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SYNOPSIS A stress-strain relationship is presented that describes deformation and strength charac­
teristics of soil under the three-dimensional stress condition. Then, finite element analyses for 
bearing capacity and earth pressure problems are performed by using this relationship. These analyt­
ical results by the finite element method explain well various deformation and failure behaviors of 
soil foundations which have been well-known empirically.

INTRODUCTION

It is one of the most important problems for the 
finite element analyses of soil foundations to 
use a stress-strain relationship which expresses 
soil properties accurately. A stress-strain 
model has been developed on the basis of "Spatial 
Mobilized Plane(SMP)" where soil particles are 
most mobilized on the average under the three- 
dimensional stress condition(Matsuoka & Nakai, 
1974, 1977). In the present paper, a new stress- 
strain model is proposed by extending the previ­
ous model. The model is applied to the finite 
element analyses of soil-structure interaction 
problems and the analytical results are compared 
with those of stability analyses by the theory of 
plasticity.

STRESS-STRAIN RELATIONSHIP FOR SOIL UNDER THREE- 
DIMENSIONAL STRESS CONDITION

The total strain increments of soil {de} are con­
sidered to be expressed as the summation of the

plastic strain increments due to shear {des}(the 
strain increments caused by the change of stress 
ratio), the plastic strain increments due to con­

solidation {decJ(the strain increments caused by 
the change of mean principal stress) and the

elastic strain increments {de0 }.

{de}= {des} + {dec}+{de0} (1)

Plastic strain increments due to shear {des}

The former stress-strain model has been derived 
on the idea that unique relationships hold among 
the shear-normal stress ratio on the SMP(TSMp/

a„.._) and the normal and shear strain increments 
SMP

on the SMP(deSMp and dYSMp)(Matsuoka & Nakai,

1974, 1977). Here, new amounts of "strain incre­
ments" on the SMPide*^ and ^Ygj^p) , which denote

the normal and parallel components of the princi­
pal strain increment vector to the SMP, are in­
troduced because the average sliding direction

of soil particles coincides with the direction
of the principal strain increment vector. By
using these new amounts de* _ and dYi,m  instead

SMP SMP
of de..m  and dv„WT,, a new stress-strain rela- 

SMP SMP * s
tionship under shear is derived. Now, deSMp and

★  g

dySMp ^ue to shear are given by the following 

equations in the same manner as the former ones.

dySMP={Y*/(U’*-P*) }•exp { (X -y*)/(y'*-y*) }-dX 

5G*-dX (2)

deSMP={(U *-X)/X*}-dY^ E E * - d X  (3)

where X represents TsMp/asMP' and :''s 9-'-ven as

follows, using the first, second and third effec­
tive stress invariants(J^, Jj and J^):

X= TSMP/aSMP=J(Jr J2-9J3)/9J3 (4)

Of the soil parameters(X* , y*, y'* and y*) in

Eqs.(2) and (3), \*, y* and y'* can be consid­
ered to be nearly constant for a given sample.
On the other hand, y * is considered to be a

function of mean principal stress a , and is

empirically expressed as follows:

^ =YSi+Cd,1°5lO(CTm/ami) (5)

If it is assumed that the direction of plastic 
principal strain increments coincides with that 
of principal stresses and the direction of ^Yg^p

that of the shear stress on the SMP T„w_, the
SMP

direction cosines of dei„„_ and dy* are express-
SMP SMP

ed as follows respectively:

ai=Jj 3/lai’j2) li=1' 2 ' 3) (6)
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bi={(0i"0SMP)/TSMP}‘ai (i=1' 2 ' 3) (7)

g

Accordingly, the principal strain increments de^ 

can be given by the following equations.

dei=ai'dEs^p+bi*dY^

=(ai •E*+bi•G*)-dX

=A. • dX l (i=l, 2, 3)

{de^}= {A.} - dX

( 8 )

(9)

Then, performing the total differentiation of Eq. 
(4), dX is represented by using the general 
stress increments {da}.

dX= { 3 X/3a}T - {do}={a}T -{da} (10)

Therefore, the general strain increments due to

shear {deS} can be expressed as follows by using 
the matrix [T] which transforms the principal

strain increments {de?} into the general strain

increments {de } :

