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J. V A L E R IO

SYNOPSIS . A  simplified method to resolve the problems originated by horizon tal static and dynamic loads

on piles are described. The purpose of this method is estimate the horizontal displacement at the head and the maxi

m u m  bending m o m e n d  in a simple pile or in a pile group. Basically, the analytical model used is a prismatic beam 

fixed at an un know depth. Several rules for determine this point are recommended.

I N T R O D U C T I O N

This present study tries to solve the problem of the 

practical calculus of piled foundations when they are 

subjected to horizontal loads situated on the surface of 

the soil or above it. That is to say, an endeavour has 

been made to dispose of a simple system of analysis 

which makes it possible to determine two of the most 

significant values that define the behaviour of a pile in 

the practical design: the horizontal displacement at the 

head and its m a x i m u m  bending moment.

With this purpose a simplified method was developed to 

resolve the problem originated by horizontal static loads, 

in service state (far from failure). The mentioned m e 

thod has been widely used in Spain for the design of sin

gle piles and pile groups under static loads. Recently, 

the above method has been elaborated to resolve the case 

of dynamic loads. In this paper both cases are presented 

together with its most recent adjustments.

This simplified method is based on an analytical system 

which is described in the following pages.

BASIS O F  T H E  P R O P O S E D  SIMPLIFIED M E T H O D

Of the methods of calculus currently used to determine 

the stresses and deformations in a pile group subjected 

to horizontal static or dynamic loads, those based on the 

elastic theories are the ones -with all its limitations- 

that result more correct in order to analyze pile groups. 

Therefore, in this study it has been supposed that the 

soil is an elastic, homogeneous and isotropic half-space.

Due to the fact that the static problem is a particular 

case of the dynamic problem, only the dynamic question 

will be considered.

The study of the free length of the pile (fig. la, AB) has 
been substituted by that of the prismatic and elastic 

beam, in which the bending moment, M^,is a function of 

the coordinate z, of the external actions H  and M, of the 

inertia forces, Q, and of the loads of structural damping, 

R.

The pile (fig. 1. b) -considered as a prismatic beam- is 

found subjected to the exterior loads and to the reactions

of the soil (O'), while the soil is submitted by these sa

m e  reactions with inverse signs. The effects of inertia 

and damping of the soil-pile system have been represen

ted by means of additional forces in each segment of the 

pile: Q  and R  respectively. The problem is resolved by 

supposing that the horizontal displacements of the soil 

are the same as the ones of the pile.

M (t )
H (t ) u

: cr+Q + R

a ) PILE LOADS b ) SO IL- PILE INTERACTION

Theoretical analysis 

Mf

Fig. 1.
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• D/2

M f = 0 ( G \  R, Q)

To find the horizontal displacements of the soil it is ne

cessary to integrate the MINDLIN solution into the middle 

plane of the pile. This solution corresponds to the case 

of concentrated force on an elastic half-space and para-
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llel to the surface of the half-space and in the kernell K  

of the second of the above equations is introduced; Ep. Ip 

is the bending stiffness of the pile. Also, is necessary 

to considere the equilibrium and compatibility conditions.

With the intention of arriving to useful solutions for prac

tice, and since an arbitrary function can be expressed as 

the sum of harmonic functions, it has been supposed that 

the external loads applied are of senoidal form (dynamic 

case). It is necessary for to resort the above equations 

to use numerical methods (Oteo, 1972; Valerio, 1978).

The analysis of a pile group introduces, regarding the 

study of the single pile, two problems: the "group 

effect" and the one of "restriction" which the heads of 

the piles suffer when united by a cap.

The analyze the "group effect" the technique used has 

been to undertake the study of any group from the princi

ple of superposition and according to the results obtained 

in the resolution of the six elemental cases: transversals, 

longitudinals and diagonals, depending on the position of 

the piles, symmetrical and antisymmetrical, accoding 

to the position of the horizontal loads. (Oteo, 1972; V a 
lerio, 1978).

Once the theoretical problem is solved in the indicate 

way, with the help of a computer, it is possible to calcu

late any desired case. But to simplify, the method des

cribed in the following pages has been developed. Essen

tially, it is based on substituting the pile or pile groups 

for an equivalent prismatic beam, fixed at an unknown 

depth. This beam is subjected at the head to the same 

loads as the pile, and it has the same bending stiffness. 

The depth of the fixed point is determined in such a way 

that the beam and the pile embedded at the elastic half- 

- space have equal deformations at the head.

