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M a c h in e  F o u n d a tio n s  on  La ye re d  S o il D e p o s its
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T . K A G A W A  M cC lelland Engineers, Inc., H ouston, Texas, U .S.A.

L .M . K R A F T , J R .

SYNOPSI S A par amet r i c  s t udy  was  c ar r i ed out  t o i nv es t i gat e t he s i gni f i c anc e of  soi l
l ay er i ng on t he v er t i c al  v i br at i on of  c i r cul ar  mac hi ne f oundat i ons .  The soi l  depos i t  was  
i deal i zed by  a t wo- l ay er ed s y s t em i n whi c h t he bot t om l ayer  was t r eat ed as a hal f - space.
Res ul t s  of  t he par amet r i c  s t udy  wer e i l l us t r at ed gr aphi c al l y  i n t er ms  of  mas s  r at i o ver sus  
f r equenc y  r at i o at  max i mum magni f i c at i on and mass  r at i o v er s us  max i mum magni f i c at i on f or  
i mmedi at e use.  The ef f ec t s  of  soi l  l ay er i ng on wav e at t enuat i on wer e al s o exami ned.

A s i mpl e anal y t i c  model  was  t hen dev el oped t o appr ox i mat e t he behav i or  of  v er t i c al  r es pons e of
mac hi ne f oundat i ons  on l ayer ed soi l  depos i t s .  To ev al uat e t he met hod,  a mac hi ne f oundat i on was  
anal y z ed by  t he s i mpl i f i ed model .  The r es ul t s  c ompar ed f av or abl y  wi t h t hos e f r om a mor e 
ex pens i v e dy nami c  f i ni t e el ement  met hod.

I NTRODUCTI ON

Ver t i c al  v i br at i ons  of  mac hi ne f oundat i ons  
r es t i ng on r el at i v el y  uni f or m soi l  depos i t s  
us ual l y  can be anal y z ed s at i s f ac t or i l y  by 
t he el as t i c  hal f - s pac e sol ut i on.  Soi l  
depos i t s ,  however ,  ar e of t en s t r at i f i ed t o 
a degr ee wher e t he hal f - s pac e s ol ut i on i s 
i nval i d.  Av ai l abl e par amet er  s t udi es  on 
t he v er t i c al  v i br at i on of  mac hi ne f ounda ­
t i ons  on l ay er ed soi l s  ar e l i mi t ed,  as t hey  
do not  cover  t he r anges  i n oper at i ng 
f r equenc i es  or  r at i os  of  l ayer  t hi c k nes s es  
t o f oot i ng wi dt hs  t hat  ar e of t en enc oun ­
t er ed i n pr ac t i c e ( Luco,  1976;  Kuhl emey er ,  
1969;  and Gaz et as  and Roesset ,  1979) .  The 
maj or  obj ec t i v es  of  t hi s  s t udy  wer e t o 
pr ov i de i mpr oved i ns i ght  i nt o t he v er t i c al  
behav i or  of  mac hi ne f oundat i ons  on l ayer ed 
depos i t s  and t o dev el op a s i mpl i f i ed des i gn 
pr oc edur e f or  such soi l  condi t i ons .

The soi l  depos i t  f or  t hi s  s t udy  c ons i s t ed 
of  a r el at i v el y  t hi n sof t  s ur f ac e l ayer  
under l ai n by  muc h s t i f f er  mat er i al s  whos e 
pr oper t i es  v ar i ed wi t h dept h,  Fi g.  1.
Suc h a soi l  depos i t  was  i deal i zed by  a 
t wo- l ay er ed syst em,  and a par amet r i c  s t udy  
was  made t o det er mi ne t he i nf l uence t hat  
t he r el at i v e s t i f f nes s  of  t he t wo l ayer s,  
t he r at i o of  t he s ur f ac e l ayer  t hi c k nes s  t o 
f oot i ng wi dt h,  2r  , and t he oper at i ng 
f r equency ,  u>, had on t he f oot i ng r esponse.  
The ef f ec t s  of  soi l  l ay er i ng on wav e 
at t enuat i on wer e al so exami ned.  A s i mpl e 
anal y t i c  model  was  t hen dev el oped t o 
pr ov i de a c onv eni ent  and ec onomi c al  means  
t o pr edi c t  t he v er t i c al  r es pons e c har ac t er ­
i s t i cs  of  mac hi ne f oundat i ons  on l ayer ed 
soi l  depos i t s .

