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SYNOPSI S A g e n e r a l  n o n  l i n e a r  d e v i a t o r i c  s t r e s s - s t r a i n  t h e o r y  f o r  s o i l s  i s  p r e s e n t e d .  Th e o r y  
r e l a t e s  f u n d a me n t a l  s t r e s s e s  t o n a t u r a l  e f f e c t i v e  s h e a r  s t r a i n s .  Sh e a r i n g  r e s i s t a n c e  a nd  d e v i a  
t o r i c  b e h a v i o u r  a r e  i n c o r p o r a t e d  i n t o  o ne  s i n g l e  e q u a t i o n .  Th e  t h e o r y  i s  a p p l i e d  t o  t h e  t r i a x  
i a l  c o mp r e s s i o n  a n d  e x t e n s i o n  d r a i n e d  t e s t s  i n  n o r ma l l y  c o n s o l i d a t e d  c l a y s  a n d  t o  t he  c o mp r e s ­
s i o n  b r a n c h  o f  t he  s t a n d a r d  o n e d i me n s i o n a l  c o n s o l i d a t i o n  o f  c l a y s .  I t  i s  f o u n d  a r e l a t i o n s h i p  
a mo n g  t he  a n g l e  o f  s h e a r i n g  r e s i s t a n c e  <J>, t h e  c o e f f i c i e n t  o f  c o mp r e s s i b i l i t y  y ,  t h e  c o e f f i c i e n t  
o f  s h e a r  d e f o r ma b i l i t y  y a n d  t he  v a l u e  o f  t h e  c o e f f i c i e n t  JC0 i n  o n e d i me n s i o n a l  c o n s o l i d a t i o n .  
Co mp a r i s o n  b e t we e n  t h e o r y  a n d  e x p e r i me n t a l  d a t a  o n  We a l d  c l a y  i s  ma d e .  Th e o r y  a n t i c i p a t e s  a 
u n i q u e  c o mp r e s s i o n  a n d  e x t e n s i o n  d e v i a t o r i c  c u r v e .  Th i s  i s  e x p e r i me n t a l l y  s o  u p  t o  50% o f  t h e  
f a i l u r e  d e v i a t o r  s t r e s s .  Th e o r y  d u p l i c a t e s  e x p e r i me n t a l  d a t a  o f  t h e  t r i a x i a l  e x t e n s i o n  t es t  
a f t e r  50% o f  t h e  f a i l u r e  d e v i a t o r  s t r es s .  To  v a l u e s  up  t o  50%,  t he  e x p e r i me n t a l  d a t a  s u g g e s t  
h i g h e r  v a l u e s  o f  t h e  p o t e n t i a l  a n g l e  o f  s h e a r i n g  r e s i s t a n c e  at  t he  s t a r t  o f  t he  t r i a x i a l  t es t s .

"Wa-tu/ie ¿6 noYillma.fi"
I NTRODUCTI ON

Ne w c o n c e p t s  o f  d e f o r ma t i o n ,  a p p l i c a b l e  t o  i n  
f i n i t e s i ma l  a n d  f i n i t e  d e f o r ma t i o n ,  h a v e  b e e n  
i n t r o d u c e d ( J u a r e z ~ Ba d i l l o - 1 9 7 4 a ,  b ) . Th e  c o n ­
c e p t  o f  e f f e c t i v e  n a t u r a l  s h e a r  d e f o r ma t i o n  
wa s  p r e s e n t e d  an d  t h e  i d e a l i z e d  s h e a r  i n  o n l y  
on e  d i r e c t i o n ,  o n l y  t wo  d i r e c t i o n s  a n d  a p a r ­
t i c u l a r  t h r e e  d i me n s i o n a l  c a s e  we r e  a n a l y s e d  
Th i s  l a s t  c a s e  wa s  c o n s i d e r e d  i n  r e l a t i o n  t o 
t h e  c o mp r e s s i o n  a n d  e x t e n s i o n  t r i a x i a l  t es t s .  
Le t  f i g  1 r e p r e s e n t  a c y l i n d e r  wh i c h  i s  s u b ­
j e c t e d  t o  a c o mp r e s s i o n  o r  t o  an e x t e n s i o n  
t e s t  . L e t  x  be  t he  i n c l i n a t i o n  o f  a f a mi l y  
o f  p a r a l l e l  p l a n e s ,  c o v e r i n g  t h e  wh o l e  c y l i n ­
d e r ,  wh o s e  s h e a r  d e f o r ma t i o n  wi l l  b e  c o n s i d e r  
ed.  Le t  us  a l s o  c o n s i d e r  t h e  s y mme t r i c  p l a n e s  
i n c l i n e d  t;-x wi t h  r e s p e c t  t o  t he  p o s i t i v e  x3 
a x i s .  I f  n o w t h e s e  p l a n e s  u n d e r g o  an  i n f i n i t e^  
s i ma l  e f f e c t i v e  s h e a r  d e f o r ma t i o n  dn> i t  wa s  
s h o wn  t ha t  t he  c o r r e s p o n d i n g  d e v i a t o r i c  a x i a l  
s t r a i n  d e g i s  g i v e n  b y

d . e a  = c Lo si n 2X ( 1)

wh e r e  t h e  u p p e r  s i g n  i s  t o  b e  u s e d  f o r  t he  
c o mp r e s s i o n  t e s t  an d  t h e  l o we r  s i g n  f o r  t he  
e x t e n s i o n  t es t .

Flg J Ciftinde.fi in a  triaxial

I n  a c t u a l  t r i a x i a l  t e s t s  t h e r e  a r e  e f f e c t i v e  
s h e a r s  t a k i n g  p l a c e  i n  a l l  p o s s i b l e  p l a n e s .
I n  a l l  s e t s  o f  s y mme t r i c  p l a n e s  i n c l i n e d  x f 
c±x6*TT/zs a n d  a l l  0, 0*6 £7r .  Co n s e q u e n t l y ,  t he  
r e s u l t a n t  d e v i a t o r i c  a x i a l  s t r a i n  i s  p o s t u ­
l a t e d  t o  b e  g i v e n  b y

d e a r ? j d 0j  dr}sin 2 x-Ax - i.Tfj d̂fj sin i .xdx ( 2)

I f  d£ , , d£2a nd  d .£3 a r e  t h e  t o t a l  i n s t a n t a n e o u s  
l o n g i t u d i n a l  s t r a i n s  a l o n g  t h e  p r i n c i p a l  
a x e s ,  t h e  i n s t a n t a n e o u s  v o l u me t r i c  s t r a i n  ¿ t v  
i s  g i v e n  b y

dev = de, +dt2 +■ d e 3 ( 3)

Th e  i n s t a n t a n e o u s  i s o t r o p i c  c o mp o n e n t  o f  t he  
i n s t a n t a n e o u s  s t r a i n  t e n s o r ,  d e 5 i s  g i v e n  by

j c dt. ct f ev ( 4)
a t _  3 = 3

a n d  t h e  i n s t a n t a n e o u s  d e v i a t o r i c  c o mp o n e n t s  
wi l l  be

de,- de,  -  de

d e 2 = dez-dé ( 5 )

ci  Q. j  = d £3 -  d  6.

No t e  t h a t  cí e,  t  d e 2 + d e 3 = o.

Fo r  s t a n d a r d  t r i a x i a l  t e s t s  d£2 -de3-d¿r 

( r ad i a l )  an d  df ,  = di  ̂ ( ax i a l )  an d  i n t e g r a t i n g  
t he  r e s u l t i n g  e q u a t i o n s  we  ge t

£y = <fa + 2¿r (6) 
C ég + (7)

3 ~ 3
and

e a -  £ a - E 

ef =£r -£ = - ^ e Q (8) 

s i n c e  e a + 2 ef - o .
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Al l  s t r a i n s  d e a l t  wi t h  i n  t h i s  p a p e r  a r e  n a ­
t u r a l  s t r a i n s ,  t h a t  i s ,

and

f - r  d v  - | n —£v~JVc V "  l n v„  

£a=l  ln*l O

( 9)

(10)
wh e r e  V s t a n d s  f o r  v o l u me .

Fu r t h e r mo r e ,  t h e  e f f e c t i v e  g e n e r a l  n a t u r a l  
s h e a r  s t r a i n  n c o r r e s p o n d i n g  t o  a f i x e d  d i r e c  
t i on  x  i n  p h y s i c a l  s p a c e  i s  g i v e n  by

n =/' ’afj  =/ Vv' ) *  ( i d
«'o Jo

wh e r e  (di J0x  s t a n d s  f o r  t h e  i n f i n i t e s i ma l  
c h a n g e  o f  a n g l e  o f  t he  n o r ma l  t o  t h e  l i n e s  
o c u p y i n g  t h e  f i x e d  d i r e c t i o n  x  i n  p h y s i c a l  
s p a c e .