With this system bending moments and displacements 

can be calculated in a rapid way, only by using formula

tions derived from the Strength of Materials, as shown 

as follows.

SIMPLIFIED M E T H O D  F O R  T H E  ANALYSIS O F  PILES 

U N D E R  H O R I Z O N T A L  STATIC L O A D S

As previously indicated, the single pile is similar to a 

beam or prismatic beam, of analogous mechanical cha

racteristics, fixed at a certain depth under the surface 

of the soil (fig. 2). To determine the position of the fic

ticious fixed point the criterion of equivalence in defor

mation between the pile and the beam has been followed.

For homogeneous soil, namely, that in which the m o d u 

lus of deformationof the soil, E s, is constant with the 

depth (the same as the transversal modulus, G), it is 

possible to take (Oteo, 1973)

Al 

ius on the surface and m  the gradient of variation.

L ' = L 2 L  =1,2
I r

(2)

where Lg is the elastic length of the soil-pile system. 

This case corresponds to non-overc onsolidated cohesive 

materials.

In the case of non-homogeneous soil, the value of L ‘has 

been determined, based on the theoretical solutions de

veloped by Banerjee and Davies (1978), Defining the 

ground by the variation of the modulus of deformation 

with the depth: E  = E 0 * m  Z, in which E q is the modu-

Fig 2.

2 3 4 5 6 7

g/L^ FREE LENGTH/ELASTIC LENGTH) 

Reduction factor of the m a x i m u m  bending m o 
ment

To simplify, it is possible to take the parameter "de

gree of heterogeneity", X, relation between E 0 and the 

modulus at the head of the pile, Ej^, as reference:

L l = L 2 f \4/ e p ip

/  E l / 3

= 1. 2 f L
eL (3)

X =
o

e l

1 . 70 (X = 0. 0) 

f = 1 . 25 (X = 0, 5)

1, 00 (X = 1. 0)

If the pile has a free length, £, the total length of the 

equivalent beam will be: L1 rp = t + L 1 and the displace

ments, Y h , and rotations, 0pj, at the head, subjected 

to a load H  and withhinged head, will be:

H. (L’x ) g H  . (L't )2

3E_ I„ 2E_. I_
(4)

The real m a x i m u m  moment can be obtained supposing 

that it is the one that appears at the ficticious fixed 
point. However, it should be affected by a reduction fac

tor, m, since the equivalence has been established in 

displacement and not in stresses. That is to say:

M„__„ = m  iii ax H (Hinged head) (5)

In the fig. 2, the value of m  obtained from the theoreti

cal solution has been represented (dotted line). In the 

same figure actual measurements have been represented 

which indicate values of m  larger than the theoretical 

ones. Therefore another law of m  similar to the theore

tical one has been drawn (unbroken line), but with larger 

values, which is the recommended one. In this way the 

irregularities of the soil, its non-elasticily, etc, , are 

tried to be taken into account.

In the fig. 3, the value of the m a x i m u m  moment recom
mended is compared with the ones obtained according to 

different theories, for the case of £ = 0. This m a x i m u m  

moment has been drawn according to the length of the 

pile referring to the elastic length, which is, in our opi

nion, the most representative of the parameters of the 

problem. For the usual piles in practice (2,5 < L/Le<5) 

the influence of the variation of the length is insignifi

cant; the different theoretical values being similar enough 

to the theoretical ones of Oteo (1972). The recommended 

value comes out to be larger for the reasons already co

mmented.
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Fig- 3. - Variation of m a x i m u m  bending moment with 

pile length

The group effect can be taken into account by a similar 

procedure. The pile behaves as if the equivalent ficti

cious fixed point were found situated at a greater depth 

than the one estimated for the single pile. That is:

g
= l* , a, (6)

L' g being the depth of the equivalent fixed point for a pile 

group, L1 being the one obtained in the case of a single 

pile and o( t̂he factor of the group effect.

Considering the average characteristics of the problem 

(L/Le of 2, 5 to 5 and D/Le « 0, 3), has been determi

ned, according to the type of group and the relative spa

cing between axis of the piles (S/Le). The parameter 

has been represented in fig. 4. It is possible in this way 

to easily determine the displacement, Ypjg, of a pile 

group:

H (E+  L* ' 3

Hg 3E„ I_
(Hinged head) (7)

P "P

The m a x i m u m  bending moment of a pile group can be 

taken as the one of a single pile, with equal load at the 

head, enlarged in 10%.