ANALYSI S PROCEDURE

As has  been demons t r at ed by  pr ev i ous  
s t udi es  and ex er c i s ed by  many  i nv es t i ­

gat or s ,  f oot i ng r es pons e can be s t udi ed by 
f i r s t  obt ai ni ng di s pl ac ement  f unc t i ons  f or  
a mas s l es s  f oot i ng and t hen s ol v i ng an 
equat i on of  mot i on wi t h t he f oot i ng mass.
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F i g . 1 
Anal y t i c  Model

0 1.0  2.0 

FREQUENCY RATIO. a0 = O)t0 /  Vs

Fi g.  2 
Foot i ng Res pons e

For  a homogeneous  el as t i c  hal f - space,  
Ly s mer  and Ri c har t  ( 1966)  hav e s hown t hat  
t he f oot i ng r es pons e can be c har ac t er i z ed 
by  t he f r equenc y  r at i o,  a = ur  / V , and

t he mas s  r at i o,  Bz = ( 1- v ) m/ 4pr Q m i s t he

mass  of  t he f oot i ng.  Thes e par amet er s ,  
however ,  ar e not  c onv eni ent  f or  a t wo-  
l ayer ed syst em.  Ty pi c al  ef f ec t s  of  soi l  
l ay er i ng on f oot i ng r es pons e ar e i l l us t r a ­
t ed f or  a c i r c ul ar  f oot i ng on a homoge ­
neous  l ayer  wi t h t hi c k nes s  H under l ai n by  
a r i gi d hal f  space.  Fi g.  2.  The f i r s t  
peaks  occur  near  t he l owes t  r es onanc e of  
t he s ur f ac e soi l  l ayer  i n i t s v er t i c al  
mode,  and t he f ol l owi ng peaks  ar e 
as s oc i at ed wi t h t hos e of  t he hal f - s pac e 
sol ut i on.  Fi g.  2 shows  al so t hat  t he
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f i r s t  peaks  domi nat e t he f oot i ng r es pons e 
f or  t hi c k nes s  r at i os ,  H/ 2r Q, l ess  t han

about  3,  whi c h i s of  our  pr es ent  i nt er es t .  
Thi s  s ugges t s  t hat  t he ' r esonance'  phenomena 
of  t he f oot i ng on a t wo- l ay er ed s y s t em can be 
mor e c onv eni ent l y  r el at ed t o t he r es onanc e of  
t he s ur f ac e soi l  l ayer  t han by  t he 
f r equenc y  r at i o aQ.

Ther ef or e,  t he f r equenc y  was nor mal i z ed by  
t he l owes t  r es onanc e f r equenc y  of  t he s ur f ac e 
soi l  l ayer  i n i t s v er t i c al  mode,  and t he mass  
r at i o was  r edef i ned ac c or di ngl y  as

a = 2w H/ ! 7V

P ( 1)  

Bz = ( 1- v ) 2772m/  ( 8 ( 1- 2 v ) pr QH2a)

wher e V i s t he P- wav e vel oc i t y ,  v i s t he 
P

Poi s s on' s  r at i o,  and p i s t he mas 3 dens i t y  of  
t he s ur f ac e l ayer ;  and a i s t he r at i o of  t he 
s t at i c  s pr i ng c ons t ant  f or  a t wo- l ay er ed 
s y s t em and a homogeneous  hal f - space.

Di s pl ac ement  f unc t i ons  f or  t wo- l ay er ed 
sy s t ems  wer e obt ai ned us i ng an ax i s y mmet r i c  
dy nami c  f i ni t e el ement  met hod dev el oped by 
Waas  ( 1972) .  The met hod r equi r es  a r i gi d 
f i xed base and f i ne v er t i c al  mes hes  at  hi gh 
f r equenc i es .  The r i gi d base t ends  t o 
ov er es t i mat e t he s pr i ng c ons t ant  and 
under es t i mat e t he r adi at i on dampi ng.  The 
ef f ec t s  of  t he r i gi d bas e on f oot i ng r es pons e 
wer e r emov ed by  ex t endi ng t he f i ni t e el ement  
s y s t em t o a dept h wher e t he soi l  def or mat i ons  
due t o a s t at i c  l oadi ng and t he Ray l ei gh wav e 
pr opagat i on ar e negl i gi bl e.

