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u .  h o l z l O h n e r  B u n d e s a n s ta l t  f u r  M a t e r ia l p r i i f u n g ,  B e r l in  ( W e s t ) ,  G e r m a n y

SYNOPSI S I t  i s shown how we can c al c ul at e t he ef f ec t  of  t he soi l  on t he v i br at i ons  of
bui l di ngs  ec onomi c al l y .  Ex ampl es  i l l us t r at e t he met hod.

I NTRODUCTI ON

Bui l di ngs  ar e l oaded dy nami c al l y  ei t her  by  
appl i ed f or ces  or  by  soi l  v i br at i ons  due t o ear t h ­
quak es ,  t r af f i c  or  adj ac ent  v i br at i ng bui l di ngs .  
The pr oper t i es  of  t he soi l  af f ec t  t he behav i our  
of  t he bui l di ngs .  I n i nt er ac t i on anal y s es ,  t he 
soi l  i s mos t l y  model l ed as an el as t i c  body.

THEORETI CAL BASI S

The anal y s i s  us ed her e i s bas ed on s ol ut i ons  
f or  t he d i s pl ac ement s  due t o poi nt  sour ces .
Such s ol ut i ons  ex i s t  f or  t he v er t i c al  f or ce 
ac t i ng on a homogeneous  hal f - s pac e ( Hol z l ohner ,  
1980) .  The v er t i c al  di s pl ac ement  w i s

w = f  (F, j >)  e 1Wt  ( 1)

wher e 0,  C- , and r  r es pec t i v e l y ,  denot e f or ce ampl ­
i t ude,  s hear  modul us  and di s t anc e f r or '  t he l oad.  
The f ac t or  e ‘ " ^  shov' s t hat  w i s a per i odi c  
pr oc es s  wi t h t he f r equenc y  03.  The f unc t i on 
f ( r , i * ) .  Fi g.  1,  des c r i bes  t he behav i our  of  t he 
hal f - s pac e.  I t _depends  on Po i s s on' s  r at i o and 
t he par amet er  r  =  r  • cj  V y /G  wher e p  i s t he mas s  
dens i t y .

Sol ut i ons  f or  di s pl ac ement s  due t o poi nt  sour ces  
of  t he f or m ( 1)  can be used t o c al c ul at e ec onom­
i c al l y  t he di s pl ac ement s  due t o di s t r i but ed l oads.  
By v i r t ue of  t he r ec i pr oc i t y  t heor ems ,  t he 
di s pl ac ement  wp of  a s ur f ace poi nt  P due t o a 
s ur f ac e s t r ess  q( x , y)  ac t i ng on t he ar ea A,  Fi g . 2,  
c an be c al c ul at ed by

wp = j j w1 ( x , y ) q( x , y ) dx dy  ( 2)

(A)

Her e,  vi1 i s t he di s pl ac ement  due t o t he f or ce 
0 = 1 .  I f  poi nt  P l i es  wi t hi n t he ar ea A,  w# 
has  a s i mpl e pol e,  see Eq . ( 1) .  Ther ef or e,  some 
aut hor s  ( Wong and L u c o , 1976,  Ki t amur a and 
Sakur ai ,  1979)  s uppos ed di f f i c ul t i es  wi t h t he 
appl i c at i on of  poi nt  s our c e sol ut i ons .  However ,  
i f  we use pol ar  c oor di nat es  wi t h t he pos i t i on of  
t he pol e as or i gi n,  t he s i ngul ar i t y  v ani s hes

( Hol z l ohner ,  1980) ,  and we can eas i l y  ev al uat e 
t he i nt egr al  ( 2) .

Fi g.  1 Ver t i c al  s ur f ac e di s pl ac ement  due t o a 
v er t i c al  c onc ent r at ed l oad,  = 1/ 3

Fi g.  2 Cal c ul at i on of  t he di s pl ac ement  due t o 
di s t r i but ed l oads  by  us i ng t he poi nt  
s our c e s ol ut i on
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The met hod of  gener at i ng d i s pl ac ement s  due t o 
s t r es s es  by  us i ng poi nt  s our c e s ol ut i ons  and 
i nt egr at i ng Eq . ( 2)  can al s o be appl i ed t o ot her  
c omponent s  of  di s pl ac ement s ,  t o ot her  s y s t ems  
and i f  t he poi nt  s our c e s ol ut i on has  been 
obt ai ned by  a f i ni t e el ement  anal y s i s  or  even 
by  meas ur ement s .