SIMPLIFIED M E T H O D  F O R  D Y N A M I C  L O A D S

In this case the aim of the approximate method is to es

timate, with ease, the order of magnitude of the natural 

frequencies and of the amplification factors of bending 

moment and deformations of a pile foundation submitted 

to horizontal dynamic loads, with senoidal variation and 

m a x i m u m  value H Q.

The calculus of the natural frequencies can be done c o m 

paring the pile to a beam and using the formula of free 

lateral vibration of prismatic beams (Valerio, 1978):

P =  , . J S , >2 \ l  (8)
2 /t(L') M

in which p is the natural frequency in c. p. s. ; M  is the 

mass per unit of length of the equivalent beam; and JB a 

parameter which depends on the type of restriction at the 

head; its value is: 1, 875 for "hinged heads with transla

tion", and 2, 365 for "fixed heads with translation". As 

the value of the total length of the equivalent beam L' ̂  - 

= t + L! ̂  will be taken, L 1 ̂  being the depth of the equiva

lent fixed point.

The value of L'^ can be deduced from the fig. 5. In itL1̂  

has been represented for single piles and group of four 

piles, with different restrictions at the head. The term 
’’hinged head" implies liberty of rotation and horizontal 

displacement without limitation. The term fixed head in

dicates incapacity of rotation and horizontal displace

ment without restriction.

RELATIVE SPACING , S/ Le 

Fig 4. - Group effect for static loads

FREE LENGTH, l / L e

Fig. 5. - Equivalent fixation depth for the natural frecuen- 
cy determination
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If the foundation doesn't have free length (I = 0), then it 

is necessary to estimate frequencies of an order supe

rior to the fundamental one. For that, the same formula 

(8) is used. However, in this case, the values of L fd 

must be deduced from the fig. 6, according to whether a 

sinele pile or a square group of four piles are involved, 
2.5

0.5

HINGED HEAD 

• FIXED HEAD 

HINGED HEAD 

FIXED HEAD

S.p.

n a t u r a l

FRECUENCY
1 st. 2 nd 3rd  4 t h

-Fig. 6. - Length of equivalent beam for fully embedded piles

For estimate the m a x i m u m  stresses and deformations 

produced in forced vibrations, also is necessary to w h e 

ther ithas free length or not must be taken into account.

For piles fully embedded, the approximate method is an 

extension of the recommendations given in the previous 

part of the paper for the static case: It is understood that 

the piles have a ficticious fixed point at a certain depth, 

Ly. But it must be taken into account that the m a x i m u m  

displacements at the head (Xj_j m a x ) are produced in the 

first or second frequency (p| or P2), while the bending 

moments (Mm a x ) and the rotation at the head ( max) 

are originated in the third or fourth natural (p^ or p^).

For the same reasons as in the static case it is necessa

ry to correct the value of the m a x i m u m  moment calcula

ted in the ficticious fixed point. In the dynamic case the 

factor m  is substituted by another Kjyj that enlarges 

M m a x  = H q . L 1 y  . Kjyj. This factor is a function of 

the damping factor, ^ in which it is the relation bet

ween the damping of the soil-pile system and the critical 

of the relation L y / L e, of the type of restriction, etc. If 

the pile is fully embedded, the values of K]vi and of L1 y/ 

/ L e, which are shown below, can be taken.

KM

0, 05 

0, 10 
0, 15

1, 85 

1, 29 
1, 05

L'v/Le

2, 70

1, 94 

1 ,59

for both single piles and groups of four piles hinged at 

the head. For the group with fixed head the m a x i m u m  

moment can be taken as 28% less than the case of the 

hinged head.

If the foundation for piles has free length, the pile is 

substituted by the beam that vibrates laterally. The a m 

plification factor, , of the beam, to find both the m o 

ments and the displacements, can be approximated by 

the one of the systems with one degree of freedom. The

refore, it can be written that:

i (9)

where jfeq equivalent damping factor of the beam.

Its value can be deduced from the figure 7. In it eq 

takes the same value to find the m a x i m u m  displacement 

at the head as to calculate the m a x i m u m  bending moment 

(the real difference is of i 5%).

Fig. 7, - Equivalent damping factor for piled foundations

To calculate the displacements and moments of the beam, 

embedded at the depth L  ̂  (the same as the one that was 

determined when the natural frequencies were found) it 

is sufficient to apply the amplification factor, £  , to the 

obtained values as in only a static load equal to H 0 acted.
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