RESULTS OF A PARAMETER STUDY

I n t he pr es ent  anal y t i c  model  i nv ol v i ng t wo
l i near l y  el as t i c  l ayer s ,  f oot i ng r es pons e i s
af f ec t ed pr i mar i l y  by  t he t hi c k nes s  r at i o,
H/ 2r  , and t he r el at i v e s t i f f nes s  of  t he

o
t wo l ayer s ,  Ĝ / Ĝ .  The Poi s s on' s  r at i o of

t he t wo l ayer s  was  as s umed 0. 35,  and t he 
mat er i a l  dampi ng of  t he upper  and l ower  
l ay er s  wer e assumed,  r espec t i v el y ,  2 and 1 
per c ent  t hr oughout  t hi s  s t udy.

St at i c  s pr i ng c ons t ant s  of  r i gi d c i r cul ar  
f oot i ngs  on t wo- l ay er ed s y s t ems  ar e 
s ummar i z ed i n Fi g.  3;  t he s pr i ng cons t ant .

Fi g.  3 St at i c  Spr i ng Cons t ant s

Kv , i s nor mal i z ed by  t he s pr i ng cons t ant ,

Kvoo -  4Ĝ r Q/ ( 1 - v ^ ) .  For  t hi c k nes s  r at i os

l ess t han 1 t he s t i f f nes s  of  t he l ower  
l ayer  has  a l ar ge ef f ec t  on t he v er t i c al  
s pr i ng cons t ant ,  and t he l ay er i ng ef f ec t s  
ar e ex pec t ed t o be l ar ge on f oot i ng 
r es pons e .

Res pons es  of  a f oot i ng wi t h v ar i ous  magni -  
t udes  o f ma s s e s  r es t i ng on t wo- l ay er ed 
s y s t ems  wer e obt ai ned.  The f r equenc y  r at i o 
at  t he max i mum magni f i c at i on and t he 
max i mum magni f i c at i on f or  r ot at i ng- mas s  
ex c i t at i ons  ar e s hown i n Fi gs.  4 and 5.  
Thes e f i gur es  i nc l ude al so t he homogeneous  
hal f - s pac e s ol ut i on = G- ^) -

Due t o t he c ur r ent  def i ni t i ons  of  t he f r e ­
quenc y  r at i o and t he mass  r at i o i n Eq . ( 1) ,  
t he hal f - s pac e s ol ut i on i s not  uni que and 
depends  on t he v al ue of  H.

Fi g.  4 Foot i ng Res pons e

Fi g.  5 Foot i ng Res pons e

Maj or  c har ac t er i s t i c s  of  t he f oot i ng 
r es pons e i n a t wo- l ay er ed s y s t em i nc l ude:
( 1)  Lay er i ng has a l ar ge ef f ec t  on t he 
f r equenc y  r at i o at  t he max i mum magn i f i ­
c at i on f or  s mal l  mass  r at i os ,  and t he 
f r equenc y  r at i o at  t he max i mum mag ­
n i f i c at i on i n a t wo- l ay er ed s y s t em 
appr oac hes  t he hal f - s pac e s ol ut i on when
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t he mas s  r at i o bec omes  l ar ge.  ( 2)  When G2/ Ĝ

ex c eeds  20,  t he f oot i ng behav i or  bec omes  
s i mi l ar  t o t hat  of  t he case i n whi c h t he 
l ower  l ayer  i s i nf i ni t el y  s t i f f .  ( 3)  The 
f r equenc y  r at i o at  t he max i mum magni f i c at i on 
f or  a t wo- l ay er ed s y s t em i s gener al l y  l ess 
t han t hat  of  t he hal f - s pac e sol ut i on.
( 4)  The max i mum magni f i c at i on c annot  be 
c or r ec t l y  pr edi c t ed f r om t he hal f - s pac e 
t heor y  ev en f or  a v er y  l ar ge mas s  r at i o,  
al t hough t he hal f - s pac e s ol ut i on may  y i el d a 
r eas onabl e pr edi c t i on of  t he f r equenc y  r at i o 
at  t he max i mum magni f i c at i on.  Ther ef or e,  t he 
l ay er i ng ef f ec t s  ar e not  nec es s ar i l y  l i mi t ed 
t o s mal l  mas s  r at i os .