{de }=[T]•{dei}=[T]•{A^}•{a} -{da} (11)

Plastic strain increments due to consolidation 

_{def}_

Upon the consideration about anisotropic consol­
idation tests, the plastic principal strain in­

crements due to consolidation de? are assumed to 

be divisible into the components under isotropic

and the components due to
'i(iso)

dilatancy under anisotropic consolidation

deC , . de"?,. , are determined from the e- 
l(dil) i(iso)

^°910am relati°nsh;iLP under isotropic consolida- 
c

tion. de'T.,.,, are expressed by the following 
1 (QliJ ^

"strain increments" (de_.,_ and dY0.„.) in the same
SMP SMP

manner as under shear.

dySMP=0•434KC’ [exp{(X-y*)/ (y’*-y*)}-exp{-p*/ 

(y,*-p*)}].(dam/ain)

=GA•do 
 ̂ m

de^p={(u*-X)/X*}-dY^^-dan

( 1 2 )

(13)

Accordingly, the principal strain increments de^ 
are given as follows:

dEi=dEi(iso)+d£i(dil)

= 0_-j3_4. C?;Cs .dgm+a .d *c +b..dy*c
3 (1+e a i SMP i YSMP

o m

= (0.4 34 c s + .E*+b .G*).do
3 (1+e )ct i 2 i 2' m

=B.*da 
l m (1=1, 2, 3)

or {de . }= {B . } *da
i l m

(14)

(15)

where C is the compression index, C the swel- 
c s

ling index and e the initial void ratio. da 
o m

is represented as follows by using the general
stress increments {da}:

dam=[l/3, 1/3, 1/3, 0, 0, 0] • {da} = {b}T * {da} (16)

Therefore, the general strain increments due to 

consolidation {dec} can be given in the same man­

ner as {deS} in Eq. (11) .

{dec}= [T] • {de?}=[T]- {Bi}- {b}T . {da} (17)

Elastic strain increments {de6}

The elastic strain increments are given by the 
incremental stress-strain relationship for an 
isotropic elastic material.

{dee}=[Del 1-{da} (18)

In Eq.(18), the tangential bulk modulus Kg is 

determined by the swelling index Cs , and Pois- 

son1s ratio v is obtained from the measured un­

loading stress-strain relationship in a shear 
test.

By substituting Eqs. (11) , (17) and (18) into Eq. 
(1), a stress-strain relationship in the general

coordinate system can be derived. {des} is con­

sidered to be 0 in the case of dX^O, and {dec}
is considered to be 0 in the case of da <0. Bynt=-
the wav, the coefficient K in Ea.(12) is deter-

c
mined by using the Kq value and the soil para­

meters on condition that this relationship sat­
isfies the K -consolidation condition,

o

The failure criterion employed in the finite 
element analyses is represented by TSj,Ip/asMP=

const, or •J2/J3=const.(Matsuoka & Nakai,

1974, 1977). Fig.l shows this criterion in 
terms of the relationship between the internal 
friction angle <(> and b= / (a1~a 3) .

Fig. 1 
Failure Criterion 
Based on SMP

(comp.)

b= °~2~a~3 
°i- a-3

(ext.)
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It has been proved by true triaxial tests on a 
sand that this criterion explains well the 
strength of soil under three principal stresses.

to a certain value between 0.3 and 0.4 as the 
stress level increases. Such analytical results 
correspond with the experimental results by Lade 
and Duncan(1973).

ANALYSES OF SOIL ELEMENT TESTS

The validity of the proposed stress-strain model 
is discussed here by analyzing various kinds of 
soil element tests. The soil parameters of the 
medium dense Toyoura sand (eo=iO . 6 8) used in the

finite element analyses are shown in Table I, 
which can be determined from constant mean prin­
cipal stress tests and consolidation tests under 
triaxial compression. Fig.2 compares the com­
puted stress-strain curves with the measured 
values by triaxial compression and triaxial ex­
tension tests under a constant mean principal 
stress. Fig.3 shows the comparison of computed 
values with measured values of triaxial compres­
sion and triaxial extension tests under constant 
principal stress ratios(REa^/a^) in terms of the

volumetric strain e^-log^gC^ relationship. It

is seen from Fig.3 that the computed results 
explain well the measured dilatancy behaviors of 
soil under anisotropic consolidation. Figs.4 and
5 represent the computed results under plane 
strain condition with respect to the

relationship and the b-o^/a^ relationship respec­

tively. It is clear from Fig.5 that the analyt­
ical results of b are different depending on the 
stress paths at low stress level, but converge