Vo l u me t r i c  b e h a v i o u r  o f  c l a y s  h a s  b e e n  d e a l t  
wi t h  e l s e wh e r e  ( J u a r e z - Ba d i l l o - 1963 ,  1965 ,  
196 9 b ,  197 5 ) .  Sh e a r i n g  r e s i s t a n c e  h as  a l r e a d y  
b e e n  d e a l t  wi t h  as  we l l ( J u a r e z - Ba d i l l o  1969 a ,  
1 97 5 ) .  No n  l i n e a r  t h e o r i e s  we r e  d e v e l o p e d  i n 
t e r ms  o f  e q u i v a l e n t  c o n s o l i d a t i o n  p r e s s u r e s  
and  f u n d a me n t a l  s t r e s s e s .

Th i s  p a p e r  i s  r e s t r i c t e d  t o  d e v i a t o r i c  b e h a ­
v i o u r  o f  s o i l s  a nd  a p r a c t i c a l  a p p l i c a t i o n  t o 
n o r ma l l y  c o n s o l i d a t e d  c l a y s  i s  ma d e .  De l a y  e f  
f e c t s  a r e  n o t  c o n s i d e r e d .

FUNDAMENTAL  L AW OF  SHEAR BEHAVI OUR

Th e  b a s i c  i d e a s  t h a t  g o v e r n  t h e  wh o l e  d e v e l o p  
me n t  ar e :
1.  An y  d i s t o r t i o n ( c h a n g e  i n f o r m)  o f  a b o d y  
r e q u i r e s  e f f e c t i v e  s h e a r  s t r a i n s .
2.  Ef f e c t i v e  s h e a r  s t r a i n s  u n i q u e l y  d e f i n e  
d i s t o r t i o n .
3.  Ef f e c t i v e  s h e a r  s t r a i n s  d o  n o t  p r o d u c e  v o ­
l u me t r i c  c h a n g e -
i n v e r s e  o f  s t a t e me n t s  1 and  2 a r e  n o t  t r u e ,  
t h a t  i s :
4.  Ef f e c t i v e  s h e a r  s t r a i n s  ma y  n o t  p r o d u c e  
d i s t o r t i o n .  Th e  r e s u l t  ma y  b e  o n l y  p u r e  r o t a  
t i on  ( J u a r e z - Ba d i l l o - 1 9 7 4 b ) .
5.  Di s t o r t i o n  doe.& not  d e f i n e  e f f e c t i v e  s h e a r  
s t r a i n s .  Th e r e  ma y  e x i s t  i n f i n i t e  s p e c t r a
o f  e f f e c t i v e  s h e a r s  p r o d u c i n g  t h e  s a me  d i s t o £  
t i on .  ( J u a r e z - Ba d i l l o - 1 9 7 4 b ) .

L e t  a  and  z b e  t he f u n d a me n t a l  n o r ma l  s t r e s s  
a n d  t ne s h e a r i n g  s t r e s s  i n  t h e  h o r i z o n t a l  
p l a n e s  o f  t h e  " s a mp l e "  o f  f i g  2.  Co n s i d e r  t h e  
i d e a l  c a s e  t h a t  o n l y  h o r i z o n t a l  p l a n e s  ma y  
u n d e r g o  e f f e c t i v e  s h e a r  s t r a i n s  u n d e r  a c h a n g e  
i n  s t r e s s e s .  Fo r  " n o r ma l l y  c o n s o l i d a t e d "  s a m 
p i e s  f u n d a me n t a l  n o r ma l  s t r e s s e s  a r e  e q u a l  t o  
e f f e c t i v e  n o r ma l  s t r e s s e s .

rj  -  tan \f/

Constant trr 

Increasing r

Fi g I

An o t h e r  b a s i c  i d e a  i s :
6. An y  c h a n g e  i n c  a n d / o r  a p r o d u c e s  a  c h a n g e  
i n t h e  e f f e c t i v e  s h e a r  n.  Ex c e p t  f o r & = 0  and  
v a r i a b l e  o n wh e r e  n =0.

Fo r  c o n s t a n t  o a n d  i n c r e a s i n g ^  t he  f o l l o wi n g  
s t r e s s - s t r a i n  n l a w i s  p o s t u l a t e d :

I f  (J> ( a s s u me d  c o n s t a n t )  i s  t h e  a n g l e  o f  shea_r  
i n g  r e s i s t a n c e ,  t h e n  t o  a c h a n g e  dz c o r r e s ­
p o n d s  a c h a n g e  i n  e f f e c t i v e  s h e a r  s t r a i n  dn 
t h a t  i s  d i r e c t l y  p r o p o r t i o n a l  t o  an d  i n ­
v e r s e l y  p r o p o r t i o n a l  t o  ( Cma « - s ) ,  "  mo r e  bas_ 
s i c a l l y  t o(&Xv-£= Ac c o r d i n g l y ,  t he
f o l l o wi n g  r e l a t i o n s h i p  i s  p o s t u l a t e d

^ H  = P tan / -  ( 1 2 )

Mu l t i p l y i n g  n u me r a t o r  and  d e n o mi n a t o r  b y  cot <J>

I ; i  eq  13,  c o t  4> v a r i e s  b e t we e n  0 a nd  1 a n d  
f u r t h e r mo r e

M % L
(1 4 )

Th e  c o e f f i c i e n t  o f  p r o p o r t i o n a l i t y  p wi l l  be  
r e f e r r e d  t o  as  t he  " c o e f f i c i e n t  o f  s h e a r  de-  
f o r ma b i l i t y "  o r ,  b r i e f l y ,  t h e  " s h e a r  c o e f f i ­
c i e n t " .  I f ,  o n l y  f o r  t h i s  s e c t i o n ,  i t  i s  
wr i t t e n

* =«>* * -I t  ci 5)
t h e n  eq s  13 a n d  14 ma y  b e  wr i t t e n  as

d?i=/x -jé-g- d x  C16)
an d

(17)

For  a c o mp l e t e  s t u d y  o f  r e l a t i o n s h i p s  o f  t he  
t y p e  o f  eq  16 t h e  f o l l o wi n g  mo r e  g e n e r a l  e x ­
p r e s s i o n  wi l l  b e  c o n s i d e r e d

drj  =/a(t t t )‘'c(* (18)

wh e r e ,  a g a i n ,  eq  17 ho l ds .

I n t e g r a t i o n  o f  e q  18 f o r  v =0 ,  1,  2 a n d  3 p r o ­
v i d e s

Fo r  i>~o df) = }jidix 

an d  ' 7- / * * -  

Fo r  »->

an d  q  In yzx o r = in j r x  

Fo r  = 2

an d  or

dfi  = ) *{ -^7x)3dx

-2-- x 
h  - 

d. x
( 19)

(20)

(21)
For » = 3 
and (22)

t Stativo. ¿hzafi in "onty" horizontal  
pi ant ò

Fi g  3  s h o ws  t h e  g r a p h s  o f  eqs  1 9  t o  2 2 .

Th e  a b o v e  i n t e g r a l s  an d  al l  o t h e r s  i n  t h i s  
p a p e r  we r e  o b t a i n e d  u s i n g  Ma t h e ma t i c a l  an d  
I n t e g r a l s  Ta b l e s  ( Pe i r c e ,  B. 0 . - 1 9 2 9 )  and 
( Ho d g ma n ,  C . D . - 1 9 4 1 ) .

Fo r  b o t h  i n c r e a s i n gz a n d  a  t h e  f o l l o wi n g  
f u n d a me n t a l  l a w o f  s h e a r  b e h a v i o u r  i s  p o s t u  
l a t e d  ( c o mp a r e  wi t h  e q  1 3 )

‘ r  °o / + cot f  i  r  Oh Qn I
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Fo r  t h i s  eq  23 we  h a v e  a g a i n

[ ^ % L u i = o = / *

I t  i s  o b s e r v e d  t h a t  as  ci (*5=; ) = -7=— 
■& di K , ^  

t h e n  t h e  q u a n t i t y  -  <r „  t h a t  en  
23  i s  t he  c o mp l e me n t  o f  t he  t o t a l  
o f  . No t e  a l s o  t h e  s i mi l a r i t y  b 
a n d T h e  f i r s t  q u a n t i t y  i s  
o f  t h e  ’ ’ d i s t a n c e "  t o f a i l u r e  wh e n  
t a n c e  i s  d e c r e a s i n g  ( i n c r e a s i n g  %)  
s e c o n d  on e  i s  t he  " d i s t a n c e "  t o  t h 
t r i c a l  f a i l u r e  c o n d i t i o n "  wh e n  t he  
t o  f a i l u r e  i s  i n c r e a s i n g  ( i n c r e a s i  
f i gs  2 a n d  4).

