=a-3

[+

N

c

pre



€ 1 Ju

one finds TN (g - Ty (A-13)
Egs. (A-11) to (A-13) yields

d_(k_3u|_1 (3u _ o -

3z [yw 3z M [at | (A-14)

For k being independent of z and using the
classical abbreviation

Mk

feo] = —

v (A-15)

the differential equation is reduced to

v 327 9

- g (A-16)

rie

When using the dimensionless variables

tc,,
£ = Z/H T = Hz— (A=-17)
3%u _ du _ gH?
one gets =7 = 75 - A-18
g 3E T ~ oy ( )
Introducing u = fub, £f = £(€,)) (A-19)
Yp _ dup
where A= "I—' = H (A—20)

the differential equation (A-18) is further
reduced to the following, for A = constant,

£ -2 f-1) =0 (A-21)
Qe

where £'" =32f/3¢% anda, is defined by Eq. (A-9)

Substituting F = Af - 1, 2X = a%a, (A-22)

Eq. (A-21) is transferred to F" -a2F= 0

with the solution F = Clsinhag + CzcoshaE

Hence f = % [1 + Clsinhag + CzcoshaE(A-23)

With the boundary conditions

£f=0 for £ =1
f'=0 for £ =0 (A=-24)
f =1 for € =0
one obtains
C1 =0, Czcosha = -1, (a-25)

(1L - M)cosha =1
which finally leads to the following pore
pressure distribution

f =Cosha - coshag
cosha -1

(A-26)

wherein (l-A)cosha = 1, hence £ = £(Z,\), Fig. 3

The average f and f'(1) are now obtained

7 - acosha - sinha
acosha - a i

' — _ asinha

£1(1) cosha -1

This average f as function of A is shown in
Fig. 12.
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Using Egs. (A-5), (A-8) and (A-10) together with

(A-26) one gets
alve tanh a al = 2(cosh a-1)
M a ' k a sinh a f
_ 2(cosha -1)
c a2cosh a

(A-27)
a

All a-values are now obtained as function of X
only by (1 - X\)cosha =1, Fig. 4.

In early 1970's our institute at NTH utilized
an approximate f-function of the parabolic form.
f=1-¢g" (a-28)

with n-values between 2 and 4.

Using Egs. (A-5), (A-8) and (A-10) one finds
very easily
=1 - B -
M = % T Tem*r %k T n’
(A-29)
ac = 201 - )

In 1975-76 Tokheim obtained an approximate,
boundary - correct solution by integrating the
differential equation (A-16) twice for an assumed
initial f-function (for n = 2) and assuming

A = const. This approximate solution read

£f=(1-£%(1 + cg?),
N (a-30)
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By inspection one sees that

A=0forCc=0, ie. £=1-¢E?, orn =2

A=1forc=1, ie. £f=1-E¢", orn-=4
From (A-30) one gets

£'(1) = -2(1 + C) = =2(6 - 4))/(6 - 5X)
leading to o = %E%% (A-31)
from Eq. (A-8). Equalizing this o with (A-29)
one finds

_ 403 - 2)) _
n= ey (A-32)

The approximate a-values are dotted in Fig. 4,
from which it is seen that the approximate
solution has been good enough for all practical
purposes, because so far we have used X < 0.7.
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