I NTERACTI ON ANALYSI S

We can c al c ul at e t he di s pl ac ement s  due t o : 
ar bi t r ar i l y  di s t r i but ed s ur f ac e s t r es s es  by  
Eq . ( 2) .  Howev er ,  t he s t r ess  v ar i at i on i n t he 
c ont ac t  ar ea of  v i br at i ng bui l d i ngs  i s unknown.  
I t  has  t o be det er mi ned such t hat  t he pr oduc ed 
di s pl ac ement s  ar e c ompat i bl e wi t h t he c ompl i anc e 
of  t he bui l di ngs .  Thi s  i s us ual l y  done by  s ub ­
d i v i di ng t he c ont ac t  ar ea i nt o smal l  r ec t ang ­
u l ar  s ub- r egi ons .  Wi t h i n eac h s ub- r egi on,  t he 
s t r es s  i s as s umed t o be c ons t ant .  ( Wong and 
Luco,  1976,  Sav i di s  and Ri c ht er ,  1977) .  We can 
c al c ul at e t he s ur f ac e di s pl ac ement s  due t o a 
uni f or ml y  l oaded s ub- r egi on ec onomi c al l y  by  
ev al uat i ng Eq . ( 2)  f or  q = c ons t ant .  The v al ues  
of  f  need not  be c al c ul at ed eac h t i me but  can 
be i nt er pol at ed f r om a set  of  v al ues  t hat  i s 
c al c ul at ed bef or e.  Thi s  met hod c ons umes  l ess  
c omput er  t i me t han t he di r ec t  c al c ul at i on of  
t he d i s pl ac ement s  due t o a di s t r i but ed l oad.

Ti l l  now,  a p i ec ewi s e c ons t ant  f unc t i on has 
appr ox i mat ed t he s t r es s  v ar i at i on on t he c on ­
t ac t  ar ea.  Al t er nat i v el y ,  c ont i nuous  f unc t i ons  
may  be c hos en i f  poi nt  s our c e s ol ut i ons  ar e 
appl i ed.  Ev al uat i ng Eq.  ( 2)  by  Gaus s i an 
quadr at ur e,  we can f or mul at e a s y s t em of  
equat i ons  f or  t he s t r es s es  at  t he i nt egr at i on 
poi nt s  i ns t ead of  t he s t r es s es  at  t he sub-  
r egi ons .  I n t hi s  paper ,  however ,  I  appl y  a s ome ­
what  d i f f er ent  met hod.  No s y s t em of  equat i ons  
i s es t abl i s hed,  but  t he c ont ac t  s t r es s  i s f ound 
by  i t er at i ons .  At  f i r s t ,  a dy nami c  c ont ac t  
s t r es s  d i s t r i but i on i s es t i mat ed.  The pr oduc ed 
di s pl ac ement s  wi l l  gener al l y  not  s at i s f y  t he 
c ompat i b i l i t y  c ondi t i on s uf f i c i ent l y .  Fr om t he 
dev i at i ons ,  a c or r ec t i v e s t r es s  f i el d i s 
gener at ed.  The di s pl ac ement s  due t o t he or i gi nal  
and t he c or r ec t i v e s t r es s  wi l l  f i t  t he c ompat i b ­
i l i t y  c ondi t i on bet t er .  The pr oc es s  i s r epeat ed 
i f  nec es s ar y .  Thi s  met hod can be appl i ed t o one 
or  s ev er al  bui l d i ngs  on t he soi l .

TABLE I

St at i c  c ompl i anc es  by  appr ox i mat i ons  of  t he 
s t r es s  v ar i at i on by  pi ec ewi s e c ons t ant  ( 1)  and 
by  c ont i nuous  f unc t i ons  ( 2)  n = number  of  sub-  
r egi ons  or  i nt egr at i on poi nt s ,  r es pec t i v el y .

n

CQ

1 2

D

1

M

2

16 0. 157 0. 149 0. 209 0. 176
36 - 0. 147 - 0. 170
64 0. 151 0. 147 0. 182 0. 167

100 - 0. 147 - 0. 168
256 0. 148 - 0. 171 -

To c ompar e di f f er ent  appr ox i mat i ons  of  t he 
s t r es s  v ar i at i on we l oad a r i gi d f oundat i on 
wi t h  s quar e c ont ac t  ar ea of  s i de 2a i n t wo ways :  
by  a v er t i c al  s y mmet r i c  f or ce Q and by  a r oc k ­
i ng moment  M.  Tabl e I  shows  t he s t at i c  v er t i c al
c ompl i anc e C = G • a 
r oc k i ng c ompl i anc e DM

W/ Q and t he s t at i c  
W/ M f or

c ompl ex  ampl i t udes .  Es pec i a l l y  i n t he case of  
r ock i ng,  muc h mor e s ub- r egi ons  t han i nt egr at i on 
poi nt s  ar e nec es s ar y  f or  a gi v en degr ee of  
ac c u r ac y .