Wav e at t enuat i on equat i on wi t h bot h geomet -  
r i c al  and mat er i al  dampi ng was  pr opos ed f or  
r e l at i v el y  uni f or m soi l  depos i t s  by  Bor ni t z  
( 1931)  as

—  = y  —  exp [ - 7( r - r Q) ]

o

( 2)

wher e z and z Q r epr esent ,  r es pec t i v el y ,  t he

v er t i c al  d i s pl ac ement s  of  t he gr ound s ur f ac e 
at  di s t anc es  r  and r Q f r om t he ax i s  of  s y s t em

s ymmet r y ,  and y i s t he c oef f i c i ent  of  
at t enuat i on.  Bas ed on some ex per i ment al  
dat a,  Ri char t ,  Hal l ,  and Woods  ( 1970)  
s ugges t ed a t y pi c al  r ange of  y v al ues  t o be 
bet ween 0. 006 and 0. 08 ( 1/ f t ) ,  or  0. 0197 and
0. 262 ( 1/ m) .

Maj or  obs er v at i ons  f r om t he wav e at t enuat i on 
i n t wo- l ay er ed s y s t ems  i nc l ude:  ( 1)  Wav e 
at t enuat i on i s s l ower  f or  s mal l er  G^ / G^

val ues .  ( 2)  Eq . ( 2)  wi t h t he s ugges t ed y 
v al ues  f or ms  gener al l y  t he l ower  and upper  
bounds  of  t he r esul t s  of  t wo- l ay er ed cases.
( 3)  The r at e of  wav e at t enuat i on c hanges  
wi t h di s t anc e f r om a f oot i ng.  At  l ow 
f r equenc i es ,  t hi s  br eak  poi nt  i s l oc at ed at  
an r / r Q v al ue r angi ng f r om 1 t o 2. 5.  Mos t

wav e modes  s eem t o at t enuat e bef or e t he br eak  
poi nt ,  and a Ray l ei gh wav e mode domi nat es  
af t er  t he br eak  poi nt .  ( 4)  At  l ow f r equen ­
c i es,  t he Ray l ei gh wav e at t enuat i on i s s l ow.  
The c ont r i but i on of  t he Ray l ei gh wav e i n t he 
wav e at t enuat i on at  l ow f r equenc i es ,  however ,  
i s smal l .  Ther ef or e,  t he ef f ec t i v e wav e 
at t enuat i on at  l ow f r equenc i es  i s l ar ger  t han 
t hat  at  hi gher  f r equenc i es .

Thes e r es ul t s  i ndi cat e t hat  a c ons er v at i v e 
wav e at t enuat i on f i el d of  a t wo- l ay er ed 
s y s t em i s pr ov i ded by  Eq . ( 2)  wi t h > “ 0. 006 
( 1/ f t ) , or  0. 0197 ( 1/ m) .

SI MPLI FI ED MODEL

A s i mpl e damped os c i l l at or  anal og has  been 
dev el oped by  Ly s mer  and Ri c har t  ( 1966)  f or  
t he v er t i c al  v i br at i on of  a c i r c ul ar  f oot i ng 
on a homogeneous  el as t i c  hal f - s pac e.  A 
s i mi l ar  model  was  dev el oped her e t o appr ox i ­
mat e c l os el y  t he f oot i ng behav i or  on a 
t wo- l ay er ed syst em.  Two k ey  el ement s  wer e 
c ons i der ed i n c ons t r uc t i ng a s i mpl i f i ed 
model :  ( 1)  The ef f ec t i v e soi l  r es i s t anc e t o a

f oot i ng dec r eas es  r api dl y  aa t he ex c i t at i on 
f r equenc y  appr oac hes  t he l owes t  r es onanc e 
of  t he s ur f ac e l ayer .  ( 2)  The dampi ng i n 
t he s y s t em i s v er y  smal l  at  s mal l  f r equenc y  
r a t i os .