( 24)

<Tn OS ' 
t e r s  i n  eq 
d i  f f e r e n t i a l  
e t we e n  / - «t y X 
a me a s u r e  " 
s u c h  a d i s -  

wh i l e  t he  
e " s y mme -  

d i s  t a n c e  
n g  t f r t )  ( See

Fig 3. Fand.ame.ntat tato ihzafi be.haviou.fi 
( v =/ )  in fiztation to othe.K 4imi taK 
e.Kpfie.6 6ioni

Fo r  d e c r e a s i n g t  t he  q u a n t i t y  J- )  ' s hou l d
be  s u b s t i t u t e d  by- ( f t cot t f > . Si mi l a r l y ,  f o r  
d e c r e a s  i n g  <rn t h e  q u a n t i t y - ( i t  cot  ̂ s h o u l d  be  
s u b s t i t u t e d  b y  ( 1- cet y ■̂ )"1 . Fo r  n o r ma l l y  c o n ­
s o l i d a t e d  s o i l s  wi t h  i n c r e a s i n g  £To a n d  3 t he  
f u n d a me n t a l  n o r ma l  s t r e s s  (Tn i s  e q u a l  t o  t he  
e f f e c t i v e  n o r ma l  s t r e s s  a n d  f o r  d r a i n e d  t e s t s  
( Tn i s  e q u a l  t o  t h e  t o t a l  n o r ma l  s t r e s s .

Fo r  a  b e t t e r  ma t h e ma t i c a l  a p p r e c i a t i o n  o f  t h e  
r e s u l t i n g  s t r e s s - s t r a i n  c u r v e s  t he  f o l l o wi n g  
e x p r e s s i o n ,  c o r r e s p o n d i n g  t o  v =2 ,  wi l l  a l s o  
b e  c o n s i d e r e d

C25)
Fo r  eq  25 we  h a v e  a g a i n  t h a t  e q  24 ho l d s .

Ap p l i c a t i o n  o f  e q  23 t o  p r e c o n s o l i d a t e d  c l a y s  
wi l l  be  t h e  s u b j e c t  o f  a n o t h e r  pap e r .

COMPRESSI ON AND EXTENSI ON DRAI NED TESTS

I n c o mp r e s s i o n  d r a i n e d  t e s t s ,  a x i a l  i n c r e a s e d ,  
and  e x t e n s i o n  d r a i n e d  t e s t s ,  r a d i a l  s t r e s s  i n  
c r e a s e d ,  a n o r ma l l y  c o n s o l i d a t e d  s a mp l e  i s  at  
e v e r y  i n s t a n t  i n  a n o r ma l l y  c o n s o l i d a t e d  s t a t e  
i f  p r e c o n s o l i d a t i o n  d u e  t o  d e l a y  e f f e c t s  i s  
d i s r e g a r d e d .  Bo t h  t y p e s  o f  t e s t s  wi l l  b e  a n a ­
l y z e d  s i mu l t a n e o u s l y .  Wh e n e v e r  a d o u b l e  s i g n  
a p p e a r s  t he  u p p e r  o n e  wi l l  r e f e r  t o  t h e  c o m­
p r e s s i o n  t e s t  a n d  t h e  l o we r  o n e  t o  t h e  e x t e n ­
s i o n  t es t .  Ap p l y i n g  eq  23 t o  t h e  p l a n e s  i n ­
c l i n e d  x  i t  i s  f o u n d  ( t he  s a me  i s  t r u e  f o r  t he  
s y mme t r i c a l  p l a n e s  i n c l i n e d  t t - x) > wi t h  r e f e ­
r e n c e  t o  f i g  4,  a n d  wh e r e  Oi  a n d  03 a r e  t he  
ma j o r  a n d  mi n o r  c o mp r e s s i v e  p r i n c i p a l  s t r e s ­
s es  .

a)  Compr ess i on l est
(axial slress increased)

b) Exlension lest
( r adi al  st r ess i ncr eased)

Fig 4. Tfiiaxiat dfiainzd te.6t&. Nofimatty con- 
Aol i datzd c.tay

I f  <r,-a-j=<7;-o-c = 2q (26)
t h e n  C# = q s i n 2x  / ,  ¿Ẑ si n 2*  dc\

<r„=<rc+^0^05 2*) /. 6aks C1 *coi  ax) dq 1 J
an d  t h e  q u a n t i t i e s  e n t e r i n g  eq  23 a r e  t h e n  
g i v e n  b y

S* .. 1 2X -  -S/fl  2X 
<r% ~ ai  coszx) ~ / + (/ t cos 2x)  i  Oc

si mxdq . si  a 2X d*?
<T* “  <TC +<?(l ±  eOS2X) ~ /  + (!  i  COS2X)  -

<j<r* _ 0± coi 2x) dg _ /± <Ui S2* dq
<TK “  <rcr<j ( 1+ C0S2X) ' /  + (!  + C0S2x)  i  <Jc

Us i n g  t he  s y mb o l s

A=/±cos 2X B= coti>s//>2X

and
q =  _ 3 _
“c 01

Eq s  20 t o  30  ma y  b e  wr i t t e n  i n  t h e  mo d i f i e d  
f o r m

cotd> -  — s.— q 
r  <ta /  *  a q c “ c

( 28)

( 29)

( 30)

( 31)

( 32)

+ Aqc

cot+- ^ t =77^r  d<?c 
dir» ___A_

( 33)

( 34)

( 35)~/ +A<l c d<ic
I n t r o d u c i n g  eq s  33  t o 35  i n t o  eq 23 i t  i s  o b ­
t a i n e d

dkcS‘ 77Ĵ  d<,<" " t Au *  *  dc<]
Si mp l i f y i n g  t h i s  e q u a t i o n  we  g e t

An - . . r  gd<7t ABtjcJqc 1
d ' l »- >Jj _/ +<A-B)<) t J ( 36)

I n t r o d u c i n g  e q  36  i n t o  eq 2 we  o b t a i n
rVh .  ,

dna- f - [,/ia.8 ) + a<]f)]51"

I n t e g r a t i n g  eq  37 f r o m t 0  we  c a n  
wr i t e

( 37)

nt egr ;  
c e , B

I a + l

( 38)

Th e  i n t e g r a l s  i n  Oc ° f  e q  38  a r e  o f  t h e  f o r m 
( Pe i r c e ,  B. O - 1 929)

“TFj r  - T  >n (a + bx) ( 39)
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and

( 40)

Ap p l y i n g  eq  39 t o t h e  f i r s t  i n t e g r a l  i n  eq  38

Fo r  t h i s  p u r p o s e  we  g e t ,  f r o m f i g  4 a n d  e q  32

t h e n  /-fe

- A^V H 1 + (41)
Ap p l y i n g  e q  40 t o  t he  s e c o n d  i n t e g r a l  i n  e q  38

*  -1 aW£

t hen

I n t r o d u c i n g  eq s  41 and  42 i n t o  eq  38

0„= ? TT/iJsm 2 * ^  I n[i ■*1 A- 8) <js j v ̂  I in [l +I.A+'B) ]̂

-| „ (n-A<fc)] dx (43)
Th e  l as t  t e r m i n  t h i s  i n t e g r a l  i s ,  f r o m e q s 31 
,v/2 f W2
I s/ n 2xI nl i - t  A<| c) dx=f / n( / +i c( i  tcos 2x)]$\n2*dx ( 44)

Th i s  i n t e g r a l  i s  o f  t h e  f o r m( Pe i r c e , B. 0 - 1929 )  

j i nxdx = x  Inx - x  ( 45)

Ap p l y i n g  eq 45 t o  eq  44 we  o b t a i n  

jh tco$ 2 x)]5in2*d/>- j  j [ i  + £fc ( | i cos 2x)].

N I
■ ln [n - i ( t  ( l ± co s  2 x )J -  [ i  *<f,(.1 ± c o s 2

,-n/2
( 46)

Fo r  t h e  c o mp r e s s i o n  t e s t ( u p p e r  s i g n s )  we  t h e n  
o b t a i n
rVi  , .

[i +9c(i*o?5 2 > ) s i n I "  1“  2%}
r »rt

r [M

a nd

j l n[ i *9c 11+cci 2x) si n 2* d x« I n( l t 2qc ) - 1

o r  t h e  e x t e n s i o n  t e s t  we  s i mi l a r l y o b t a i n
fTT/2
ln[i+^£(i~cos2x)sjfl2/d*~^((f + 2^c)ln llt2 i[c)-|~2C(c+ ¡j

J/ n [f * ( I - COs 2x) i in 2xdx- ln(l+2̂c) -  |

Bo t h  i n t e g r a l s  h a v e  t h e n  t h e  s a me  v a l u e  g i v e n  
by  eq  47 o r  48.  Eq  43 c a n  t h e n  b e  wr i t t e n

e a = ? / AT T l  ( 49)

wh e r e ,  f r o m eq s  31,  43,  47,  48 an d  49(V

( 47)

and

( 48)

l-■-)TT0£ r 7 t r ? i ^ sm*'' ', n& r *  <''■"coi z■ ^ 8 'd»
* flra _

t + cazx - - - - - si i >2*t f l [ t *%{, i *m2x-tcct j si f l  2xt ydx

S'/rt £ =

t h e n

<fcma)k 
Oc -t f̂ snax 1+■ 9c mayi

s.in4>

( 51)

( 52)

Va r i a b l e  V i s  d e f i n e d  b y ( wh e r e  eq 52 i s  us ed )  

9c __ ¿r s' *±  a ( 53)
y =

t hen

I n

?c#t»ok *">4>

i =P'a «

<?c- -%™xy- - 7̂ - y
c i n g  eq  54 i n t o  eq  50 we  o b t a i n

'cob $ sin zy

( 54)

»■tn [ ' y (>,eos z’ - £°l<,iin 2-0 d*
J. *  -  -1

o »'¡a (ft .,

+ i (55)
Eq 55 s h o ws  a t y p e  o f  " s y mme t r y ”  t h a t  f a c i l i t a  
t es  ma t h e ma t i c a l  c a l c u l a t i o n  i n  a c o mp u t e r .  
Re l a t i v e  s i mp l i f i c a t i o n  c a n  b e  g a i n e d  u s i n g  
t h e  i d e n t i  t y  /*ccs 2* zcotxs"> 2*. So me  o f  t h e  c u r ­
v e s  o b t a i n e d  a p p e a r  i n  f i g  5.