APPLI CATI ONS

Two mas s l es s  r i gi d f oundat i ons  of  s i des  2a ar e 
c ons i der ed.  Thei r  c ent er  poi nt s  hav e a di s t anc e 
of  d f r om one anot her ,  see Fi g.  3.  Ei t her  a 
v er t i c al  f or ce Q or  a r oc k i ng moment  My  ac t s  at  
f oundat i on 1.  Foundat i on 2 i s not  l oaded d i r ec t ­
l y.  The l oad pr oduc es  t he v er t i c al  d i s pl ac ement s  
Wj  and Wt  and t he angl es  of  r ot at i on and . 
The c ompl i anc es  ar e def i ned by

C°  = GaW. , / 0

= G a ^ / Q

M 2
C., = Ga Wj / M

M 3
D.  = Ga of ,  / M

1

= GaW2/ Q 

D°  = Ga2( *2/ Q

CM 
2

(3)

Ga W2/ M

D“  = Ga c* 2 / M

The s uper s c r i pt  Q or  M,  r es pec t i v el y ,  i ndi c at es  
t he ac t ual  l oad case.  I n al l  exampl es ,  )> i s 
equal  t o 1/ 3.  The s hear  s t r es s es  on t he c ont ac t  
ar eas  have been as s umed t o be zer o.

Fi g.  3 Compl i anc es  of  a s y s t em of  t wo 
f oundat i ons ,  V = 1/ 3.

Q &
Fi g.  3 shows  t he compl i ances  C< and C2 as f unc ­
t i ons  of  a 0 = a co l o / G, wher e a = 1 and d = 3.  
Fi g.  4 i nc l udes  [ Rf |  t hat  r epr es ent s  t he r eac ­
t i on of  t he unl oaded f oundat i on t o t he l oaded 
one.  The c ompl i anc e D® i ndi c at es  t hat  a bui l di ng 
f ounded on t he ar ea 1 and l oaded by  a v er t i c al  
s y mmet r i c  f or ce al so mov es  i n a r oc k i ng mode 
ev en i f  t he mas s  of  t he adj ac ent  r i gi d unl oaded 
bui l di ng i s zer o.

Nor mal l y ,  bot h bui l di ngs  hav e some mass.  Then,  
i ner t i a f or ces  ac t  al s o i n t he c ont ac t  ar ea of  
t he " unl oaded"  bui l di ng.  I f  t he mas s es  of  t he 
t wo bui l d i ngs  ar e of  equal  or der  i t  i s r eas on ­
abl e t o c ompar e t he quant i t i es  D® and D® as has 
been done i n Fi g.  4.  The f ac t  t hat  | D® | i s 
onl y  about  10 % t o 20 % of  | Dt | l eads  t o a 
s i mpl i f i ed i nt er ac t i on anal y s i s  whi c h I  cal l  
" anal y s i s  wi t hout  r eac t i on" .

1/ 3,  Pt  i s t he angl e of  r ot at i on.  W and 0( ar e

2 28
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by
and

■i
f  f er

I  c ons i der  now t wo sys t ems:  One s y s t em c ons i s t s  
of  f oundat i on 1 al one.  I t  i s us ed t o c al c ul at e 
c f  and t he f r ee- f i el d v i br at i ons  i n t he c ont ac t  
ar ea 2.  We c al c ul at e c j  and D® wi t h t he s ec ond 
s y s t em t hat  c ons i s t s  onl y  of  f oundat i on 2 ex c i t ed 

t he f r ee- f i el d mot i on.  The c ompl i anc es  C® ,
D* c al c ul at ed wi t hout  r eac t i on har dl y  di f  

f r om t he c or r es pondi ng " exac t "  quant i t i es .  The 
onl y  r el ev ant  di f f er enc e shows  up i n Df , whi c h 
i s equal  t o z er o i n t he anal y s i s  wi t hout  r eac t i on.  
As  | D®|  i s onl y  s mal l  c ompar ed t o | Dj |  we 
c onc l ude t hat  t he i nt er ac t i on anal y s i s  wi t hout  
r eac t i on can be appl i ed even f or  a smal l  d i s t anc e 
bet ween t he t wo f oundat i ons .  The i nv es t i gat i on 
of  t wo f oundat i ons ,  one bei ng l oaded by  a moment
M-

Y '
l eads  t o t he same conc l us i on.