Ac c or di ng t o t he s i mpl i f i ed model ,  an 
equat i on of  mot i on of  a f oot i ng i s gi v en as

, 2 c.  a K .
( m + m ) + 1 °  v + k  K z -  f ( t )

d t 2 W g( Bz)  dt

( 3)

wher e f ( t )  i s an ex c i t i ng f or c e t hat  can 
v ar y  ar bi t r ar i l y  wi t h t i me,  m̂  r epr es ent s

a v i r t ual  mass,  c^  and k^  ar e cons t ant s ,

and g( Bz ) i s used t o appr ox i mat e t he

dampi ng c har ac t er i s t i c s  of  a t wo- l ay er ed

sys t em.  For  s i mpl i c i t y ,  t he f unc t i on g ( Bz )

i s as s umed as

g ( Bz ) -  ( Bz /  ( 4)

and k^  i s as s umed uni t y  t o guar ant ee a

c or r ec t  s t at i c  f oot i ng s et t l ement .  Thus,  
t he s i mpl i f i ed model  i nv ol ves  t hr ee 

- '*
par amet er s ,  Bz ( = mas s  r at i o f or  m̂ ) ,  c^,

and /?, t hat  mus t  be s el ec t ed t o appr ox i mat e 
c l os el y  t he f oot i ng r es pons e on a t wo-  
l ay er ed s y s t em obt ai ned i n t he par amet r i c  
s t udy.  Par amet er  v al ues  i n t he s i mpl i f i ed 
model  wer e det er mi ned us i ng t he f i ni t e 
el ement  r es ul t s  and ar e s ummar i z ed i n 
F i g . 6 .

- 0.6 (J

0 0.5 10  

THICKNESS RATIO. 

M/2r.

SOIL TYPE MATERIAL PROPERTIES

SAND
V , = 725 tps . p =  0.0036 kips-sec2/ f t  

V=  0.35 . 0  = 1%

SANDY

LIMESTONE

V , = 6000 (ps . P= 0.0053 kips-sec2/ f t  

v  = 0.35 , 0= 0 .5 %

V j = 4500 fps . P= 0.0047 kips-sec2/ f t  

V = 0 .3 5  . 0= 0 .5 %

CARBONATE

-SANDSTONE

Vs = 6000 fps . P= 0.0047 kips-sec2 / f t  

V= 0.35 . 0=0 .5%

V , = 3300 fps . P = 0 0047 kips-sec2/ f t  

V -  0.35 . 0=0.5%

" d e n s e

WEAKLY 

-CEMENTED 

SILTY FINE 

SAND

V , = 2500 fps . P  - 0 0043 kips-sec2/ f t  

»>= 0.35 . 0  = 0 5%

Fi g.  6 
Si mpl i f i ed Model  

Par amet er s

A CASE STUDY

Fi g.  7 
Case St udy  

Soi l  Pr of i l e

To demons t r at e t he s i gni f i c anc e of  l ay er i ng 
and t he appl i c abi l i t y  of  t he s i mpl i f i ed
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model  t o a r eal  pr obl em i nv ol v i ng mul t i p l e 
l ayer s ,  t he behav i or  of  a l ar ge c ent r i f ugal  
c ompr es s or  uni t  was  anal y z ed.  The s i t e 
c ons i s t ed of  a 10- f t  ( 3. 05- m)  sand l ayer  
under l ai n by  sof t  r oc k  t o t he t er mi nal  dept h 
of  t he bor i ngs .  Fi g.  7.  A s t r ong 
di s c ont i nu i t y  of  wav e v el oc i t i es  ex i s t ed 
bet ween t he s ur f ac e sand l ayer  and t he 
under l y i ng s andy  l i mes t one.  Oper at i ng 
f r equenc y  of  t he c ompr es s or  uni t  was  144 Hz.  
An equi v al ent  r adi us  of  t he f oot i ng was  about  
20 f t  ( 6. 1 m) , and t he mas s  of  t he

2
f oundat i on uni t  was  51. 06 k i ps - s ec  / f t

2
( 760 k g- s ec  / cm) .  A f i ni t e el ement  anal y s i s  
was  f i r s t  per f or med f or  t hr ee di f f er ent  
embedment  dept hs ;  10 f t ( 3. 05 m) ,
8 f t ( 2. 44 m) , and 6 f t ( 1. 83 m) . The s i de 
c ont ac t  bet ween t he f oundat i on and t he sand 
l ayer  was  negl ec t ed.