^  = t t I  (<£, y)

Fig 5 Thtofio.tic.at dzviatofi ic ¿>tfit&b-&t>iaiYi 
caA. ve- i  ¿on v =1

Eq 55,  f o r  4> = 0,  r e d u c e s  t o

I n t h e  t wo  i n t e g r a l s  o f  eq  55 we  h a v e
cci  0 sin 2 m

-I

J l - t coi  2x t  cot  4> *J/> 2A 

- ° ^ i n(, ^ u i  (so) 

Th e  i n t e g r a l s  i n  eq  SO h a v e  t h e  s a me  v a l u e  i f  
+ c o s  2x  i s  s u b s t i t u t e d  b y  - c os  2x  ( s ee a l s o  
f i g  4)  an d  t h e  d e v i a t o r i c  a x i a l  n a t u r a l  s t r a i n  
i s  t h e n  g i v e n  b y  eq s  49 a n d  50 f o r  b o t h ,  c o m 
p r e s s i o n  a n d  e x t e n s i o n  d r a i n e d  t e s t s ,  n e g a t i v e  
i n  t he  f i r s t  c a s e ,  a n d  p o s i t i v e  i n  t h e  s e c o n d  
c a s e .

Th e  a u t h o r  h a s  b e e n  u n s u c c e s f u l l  i n  f i n d i n g  a 
c l o s e d  f o r m f o r  t h e  i n t e g r a l s  i n  eq  50.  I t  
wo u l d  be  v e r y  g o o d  t o  k n o w i f  t h e y  r e a l l y  ex i s t .

Eq 50 c a n  b e  c a l c u l a t e d  o n c e  f o r  a l l ,  f o r  d i f  
f e r e n t  v a l u e s  o f  t he  a n g l e  o f  i n t e r n a l  f r i c ­
t i o n  <J> i f  i t  i s  wr i t t e n  i n  a n o r ma l i z e d  f or m.

f + cos 2x-cot $st a 2x '

i  ^  _______i +c e>s z x  ~ - q

^Uo / + <-oi 2x*coi $si t t 2x

Ur n  / * j 7 ^ Y( | t cos2x̂ i ot î / ' f>2x) = + ysi nZx 
I n t he  t h i r d  t e r m o f  eq  55,  we  h a v e

ii«0' «[ ' *ar 5SS£y] =o
Fu r t h e r mo r e ,  a p p l y i n g  L ’ Ho s p i t a l ’ s r u l e  

■ In I ' - f gi »! ,  ,i m i l i fl iJU ti„  Zf L = |
2 y *->0 y *-rO f

I n t r o d u c i n g  eqs  56 t o  60 i n t o  eq  55

\t-0=js/a 2xin[/-yvi/)2A]dx ( 61)

Eq 55,  f or *  $=90° ,  i t  i s  e v i d e n t  f r o m eq 2 3 - t hat

I r  °  (6  2)

No t e  t ha t  I ^ z o g i v e n  by  eq  61 i s  a " v i r t u a l "  
c u r v e  s i n c e  f o r  <p-o, m<ix = o  . Eq  61 h as  
o n l y  a ma t h e ma t i c a l  i n t e r e s t .

At  t he  o r i g i n ,  f o r  OT y~°  , t he  " s l o p e "  
o r  r a t e  o f  d e v i a t o r i c  d e f o r ma b i l i t y  ma y  be  c a l

( 56)

( 57)

( 58)

( 59)

( 60)
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cul at ee!  as  f o l l o ws .

Fr o m eq  37,  f o r  Qc~0,  i t  c a n  be wr i t t e n  
.. -i

L̂ ^oJcj  & d<$c Sin2X ( 63)

Us i n g  eqs  31,  t h e n

I dea = -?r/i  = + [ J]
O ' o

( 64)

wh e r e  t h e  v a l u e  o f  t he  i n t e g r a l  was  o b t a i n e d  
f r o m ( Pe i r c e ,  B. 0 . - 1 9 2 9 ) .

Then

I n t e r ms  o f  t h e  n o r ma l i z i n g  v a r i a b l e  V, 
d u c i n g  eq 54 i n t o  eq 65 i t  i s o b t a i n e d

[ AM r -  J Huc oi f  ■S<riT±
. dy  J y = c T 4 "  Y /-Sin<p

-  - u coi  ^
\ r sf \ y. _o~*  4 r

and t h e n

rdeol

(6S) 
i n t  r o

(66)

Th e  c u r v e s  o f  f i g  5 s a t i s f y  eq 66,

Eq 65 c a n  be  g e n e r a l i z e d  t o i n c l u d e  o v e r c o n s o  
l i d a t e d  c l a y s .  Th e  i n i t i a l  i s o t r o p i c  f u n d a me n  
t a l  p r e s s u r e  i s  n o w e q u a l  t o t he  i n i t i a l  equi _ 
v a l e n t  c o n s o l i d a t i o n  p r e s s u r e  a c o r r e s p o n ­
d i n g  t o t he  i n i t i a l  c o n s o l i d a t i Sn  p r e s s u r e  a 
Co n s e q u e n t l y ,  i f  cj e i s  d e f i n e d  b y  ( c o mp a r e  c 
wi t h  eq 32)

* = - % -  ^  

Eq s  63 t o  65 a r e  v a l i d  i f  s u b s t i t u t i o n  o f  Qc 
b y c j c i s  ma d e ,  and  i t  c a n  t h e n  be  wr i t t e n

(68)f rfeol  -  JL* u cot  p

wh e r e  as  a l r e a d y  n o t e d ,  t he  u p p e r  s i g n  i s  t o 
be  u s e d  f o r  c o mp r e s s i o n  t e s t s  an d  t he l o we r  
s i g n  f o r  e x t e n s i o n  t es t s .

As ,  f r o m eqs  67 and 32

= - 3- = -2_Oq crc o© ie Go ( 69)

t hen ,  i n t r o d u c i n g  eq 69 i n t o  eq 68 we  o b t a i n

= ( 70)
Eq  70 i n c l u d e s  eq 65 s i n c e  f o r  n o r ma l l y  c o n s o  
l i d a t e d  s o i l s  = <?c • Fr o m eqs  26 a nd  32 
i t  c a n  be wr i t t e n

<Tc (71)

t l i en eq 70 c a n  be wr i t t e n  i n t he  f o r m

- (72) 
<TC *°

Eq 72 i s  u s e f u l  i n p r a c t i c e .  I t  g i v e s  t he 
’ ’ s l o p e ”  o f  t he  d e v i a t o r i c  s t r e s s - t o t a l  ax i a l  
s t r a i n  f o r  a l l  t y p e s  o f  u n d r a i n e d  t r i a x i a l  
t e s t s  an d  f o r  t he  c o mp r e s s i o n  an d  e x t e n s i o n  
d r a i n e d  t e s t s  wi t h  J i =  c o n s t a n t  ( J i =ai  + a 2+ a 3 = 
f i r s t  i n v a r i a n t  o f  t he  t o t a l  s t r e s s  t e ns o r ) .

Fo r  d r a i n e s  t e s t s  f r o m eqs  7 an d  8, i t  c an 
be  wr i t t e n

cl  &u _ d  t u d £ __.. dt *
A ~ A Sl ZI  ~ A "  d *  -g> "  3

a o: a Of a  ̂  a <r<

( 73)

dev ( 74)

/  fl7 - Qj n

At  t he  o r i g i n  oz ~ ) t he  v o l u me t r i c  c o mp o ­
n e n t  i s g i v e n  b y  ( J u a r e z - Ba d i 1 l o - 1 9 65  , 1 969b ,  
1 975)

dv _ v ctc~e 
V "  ’  i Oe

Fo r  n o r ma l l y  c o n s o l i d a t e d  s o i l s  i n i n c r e a s i n g
0 t r i a x i a l  t e s t s  a =0 and  

c e c
dv  . v d a
V ~ *~CT ( 75)

Fo r  o v e r c o n s o l i d a t e d  s o i l s  i n a l l  t y p e s  o f  
t r i a x i a l  t e s t s  and  f o r  n o r ma l l y  c o n s o l i d a t e d  
s o i l s  i n d e c r e a s i n g  a t r i a x i a l  t e s t s

d v  _ _y due _ d<Tc
Ok

■* — y o ^  _ t  dOc 0 J Oi  " dp (Te ( 76)

( 77)

( 78)

wh e r e  y  and  x p a r e  t he c o mp r e s s i b i l i t y  and  ex  
p a n s i o n  c o e f f i c i e n t s  r e s p e c t i v e l y  an d  p i s 
t h e  e x p a n s  i o n - c o mp r e s s i b i 1i t y  r a t i o .