We can f ur t her  s i mpl i f y  t he anal y s i s  by  r epl ac ­
i ng t he di s pl ac ement  quant i t i es  Wj  and i n 
Eq s . ( 3)  by  av er ages  of  t he f r ee- f i el d d i s p l ac e ­
ment s  Wf  i n t he ar ea 
f oundat i on .

A2 of  t he unl oaded

W = 
2 JJ

J J  W^ x d x d y

Wf d x d y
(A2 )

' ( A . JJ x ^ d x d y

( 4)

( a 2 )

Now,  t he k i nemat i c  c ondi t i on of  t he r i gi d c on ­
t ac t  ar ea 2 i s no l onger  s at i s f i ed.  I  cal l  t hi s  
met hod " anal y s i s  by  aver agi ng" .  I t  has  been 
s ugges t ed as a s i mpl e met hod i n ear t hquak e 
anal y s es  ( Hol z l ohner ,  1972,  Sc anl an,  1976) .  The 
same pr obl em of  t wo i nt er ac t i ng f oundat i ons  i s 
t r eat ed by  t he anal y s i s  by  aver agi ng.  Fi g.  4 
shows  t he c ompl i anc es  C2 and D® c al c ul at ed by  
av er agi ng i n c ompar i c on t o Ct  and D® t hat  have 
been obt ai ned by  t he ex ac t  anal ys i s .  Up t o 
ae = 2,  t he c ompar ed quant i t i es  ar e s i mi l ar .  
Bey ond t hi s ,  onl y  t he or der  of  magni t ude can be 
pr ov i ded by  aver agi ng.  The gov er ni ng quant i t y  
appear s  t o be t he max i mum phas e di f f er enc es  of  
t he f r ee- f i el d d i s pl ac ement s  wi t h i n t he ar ea 2 
whi c h i s about  270 degr ees  f or  ac = 2.  Of  cour se,  
t hes e r es ul t s  ar e v al i d onl y  i n t he case of  
v i br at i ons  i nduc ed by  v er t i c al  f or ces.

Fi g.  4 Ver t i c al  ( C)  and r oc k i ng ( D)  c ompl i anc es  
by  t he ex ac t  anal y s i s  ( f ul l  l i nes)  and 
by  av er agi ng ( dashed l i nes) ,  5?= 1/ 3.

By  appl y i ng t he anal y s i s  by  av er agi ng,  we can 
c al c ul at e t he dependenc e of  t he c ompl i anc es  on 
t he di s t anc e of  t he t wo f oundat i on wi t hout  muc h 
ef f or t .  At  f i r s t ,  we c al c ul at e t he s ur f ac e 
v i br at i ons  due t o t he ex c i t ed r i gi d f oundat i on 1.  
Then,  we  av er age t he di s pl ac ement  wi t h i n s ev er al  
c ont ac t  ar eas  t hat  hav e di f f er ent  di s t anc es  f r om 
t he ex c i t ed_f oundat i on . Fi g.  shows  abov e t he 
c ompl i anc e C® nor mal i z ed t o Cf  f or  di s t anc es  
d = 2, 3, 4, 5,  and 6.  For  c ompar i s on,  t he nor mal ­
i zed ampl i t ude of  t he f r ee- f i el d di s pl ac ement  

* W® i s i nc l uded i n Fi g. _5.  The r at i o of  t he 
abs ol ut e v al ues  l * c f \  = I c f l /  | C®( r emai ns  about  
20 % bel ow t he c or r es pondi ng v al ues  of  t he f r ee-  
f i el d di s pl ac ement .  Thi s  i s due t o t he phas e 
di f f er enc e wi t h i n t he c ont ac t  ar ea,  whi c h i s 
about  2. 5 = 14 5°  ( Fi g.  5) .  The ar gument  of  
near l y  c oi nc i des  wi t h t hat  of  t he f r ee- f i el d 
di s pl ac ement  i n t he c ent er  poi nt  of  c ont ac t  
ar ea 2 .

c or r es pondi ng f r ee- f i el d di s pl ac ement s  
v er s us  di s t anc e.  V =  1/ 3,  a 0 = 1 .

Fi g.  5 i nc l udes  t he ot her  c ompl i anc es  of  t wo 
i nt er ac t i ng f oundat i ons .  A di r ec t  c ompar i s on 
wi t h f r ee- f i e l d di s pl ac ement s  i s hel pf ul  onl y  
wi t h one ot her  c ompl i anc e , _name] . y C? . The 
pr es ent ed c ompl i anc es  C2 , d / , C* ,  D*  
es s ent i a l l y  hav e t he same v al ues  as t hos e of  
t he c or r es pondi ng quant i t i es  c al c ul at ed by  t he 
ex ac t  anal ys i s .
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VI BRATI ONS RADI ATI NG FROM POI NT SOURCES AND 

FROM RI GI D LOADED AREAS.