Res pons es  of  t he f oot i ng wi t h t he t hr ee 
di f f er ent  embedment  dept hs  ar e s hown i n 
Fi g.  8.  The f r equenc i es  of  t he f ul l  
embedment  case ar e nor mal i z ed by  t he l owes t  
r es onanc e f r equenc y  of  t he sand l ayer  f or  t he 
6- f t  ( 1. 83- m)  embedment  case.  The das hed 
l i ne r epr es ent s  t he f oot i ng r es pons e when t he 
f oundat i on soi l  i s as s umed t o be a homoge ­
neous  hal f - s pac e wi t h a soi l  s t i f f nes s  t hat  
y i el ds  t he c or r ec t  s t at i c  s et t l ement  of  t he 
f oot i ng.  Fi g.  8 shows  c l ear l y  t hat  t he 
ex i s t enc e of  a t hi n s ur f ac e sand l ayer  causes  
a l ar ge magni f i c at i on not  f ound i n t he 
hal f - s pac e sol ut i on.

FREQUENCY RATIO, a0

Fi g.  8 
Case St udy

Fi g.  9 
Compar  i son

To ev al uat e t he s i mpl i f i ed model ,  t he 
r es pons e of  t he f oot i ng wi t h a 6- f t ( 1. 83- m)  
embedment  was  anal yzed.  The t hi c k nes s  r at i o 
i s 0. 1,  and t he mass  r at i o i s 7. 64,  and f r om

Fi g.  7,  B = 1 . 5 , 0,  and c. 0. 2.  Fi g.  9
- z - - - -  " ’ ' 1

pr es ent s  a c ompar i s on of  t he f oot i ng r es pons e 
f r om t he s i mpl i f i ed model  and t he dy nami c  
f i ni t e el ement  met hod.  The wor s t  agr eement  
bet ween t he r es pons es  f r om t he t wo met hods  i s 
obs er v ed near  t he r es onanc e f r equenc y  of  t he 
f oot i ng- s oi l  sys t em,  whi c h can be i mpr oved

by  adj us t i ng t he c^  val ue.  Agr eement  at  

ot her  f r equenc i es  i s v er y  good.

CONCLUDI NG COMMENTS

The ex i s t enc e of  a t hi n sof t  s ur f ac e l ayer  
can al t er  t he dy nami c  v er t i c al  r es pons e of  
a f oot i ng c ons i der abl y  f r om t hat  of  t he 
hal f - s pac e sol ut i on.  A v er y  l ar ge 
magni f i c at i on may  be es t abl i s hed due t o t he 
l ay er i ng ef f ec t s .  The s i mpl i f i ed model  
pr ov i des  a r at i onal  and ec onomi c al  means  t o 
pr edi c t  a f oot i ng r es pons e on a mul t i ­
l ay er ed s y s t em i n whi c h a t hi n s ur f ac e 
l ayer  pos s es s es  a r el at i v el y  l ow wav e 
v el oc i t y  c ompar ed wi t h t hos e of  t he 
under l y i ng l ayer s .  Use of  t he r esul t s  
pr es ent ed i n t hi s  paper  s houl d y i e l d a mor e 
r e l i abl e pr edi c t i on on t he f oot i ng r es pons e 
t han t he hal f - s pac e s ol ut i on i n s uc h cases.  
For  f i nal  des i gn,  mor e s ophi s t i c at ed 
anal y s es  s houl d be used t o c onf i r m t he 
r es ul t s  obt ai ned f r om t he s i mpl i f i ed model  
dev el oped her e.
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