Fo r  i n c r e a s i n g  ( +)  a n d  d e c r e a s i n g  ( - )  a x i a l  
s t r e s s

d<Te +  j _  6  ( f f T - g j )

<TC 3 <TC
Fo r  i n c r e a s i n g  ( +)  an d  d e c r e a s i n g  ( - )  r a d i a l  
s t r e s s

d<Tc _ + _2_  d ( v , - < r , )
<7C '  ~ 3 (rc

Fo r  c o n s t a n t  t r i a x i a l  t es t s

Oi ( 79)
I n t r o d u c i n g  eqs  77 t o  79 i n t o  eqs  75 o r  76 
t he  v o l u me t r i c  c o mp o n e n t  at  t he  o r i g i n  i n  eq 
73 c a n  be  f ound .  On e  g e t s  an e x p r e s s i o n  o f

t he t yp® d (so)
A ~ ~ ft ° r

<z
wh e r e  c ma y  t a k e  t h e  v a l u e s  0, ± 1_ o r  ± 1_ an d  f  
o r  i s  u s e d  a c c o r d i n g  t o t he  3 t y p e  3 o f  
t he  c o n s i d e r e d  s t a n d a r d  t r i a x i a l  t es t .

An  a p p l i c a t i o n  t o We a l d  c l a y  wi l l  l a t e r  be 
d i s  c u s s e d .

Eq s  49 an d  55 g i v e  t he  d e v i a t o r i c  ax i a l  
s t r a i n  f o r  t h e  c o mp r e s s i o n  an d  e x t e n s i o n  
d r a i n e d  t es t s  u s i n g  t he  f u n d a me n t a l  l aw o f  
s h e a r  b e h a v i o u r  g i v e n  by  eq 23 i n t o  eq 2.  I f  
eq  25 ( v =2)  i s  u s e d  as  t h e  f u n d a me n t a l  l aw 
i n s t e a d ,  t l i e e x p r e s s i o n  o b t a i n e d  f r o m eq 2 i s 
( Ap p end i x )

6a  = * ^ 2 77"J ” ( 8 1)

wh e r e  u 2 i s  t h e  s h e a r  c o e f f i c i e n t  a s s o c i a t e d  
t o v =2 and

T-
"J ' / -Hn* 7,

,V/2

3l 7?2*d*

r Vz
--^g. y/ ------- i ' t  ' «' “ Íí..1/ " " _________^shzr d*

/e ,-n/z
_____( i KM2j ) ^f s<»2K___________

/- ' J[j  -f-cci '¿t + cot4 no zx]j /  H C W 2^  ̂ ^
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Co mp a r e  wi t h  eq  55.

So me  o f  t h e  c u r v e s  o b t a i n e d  a p p e a r  i n  f i g  6.  
Co mp a r e  wi t h  f i g  5.

wh e r e

Fig 6 The.oAe.iic.aZ d&viatoAic ¿ZAt¿,¿>-¿train 

c u e v e a  faoA v =2

I n eq 82,  f o r  <¡>=0, a l l  i n t e g r a l s ,  e x c e p t  t h e  
f i r s t  o n e ,  r e d u c e  t o z e r o  and ,  u s i n g  eq  58 f o r  
f i r s t  i n t e g r a l ,  i t  i s  o b t a i n e d

J . . . - y j £ N & f x d *  ( 83)
Eq 82,  f o r  <J>=90° ,  f r o m eq  25,  i t  i s  e v i d e n t  
t ha t

Ja „ „ =0 (84)<J> =90
Eq 83,  l i k e  eq  61,  g i v e s  a l s o  a " v i r t u a l  c u r ­
v e ”  s i n c e  f o r  <f >=0, ma *  = o.

At  t h e  o r i g i n , f o r  qc~0 ( eq 54)  o r  y =  o  , t he  
" s l o p e ”  o r  r a t e  o f  d e v i a t o r i c  d e f o r ma b i l i t y  
i s  g i v e n  b y  e q s  65 an d  66  a nd  by  eqs  70 an d  
72.

ONEDI MENSI ONAL  CONSOL I DAT I ON TEST

I n t he  v i r g i n  c o mp r e s s i o n  b r a n c h  o f  t he  o n e ­
d i me n s i o n a l  c o n s o l i d a t i o n  c u r v e  t he  s a mp l e  i s  
i n a  n o r ma l l y  c o n s o l i d a t e d  s t a t e .  I n  t h i s  
t e s t  t o  e v e r y  d e c r e a s e  i n  h e i g h t  o f  t h e  s a mp l e  
c o r r e s p o n d s  a v o l u me t r i c  s t r a i n  and  a  d i s t o r -  
s i o n a l  s t r a i n  as  we l l .  I n  t h i s  t e s t  £ i = e a  an d  
e 2 = £ a= £ =0  a n d  we  h a v e , f r o m eq s  6

d.Sv = d£a ( 85)
and  t h e n ,  f r o m eq s  7 an d  8

dea- dea- j-dÉo = d£a t86]
Co mb i n i n g  eq s  85 a n d  86 i t  i s  o b t a i n e d

d£v = d e a

Le t  o b e  t h e  v e r t i c a l  n o r ma l  s t r e s s ,  and  
K o0  = c o n s t a n t )  b e  t h e  r a d i a l  n o r ma l
s t r e s s .  Fr o m f i g  7 i t  c a n  b e  wr i t t e n

3*  ;  <rv sin 2,

and o> = ± t£ °  <rv + cos 2 „

... 0i 4- Lyi £+- L^ cOS2,' ]av

a n d  t h e  q u a n t i t i e s  e n t e r i n g  e q  23 a r e  t h e n  
g i v e n  by

Z'm _ (/- Ko)sia2*__________¿in 2*

( 8 7 )

(88) 

( 8 9 )

(7; "  / +Kt >* ( I-K o )c o a Z *~  k  ♦ cos '¿-ft 

d Z v . (>~ Ko) s in  2» d  (Ty __ s¡n 2¡c dOv 

<7* "  / tKot ((-Ko)c«2i '  <7V (Ty
d o * ¿i flv 
<r¥ " °V

( 90)

(91 )

( 92)

K " I * K0
I -  Ko  ( 93)

I n t r o d u c i n g  e qs  90  t o  92  i n t o  eq  23 i t  i s  o b ­
t a i n e d

c h f  s in2* /  co t 4>¡>i/j2» \ d (Jv
.-rr.^TT " « J <JV

I K*
5ÍÍ IH35 k -tcoi Zi  '

(Oi l *
Si mp l i f y i n g  s o me wh a t  t h i s  e q u a t i o n  we  ge t  

j :: [  cctjs/n 2* ________ sin 1 df f V ( 94)
"•  tC‘± '2+-co l$ ’ $,n 2> Y.TCCiZ**iot<$'5in2* J Oy

Eq 94 c a n  b e  wr i t t e n  as
2(c£>t9si n2*)z______ day

( k  + COS 2 *y~(cct flirt? *)1 % ( 9 S )

Wr i t i n g  / - c o s 22x  f o r  sin22k

cotyo-t._ps22») dOv
1 (K-»*'os2K)z-£ot (̂i -cos*2x) a; ( 96)

( 97)
a n d  wr i t i n g  cosec3<P f o r  /tcot*<p

dh -2V col ĵ  _________d<K
I* r  K*-cot Vf 2Kces2* + cosqc*#

I n t r o d u c i n g  e q  97 i n t o  e q  2 ( c o mp r e s s i o n  t es t )  

, * / 2
( 98)

we  g e t

s i n c e  - 2s/ ' / )2x d x  = d l t o s 2n) .