An ex ac t  i nt er ac t i on anal y s i s  c ons umes  muc h 
t i me.  I t  woul d be des i r abl e,  t her ef or e,  t o 
pr es ent  obt ai ned r es ul t s  such t hat  we can sol ve 
pr ac t i c al  pr obl ems  wi t hout  muc h addi t i onal  
c al c ul at i on.  For  t hi s  scope,  i t  i s us ef ul  t o 
c ompar e t he v i br at i ons  pr oduc ed by  a v er t i c al  
poi nt  s our c e t o t hos e pr oduc ed by  a v er t i c al l y  
ex c i t ed r i gi d f oundat i on.

Eq . ( 1)  y i el ds
Q_
G

f  ( r ) ( 5)

wher e i s t he c ompl ex  di s pl ac ement  ampl i t ude 
due t o a poi nt  sour ce.  The di s pl ac ement  Wp 
pr oduc ed by  an ex c i t ed f oundat i on has  t he f or m

ao>
Q__ r  , r
G r  a g a ' ao>

( 6)

We obt ai n t he r at i o k of  t he t wo di s pl ac ement s  
by  Eqs.  ( 5)  and ( 6)  :

= = 2  L  
WQ f  a

(7)

c al c ul at e t he pr oduc ed v i br at i ons  by  aver agi ng.

Fi g.  6 shows  an i mpor t ant  f act .  As  Wg does  not  
depend on t he l engt hs  of  t he f oundat i on and | k|  
i s al mos t  c ons t ant  f or  x / a >  2,  t he r adi at ed 
ener gy  of  a v i br at i ng f oundat i on onl y  depends  
on a0 . For  a gi v en f or ce ampl i t ude Q t hat  
ent er s  t he soi l  wi t h a f i xed f r equenc y  o> , we 
c an r educ e v i br at i on r adi at i on by  i nc r eas i ng a,  
whi c h means  i nc r eas i ng aQ.

CONCLUSI ONS

The us e of  poi nt  s our c e s ol ut i ons  saves  c omput er  
t i me c ompar ed t o ot her  i nt er ac t i on ana l y s es . The 
s t r es s  v ar i at i on i n t he c ont ac t  ar ea s houl d 
r at her  be des c r i bed by  c ont i nuous  f unc t i ons  t han 
by  pi ec ewi s e c ons t ant  f unc t i ons .  Some ex ampl es  
s how t hat  t he i nt er ac t i on anal y s i s  may  be 
s i mpl i f i ed wi t hout  muc h l oss  of  accur acy .  By 
c ompar i ng t he v i br at i ons  t hat  r adi at e f r om a 
poi nt  s our c e and f r om a r i gi d f oundat i on we can 
pr es ent  t he r es ul t s  i n a f or m t hat  i s us ef ul  
f or  appl i c at i ons .
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579- 587.

Fi g.  6 shows  | k|  v er s us  x / a o r / a  f or  d i f f er ent  
a0 . The f ac t  t hat  t he c ur ves  di s pl ay  hor i z ont al  
t angent s  f or  x / a- ^ ^ l et s  us  c onc l ude t hat  t he 
v i br at i ons  r adi at e f r om bot h k i nds  of  s our ces  
s i mi l ar l y .  For  l ar ger  v al ues  of  a„  , however ,  
c ons i der abl y  l ess  ener gy  r adi at es  f r om t he 
f oundat i on t han f r om t he poi nt  sour ce.  Eqs.  ( 6)  
and ( 3)  s how t hat  t he c ompl i anc es  Cj  and c £  ar e 
quant i t i es  of  t he same t y pe as g.  The v al ues  of  
I k|  f or  x / a = 1,  Fi g.  6,  ar e i dent i c al  t o | C*| ,  
t he abs ol ut e v al ue of  t he c ompl i anc e of  t he 
ex c i t ed f oundat i on.

Fr om Fi gs .  1 and 6,  we can r ead t he abs ol ut e 
v al ue of  t he f r ee- f i e l d d i s pl ac ement  due t o a 
v er t i c al l y  ex c i t ed f oundat i on.  The ar gument  i s 
not  so i mpor t ant .  For  x / a >  2 we can use ar g f  
of  Fi g.  1 f or  ar g g.  The f r ee- f i el d d i s p l ac e ­
ment  ex c i t es  ar bi t r ar y  f oundat i ons .  We can
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