ANALYSES OF SOIL-FOOTING INTERACTION

The finite element analyses are performed for 
the case that a uniform strip load is imposed 
on a model foundation under plane strain condi­
tion. The loading surface is assumed to be 
smooth, and the initial stresses in the founda­
tion are calculated as K =0.45 and the unit

3 °
weight y=15.5kN/m . Fig.6 shows the computed 
distribution of local factors of safety in the 
foundation at the stage close to failure (load-

2
ing pressure q=13,034kN/m ). The factor of 
safety F.S. is defined as F .S .=(TSMp/aSMp)f/

(TSMP/aSMP)' where (TSMP/aSMP>f «presents the 
shear-normal stress ratio on the SMP at failure. 
It seems interesting that the zone where local 
factors of safety are relatively low corresponds 
to the slip surface obtained by the Terzaghi's 
bearing capacity theory. Such realistic results 
are not obtained without consideration of soil 
dilatancy under both shear and consolidation.
On the other hand, the Terzaghi's ultimate bear-

2
ing loads estimated as 41=400 are qu=3,500kN/m

2
(with smooth surface) and 7,000kN/m (with rough 
surface). The reason why the computed value 
exceeds the above ultimate values might be that

0^ = 392kN/m;

—  □ comp.
—  ■ ext .

comp. 

g  r =  1 
□ R = 2 
A R = 3 
v  R= «

Fig.3 Volumetric Strain vs. Mean Principal Stress 
Relationships by Consolidation Tests

Table I 
Soil Parameters for 
Toyoura Sand Used in
Analyses

Cc/t1+Go) I96«hW

Computed Variations of 
b-value under Plane Strain 
Condition

Fig.4 Computed Stress-Strain Curves Fig. 5 
under Plane Strain Condition
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the stress-strain relationship and failure cri­

terion considering the effect of the intermediate 
principal stress are employed in these analyses.

ANALYSES OF SOIL-RETAINING WALL INTERACTION

Figs.7 and 8 represent the computed distributions 
of local factors of safety in the backhill behind 
the retaining wall at the active and passive 
states respectively. The pattern of wall deflec­

tion and the wall displacement d are indicated in 
each figure. It is seen from these figures that 
the zones of lower factors of safety are distrib­
uted along the slip surfaces, represented by the 
broken lines, according to the active and passive 
Coulomb's earth pressure theory. The computed 
variation of the coefficient of earth pressure 
K with wall displacement is shown in Fig.9, where 
the broken lines with dots indicate the values 
calculated by the Coulomb's theory as $=40°.
The computed results show that only little dis­
placement is required to develop the active state, 
but very large displacement is required to devel­
op the passive state, as has been suggested by 
many experimental evidences.

CONCLUSIONS

The results may be summarized as follows:
1) The general stress-strain model for soil has

been derived by introducing the concept of
new amounts of "strain increments" on the
SMP(de* „ and dy* . This model has ac- 

SMP SMP
counted for deformation and strength charac­
teristics of soil elements under the three- 
dimensional stress condition.

2) By using this stress-strain model, the finite 
element analyses have been carried out for 
the bearing capacity and earth pressure prob­
lems. The computed results have explained 
well various deformation and failure behav­
iors of soil foundations.

The proposed method of finite element analysis 
will be also applicable to practical soil engi­
neering problems.
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Fig.6 Computed Distribution of Local Factors of 
Safetv under Uniform Strip Load

cl =1 3 cm

£
o
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Fig.7 Computed Distribution of Local Factors of 
Safetv at Active Earth Pressure State

d = 56 cm

Fig.8 Computed Distribution of Local Factors of 
Safety at Passive Earth Pressure State
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Fig.9 Computed Variation of Earth Pressure 
Coefficient with Wall Displacement
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