On  t h e  o t h e r  h a n d ,  t h e  i n f i n i t e s i ma l  v o l u me ­
t r i c  s t r a i n  f o r  t h i s  t y p e  o f  t e s t  c a n  b e  e x ­
p r e s s e d  b y  ( J u a r e z - Ba d i l l o - 1 965 , 1  9 6 9 b  a n d  1 9 7 9

( 99)d£v - d v  _ d<T,
V <TV

I - sin <pQ 

0 1 +  si n <f>0

si° 4>p
» 0<n_<l

1 -sin

A l + sin<£> ^0 l + sin<jb0 sin <jb

Fig 7 0ne.dime.n6i.onaZ com oZidation te.&t

I n t r o d u c i n g  eq s  98 a n d  99  i n t o  eq  87 i t  i s  
o b t a i n e d

- j U 3 nf7"* __________ d( coi 2«|  ( 100)JF 2 J K 3- +2K?os2)i+cesi2c*g(tcfz2K
I f

x - cos ? x  

t h e n  eq  100  c a n  b e  wr i t t e n  as

j * ~ 4" 7rccl ‘^\
Th e  i n t e g r a l s  i n  e q  102 a r e  o f  t h e  f o r m

(101) 

d%‘ ( 102)

( p e i r c e ,  B. 0)  
' ó%

- 1929)

and

1 - x  d x :

wh e r e

X - O 4 b* + c  A

Tci  lrtX<
: (  d  x

J X

( 103)

( 104)

( 105)

L = 7rJ(<£,y)
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4 0 c -  b 2 ( 1 0 6 )

Co mb i n i n g  e qs  103 an d  104 we  ge t

J_;X L2c ¿ ^  c J- l

and

_ b t^  4* bt-t 2ci  bK2i i < I b * 2c
- ‘n C» Vy ' V«-

( 107)

Bu t  f r o m ( Pe i r c e ,  B. 0 . - 1 9 2 9 )

t a n " ' * - t a n - ‘ y =  ( a n - ' j ^  ( 1 0 8 )

Ap p l y i n g  eq 108  t o t he  c o r r e s p o n d i n g  t e r m of  
eq 107 we  ge t

tan'

- t on'  * ĉ r. t o n ' Æ
4 QC" 4 c ¿ a- c

4cSÏ

9+b2- 4¿2

( 109)

wh e r e  eq 106  has  b e e n  us ed .
I n t r o d u c i n g  eq  109 i n t o  eq 107 we  ge t

( ‘t - x1 J .  b ! __0J± *£ . 2c1~yi+2ac , , / q  2 / - u n i
J X 2c l  'n <t - t >+c a  ^ fe*1 a- c c i  HO)

Th e  q u a n t i t i e s  i n  eq 110 f r o m eqs  102,  105 and  
106 a r e

fl»b + C _ K ^ c o t * »  tlK K t ^ K i l _ ! K1-» \*
5-k>+ C ‘ -ZtC + ccs«*? ~ Ka-2K«-l" * V K-l J (112)

wh e r e  t he  f o l l o wi n g  i d e n t i t y  has  b e e n  u s e d

l + colz<f>z. cosccfp ( 113)

An d  ( wh e r e  e q  113 i s  a l s o  us ed)
2c*-j ?+24c_ 2 cci<tcA4> -4K2* 2 ( K3- r-oi2») cosvc*d?

C2 ~ cosec
_  2C0SGC*4> + 2K}CQSe(2<t - 4K8 

cosec 4 <p

z 2>irj â(l t̂ía-¿K2í</?V) 

y/(f z J a (K' ^coét ycoseci Q -4K2

( 114)

s Z\ J Ki ( co&ec *$- l )  - cok24coi &.

-Zcoi <j > y/K' t -coset *# (115)
wh e r e  a g a i n  eq  113 ha s  b e e n  us ed .
Us i n g  a l s o  eqs  114 a n d  115 we  t h e n  h a v e

2£*- i > + 2ac  I t * M7- 2K1i / / 734>X — -  S/fl  <p -- ■- - - = = = = i = T -C cot  4 ]/j(3-CCHVC I/p

a n d  ( u s i n g  a l s o eq 1 1 3 )
( 1 1 6 )

vAy _ 2cot Q̂ K2-<x>&c<tp _ ¿cot ^i / k^-coi ec*# 
a- c k3-c0tx4>-colee*#, ~ i+K.*--zCosec*4> ( 1 1 7 )

r  2  s i n z $ ( 118)c " coiei ŷi
I n t r o d u c i n g  eqs  1 1 1 , 1 1 2 , 1 1 6 , 1 1 7  a nd  118 i n t o  
ea 110 we  get

T 25/ f l V [Kstsr' 4 In -—¡~ +

l »K2- 2KSi f l a$___________________ — l cok4 Vk* -cosec*  ̂ .‘1
1 n i + K’ - 2^ 0Aec^  ' J ( 119)  

i n t r o d u c i n g  eq 119 i n t o  eq  102 we  get  

3Wcos* 4> [ k j i n' 4<p i n +■

. l * * 2- 2K* »i n*4 2c*i 4s/ K7-ccseci*. „___
2eo4 cosec /+Ka-2«i ecaf  J (120)

wh e r e  K i s  g i v e n  by  eq 93,  t ha t  i s ,  t he  r a t i o  
o f  t he  c o mp r e s s i b i l i t y  a n d  s h e a r  c o e f f i c i e n t s ,  

i s  g i v e n  by  eq  120 i n t e r ms  o f  t he  a n g l e  
o f  s h e a r i n g  r e s i s t a n c e  (J) an d  t he  at  r es t  c o e f  
f i c i e n t  o f  e a r t h  p r e s s u r e  K 0 . Mo r e  b a s s i c a l l y ,  
t he  c o e f f i c i e n t  K 0 i s  g i v e n  i n an i mp l i c i t  f o r m

b y  eq  120  as  a f u n c t i o n  o f  t h e  f u n d a me n t a l  
c o e f f i c i e n t  <J> a n d  t he  r a t i o  o f  t he  f u n d a me n ­
t a l  c o e f f i c i e n t s  y/jx .

Co e f f i c i e n t  K 0 i n eq 120 i s  s u b s t i t u t e d  by  a 
n e w n o r ma l i z i n g  p a r a me t e r  n o d e f i n e d ,  f r o m f i g  
7,  by

s i n 4>o -  / -  Kp
Tic

wh e r e  «J>0 

k 0

u n p  (f+K0) s i »  P  

i s  d e f i n e d  by  

/ - a/ / > _ /- Opsin t> 
/  + si n 0c

(121)

(122)
/1 nc s>m$

i n  a s i mi l a r  f o r m as  i s  d e f i n e d  t he  a c t i v e  
p r e s s u r e  c o e f f i c i e n t  K*  i n t e r ms  o f  <t>

,  /-sin<t ( 123)
a  /t-sinf.

I n t r o d u c i n g  eqs  121 an d  122 i n t o  eq  93 i t  i s  
o b t a i n e d  . .

/ *  '~s"> *c
UKp  _ • /**/>*€■ _  2 _ _i____

K * i -r-c 1-sJnte 
/+an ft

t\ = n 0 sin $ ( ! 24)

Th e  q u a n t i t i e s  i n eq  120  a r e  t h e n  i q u a l  t o
K 4 < „ t + JT _ t + f h
K -  I ~ J- r t psi nï  ( 1 2 5 )

f *kl- 2K2si nz4,_____
? col 4 / K’ - ^sec*^ 2 •= c-o >//_ cosec.tÂ

*  V K*

_ 1-2 si n V»n£.s//»V
2f l o\ f i - r f c coi f  

/■>**-¿‘ o¡«’ # ~ / l  -j¡H - 1

( 126)

_ 2 no\ / l -m COS#
~ / -2n¿- t  n#*s/ »V

I n t r o d u c i n g  eqs  124 t o  127 i n t o  eq 120  we  
f i n a l l y  get

( 127)

i n^  + nl un1# |LJr|- ( 2f l p\ / l -n? coi f  .*1 
2ne\ f Fr$ coi f  /- 2ne' +h¿si n' *$“ '\ ( 128)

Fi g  8 s h o ws  g r a p h s  o f  K 0 as  f u n c t i o n  o f  n 0 
f o r  d i f f e r e n t  v a l u e s  o f  4>.  Eq  122.  Th i s  f i g  
a l s o  s h o ws  t he g r a p h s  o f  t h e  e mp i r i c a l  r e l a ­
t i o n s  K 0= 1 - s i n  <J> and  K 0= 0 . 9 5 - s i n  4».  I t  i s 
n o t e d  t h a t  K 0= 1 f o r  n « = 0 a n d  K 0= f o r  n 0= 1

Fi g 9 s h o w g r a p h s  o f  yr~ f ( ^ n 0)  , eq 128.  I t  
i s  n o t e d  t h a t  i n  eq  128 as  t h a  a r g u me n t  o f  
t a n  1 i s ,  f o r  a l l  v a l u e s  o f  <J> d i f f e r e n t  f r o m 
90° ,  an i n c r e a s i n g  f u n c t i o n  o f  Ho f r o m 0 t o®

and l at er on an i ncreasi ng f unct i on f orm -® 
to 0, t hen t he val ue of  t an 1 i ncreases f i rst  
f rom o t of  and l at er  on i t  i s to be t aken as 
an i ncreasi ng f unct i on f rom̂t o7T.
For  0=0 ,  eq 128 r e d u c e s  t o

Fo r  0=90° ,  eq 128 r e d u c e s  t o

B HA1 J 4>:90
- o

( 129)

( 130)

Fo r  n o= 0,  u s i n g  L ’ Ho s p i t a l r s r u l e  i n eq  128,  
i t  c a n  be  s h o wn  t ha t

2Si n*I * ri« 1 i -rv Si n̂  T

In̂-ío 2 rte \/" -n¿* <w f t an

( 131)

( 132)
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I n t r o d u c i n g  eq s  131 a n d  132 i n t o  eq  128 we  ge t  

[ / i ~\ ] ne= o "  371 Cc*l4>t2 ( 1 33)

Fi n a l l y ,  f o r  no =1 ,  t he  c o e f f i c i e n t  o f  t a n  1 
t e n d s  t o  °» an d  t h e n  we  h a v e

[ f u ( 134)

1963)  r e p o r t  a s h e a r i n g  r e s i s t a n c e  e n v e l o p e  
i n c l i n e d  0 =25. 9°  a n d  t h e y  a l s o  r e p o r t  a 
K o=0 . S9  ± u 0 . 02 .  Th i s  a n g l e  0 c o r r e s p o n d s  t o 
an  a n g l e  o f  s h e a r i n g  r e s i s t a n c e ,  wi t h  y i e l d ­
i ng  p l a n e s  at  45°  ( J u a r e z - Ba d i l l o - 1 9 6 Sa ) , o f  
0 = t a n  1 ( si n<J)  ) = 23. 6° .  Fo r  o u r  v a l u e  0=21°  
48° i t  i s  p r o Ha b l e  a l i t t l e  h i g h e r  v a l u e  o f  
K 0 . I t  i s  t h e n  a s s u me d  K„ = 0 . 60.

Fo r  0= 2 1 ° 4 8 ’  an d  K o = 0 . 6 0  c o r r e s p o n d s ,  f r o m 
eq 1 2 1  a n d  f i g  8 ,  a v a l u e  r i o = 0 * 6 8 .  Fo r  <¡>=21° 

4 8 1 a nd  n<>- 0. 68 c o r r e s p o n d s ,  f r o m e q  1 2 8  and  
—ri— -  4  . Ft oj tf i g  9,  a v a l u e = 4  . Fr o m eq 135  we  t h e n  

a n d  we  c a n  wr i t e  f o rh a v e  a  =,
I Veal d c l a y

r>0 = 0. 6i  ( 136)
- 0 ,0 1 5  I  %  = 4 )

Ap p l i c a t i o n  o f  eqs  49  and 55 wi t h  0 = 2 1 ° 48! 
an d  y = 0 . 0 1 5  p r o v i d e  t he  t h e o r e t i c a l  p o i n t s  
Co)  s h o wn  i n  f i g  10.  Th i s  f i g  10 s h o ws  i n  
d i s c o n t i n u o u s  l i n e s  t h e  s t r e s s - s t r a i n  c u r v e s  
f o r  d r a i n e d  c o mp r e s s i o n  ( ax i a l  s t r e s s  
i n c r e a s e d )  and  d r a i n e d  e x t e n s i o n ( r a d i a l  s t r e s s  
i n c r e a s e d )  t e s t s  i n  n o r ma l l y  c o n s o l i d a t e d  
We a l d  c l ay .  Th e  c o n t i n u o u s  l i n e s  a r e  t He 
c o r r e s p o n d i n g  d e v i a t o r i c  c u r v e s  wh i c h  we r e  
o b t a i n e d  s u b t r a c t i n g  t he  i s o t r o p i c  c o mp o n e n t  
s t r a i n  t o  t h e  t o t a l  a x i a l  s t r a i n ,  e q  8.  Th e  
i s o t r o p i c  c o mp o n e n t s  we r e  o b t a i n e d  f r o m t h e  
c o r r e s p o n d i n g  c u r v e s  n o t  i n c l u d e d  i n t h i s  
p a p e r  ( J u a r e z - Ba d i l l o - 1965 ,  1 9 6 9 b ,  1975 ) .  Th e  
e x p e r i me n t a l  a n d  t h e o r e t i c a l  t a n g e n t s  at  
o r i g i n  a r e  a l s o  n o t e d .  Fi g  10 a l s o  s h o ws ,  f o r  
c o mp a r i s o n ,  t h e  t h e o r e t i c a l  p o i n t s  o b t a i n e d  
f r o m e qs  81 a n d  82 f o r  v = 2  a n d  u s i n g  p 2= 0.008 
Th e  s t r e n g t h  i s ,  f r o m eqs  26,  32,  52 an d  135

( 137)f \ -  2 si  »A.  - I I S
\  <rc Jf -  / -si r t ^ ’ ’

Ex p e r i me n t a l  v a l u e s  o f  we r e  1 . 1 6  an d
1 . 18  f o r  c o mp r e s s i o n  a n d  e x t e n s i o n  d r a i n e d  
t e s t s  r e p e c t i v e l y .

Fi g  1 0  s h o ws  c o i n c i d e n c e  o f  d e v i a t o r i c  c o mp r e s  
s i o n  a n d  e x t e n s i o n  c u r v e s  f o r ^ ^ * 1 up  t o  5 0 1  

o f  t he  s t r e n g t h .  Fo r  h i g h e r  v a l u e s  t he  c o m­
p r e s s i o n  t e s t  s h o ws  h i g h e r  d e v i a t o r i c  s t r a i n s .  
Th e o r e t i c a l  p o i n t s  f a l l  on  t he  e x t e n s i o n  d e ­
v i a t o r i c  c u r v e  f o r  g r a t e r  t h a n  5 0 1  of  
t h e  s t r e n g t h  an d  f o r  v a l u e s  o f  up  t o
50%,  t h e o r y  o v e r e s t i ma t e s  d e v i a t o r i c  s t r a i n s .

0 l + n0sin̂>

o Weald clay (<£:21°48' 
Ko=0.60 

I n0:0.68)
J__I__I__I__I—

F± g 9 Gr a p h s  orf J L  = f  (<*, n0)

PRACTI CAL  APPL I CATI ON

Th e  wh o l e  t h e o r y  p r e s e n t e d  a b o v e  i s  n o w a p ­
p l i e d  t o  t h e  e x p e r i me n t a l  d a t a  o f  We a l d  c l ay .  
Th e  d a t a  o f  t r i a x i a l  t e s t s  p e r f o r me d  a t  I m­
p e r i a l  Co l l e g e ,  Un i v e r s i t y  o f  L o n d o n ,  wa s  
k i n d l y  ma d e  a v a i l a b l e  t o  t h e  a u t h o r  by  J . D.  
He n k e l .

Fr o m e a r l i e r  wo r k ,  p r e v i o u s l y  me n t i o n e d ,  i t  
was  f o u n d  f o r  We a l d  c l a y

0 -  2l° AV‘ ( t an 0=o. 4)
J * O.  06 f1 35)
jp= '/# (y p .-o -o2)

Fo r  u n d r a i n e d  t e s t s  ( He n k e l  J . D.  and So wa  V. A. -

Fxnerimentnl tonnent nt orinin
at origin (j/=l)

Total axial strains in compression 
(axial stress increased) and extension 
(radial stress increased) (After 
Henkel)
Deviatoric axial strains in 
compression and extension 

Theoretical points for eac and eae(/x=0.015,i/=l) 
Theoretical points for eoc and eQe(̂.2:0.008,i/=2)

Natural axial strain,%

F¿q 10 Vtiatnzd tH-iax.'CaZ tZAt*. MosimaZly con- 
¿oZldatzd We a l d  clay
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T h e o r e t i c a l  t a n g e n t  at  o r i g i n  f r o m eq  72 i s

( 138)cv£i _
'  Oc

Ex p e r i me n t a l  t a n g e n t  at  o r i g i n ,  f r o m f i g  10 
i s  1 . 851 .  I f  t h i s  v a l u e  i s  i n t r o d u c e d  i n  eq 
72 i t  i s  o b t a i n e d

/.ss-7c
an d  f o r  p =0 . 0 1 S we get

\ cot 4>\

c a n  be

[♦ ]
Eq 72 c a n  be wr i t t e n

, 2s. -

loriÿ» . - - 4* €

( 139)

( 140)

( 141)

Ap p l i c a t i o n  o f  eq 141 t o t he  t o t a l i t y  o f  t he 
s t r e s s - s t r a i n  c u r v e s  o f  d r a i n e d  an d  undr ai r i ed 
c o mp r e s s i o n  a n d  e x t e n s i o n  t e s t s  i s  s h o wn  i n 
Ta b l e  I .  Th e  s y mb o l s  u s e d  a r e  

d£_ l  _ , f 
¿ * 2 ^  ~3

Jrbeeretical L & j Theor
(Dr ,

(£)' f.p

e„-

d£a

d€ g

ñ

pcrimen

( 142)

( 143)

( . 144)

( 145)

TAUL E 1. TRI AXI AL  TESTS.  DAT A AT  ORI GI N.  WEAL D CL AY

TRIAXIAL TUSTS O.C.R. O.C.F. <%heor ea «a -57 °C“
Average
value

V° c ®c/®c % % % % \ %

Drained Axial 1.0 1.0 -0.7 -0.3 •2.0 • 1.7 • 1.7
compres­ stress 2.0 1.6 •0.2 •0 •1.0 -1.0 -1.6sion increa­ 2.7 2.0 •0.2 -0 •0.5 •0.5 -1.0 -1.5tests sed 4.0 2.6 -0.2 -0 -0.5 •0.5 -1.3

8.0 4.1 -0.2 -0 -0.5 •0.5 •2.0
12.0 5.2 -0.2 -0 -0.25 -0.25 • 1.3
24.0 7.0 -0.2 -0 -0.25 -0.25 -1.7

Radial 1.0 1.0 *0.4 ♦0.1 •0.8 •0.9 •0.9
stress 1.7 1.5 .0,4 ♦0.2 -0.8 -1.0 • 1.5

2.0 1.6 -.0.4 ♦0.2 •0.6 -0.8 -1.3decrea­ 4.0 2.6 ♦0.4 ♦0.3 -0.4 -0.7 • 1.8 -2.0sed 8.0 4.1 •0.4 ♦0.3 -0.3 -0.6 -2.5
12.0 5.2 .0.4 ♦0.3 -0.3 -0.6 -3.1
24.0 7.0 ♦0.4 ♦0.3 -0.3 -0.6 -4.2

j , 1.0 1.0 0 •0.2 •2.5 -2.3 •2.3J1
constant 4.0

12.0
2.6
5.2

0
0

♦0
*0

-0.8
-1.4

•0.8
-1.4

•2.1
-7.3

•2.0

Radial 1.0 1.0 -1.3 -0.9 ♦ 1.0 ♦ 1.9 ♦ 1.9Drained 2.0 1.6 -0.4 •0.1 ♦0.5 ♦0.6 ♦ 1.0
exten­ stress 4.0 2.6 -0.4 -0.2 .0.5 ♦0.7 ♦ 1.8 ♦2.5
sion increa­ 8.0 4.1 -0.4 -0.1 ♦0.5 ♦0.6 ♦ 2.5
lesis sed 12.0 5.2 -0.4 -0.2 ♦0.5 ♦0.7 ♦3.6

24.0 7.0 -0.4 -0.1 ♦0.5 ♦0.6 ♦4.2
Axial 1.0 1.0 ♦0.2 ♦0 ♦ 1.0 ♦ 1.0 ♦ 1.0

1.7 1.5 »0.2 ♦0 ♦ 1.0 ♦ 1.0 ♦ 1.5stress 2.0 1.6 ♦0.2 ♦0.1 ♦ 1.0 ♦0.9 ♦ 1.4decrea­ 4.0 2.6 ♦0.2 ♦0.1 ♦ 1.0 ♦0.9 ♦2.3 ♦ 2.0sed 8.0 4.1 ♦0.2 ♦0.1 ♦0.5 ♦0.4 ♦ 1.6
12.0 5.2 ♦0.2 ♦0.1 ♦0.5 ♦0.4 ♦2.1
24.0 7.0 ♦0.2 ♦0.1 ♦0.5 ♦0.4 ♦2.8

1, 1.0 1.0 0 •0 »1.2 ♦ 1.2 • 1.2J ]
constant 4.0

12.0
2.6
5.2

0
0

♦0
♦0.2

♦0.8 
♦ 1.0

♦0.8
♦0.8

♦2.1
♦4.2

♦2.0

Undraincd Axial 1.0
1.7

1.0
1.5

-2i0
•0.5

-2.0
-0.5

-2.0
-0.8compres­ stress 2.0 1.6 -0.5 •0.5 •0.8sion tcsls increa­ 2.7 2.0 -0.5 -0.5 -1.0 -1.5

sed 4.0 2.6 •0.5 -0.5 -1.3
8.0 4.1 -0.5 •0.5 •2.0
12.0 5.2 -0.25 ■0.25 •1.3
24.0 7.0 -0.5 -0.5 -3.5

Undraincd Axial 1.0
1.7

1.0
1.5

♦0.5
♦0.5

♦0.5
♦0.5

»0.5
♦0.8exten­ stress 2.0 1.6 ♦0.5 ♦0.5 ♦0.8sion tests decrea­ 4.0 2.6 ♦0.25 ♦0.25 »0.7 ♦ 1.0sed 8.0 4.1 ♦0.25 »0.25 ♦ 1.0

12.0 5.2 ♦0.25 ♦0.25 »1.3
24.0 7.0 ♦0.25 ♦0.25 ♦ 1.7
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Ta b l e  I j h o ws  t he o v e r c o n s o l i d a t i o n  r a t i o s  
OCR = gf- , wh e r e  Op i s  t he  p r e c o n s o l i d a t i o n

an d  t he  c o r r e s p o n d i n g  e x p e r i  
o l i d a t i o n  f a c t o r s  o c r  = - Sf -

me n t a lp r e s s u r e ,
o v e r c o n s o l i d a t i o n  f a c t o r s  o c r  z . A l t e r ­
n a t i v e l y  t he  OCF c an  be e s t i ma t e d ‘‘ f r om 
( J u a r e z - Ba d i l l o - 1 9 6 5 ,  1969,  1975)

oc r  =(OCR)'  (146)
Th e o r e t i c a l  i s o t r o p i c  s t r a i n  s l o p e s ,  eq 142,  
we r e  o b t a i n e d  f r o m eq s  4 an d  80

= j f - 4^ 1  = 4  c U ori|>) (147)
19 <rc -)Theor

Wh e r e  ,
C = 0 , 2 j  J t - f -  ( 148)

d e p e n d i n g  o f  t h e  t y pe  o f  d r a i n e d  t r i a x i a l  
t e s t  as  d i s c u s s e d  a b o v e .  Th e  v a l u e s  o b t a i n e d  
u s i n g  eq 135 a p p e a r  i n Ta b l e  I .

Ex p e r i me n t a l  i s o t r o p i c  s t r a i n  s l o p e s ,  eq  143,  
we  o b t a i n e d  f r o m t he  c o r r e s p o n d i n g  e x p e r i me n  
t a l  c u r v e s .  Th e o r e t i c a l  v a l u e s  ar e ,  on  t he 
a v e r a g e ,  a b o u t  t wi c e  t he  e x p e r i me n t a l  v a l ues .  
Co mp l e t e  t h e o r e t i c a l  c u r v e s  a p p e a r  i n ( J uar ez -  
Ba d i l l o - 1 9 6 9 b ) .

To t a l  a x i a l  s t r a i n  s l o p e s ,  eq  144,  we r e  o b ­
t a i n e d  f r o m t he  c o r r e s p o n d i n g  e x p e r i me n t a l  
c u r v e s .  De v i a t o r i c  a x i a l  s t r a i n  s l o p e s ,  eq 
145,  we r e  o b t a i n e d  s u b t r a c t i n g  t he  e x p e r i me n  
t a l  i s o t r o p i c  s t r a i n  s l o p e s  f r o m t h e  t o t a l  
a x i a l  s t r a i n  s l o p e s ,  eq 73.  Fi n a l l y ,  t he  p r o  
du c t  o f  t h e  d e v i a t o r i c  a x i a l  s t r a i n  s l o p e s  
an d  t he  c o r r e s p o n d i n g  OCF,  eq 141,  we r e  o b ­
t a i ned .  Av e r a g e  v a l u e s  f o r  e a c h  t y p e  o f  t es t ,  
d i s c a r d i n g  t he  h i g h e s t  a n d  l o we s t  v a l u e s ,  
we r e  c a l c u l a t e d  an d  r o u n d e d  o f f  t o  0 . 51 .  Ov e r  
a l l  a v e r a g e  v a l u e  f o r  d r a i n e d  t e s t s  i s  2 . 0% 
wh i l e  f o r  u n d r a i n e d  t e s t s  i s  1 . 25%.  Th e s e  
v a l u e s  s u p p o r t  eq  139 a nd  we  a r e  f o r c e d  t o 
c o n c l u d e  t ha t ,  at  t h e  o r i g i n ,  f o r  y =0 . 0 1 5 ,  
eq  140 i s  t r u e  f o r  t he  t o t a l i t y  o f  s t r e s s -  
s t r a i n  c u r v e s  o f  t r i a x i a l  t e s t s  on We a l d  c l ay .

DI SCUSSI ON

Th e  t h e o r y  d e v e l o p e d  a b o v e  an d  i t s  a p p l i c a t i o n  
t o We a l d  c l a y  b r i n g  f o r wa r d  s o me  i mp o r t a n t  
p o i n t s  t o  b e  e l u c i d a t e d  i n t he  f u t u r e .  Fi r s t ,  
t h e o r y  a n t i c i p a t e s  a u n i q u e  d e v i a t o r i c  c u r v e  
f o r  d r a i n e d  c o mp r e s s i o n ( a x i a l  s t r e s s  i n c r e a s e d )  
an d  d r a i n e d  e x t e n s i o n  ( r a d i a l  s t r e s s  
i n c r e a s e d )  t e s t s  on  n o r ma l l y  c o n s o l i d a t e d  
c l a y s .  Fo r  We a l d  c l a y  t h i s  wa s  e x p e r i me n t a l l y  
s o up  t o  50% o f  t he  f a i l u r e  d e v i a t o r  s t r es s .  
L a t e r  on c o mp r e s s i o n  t es t  s h o we d  h i g h e r  
s t r a i n s .  Ca n  t h i s  d i f f e r e n c e  be  e x p l a i n e d  by  
s o me  e f f e c t s ,  l i k e  " a n i s o t r o p y "  and  n o n  h o mo  
g e n e i t y  o f  t he  c l a y  s a mp l e s ,  n o t  c o n s i d e r e d  
i n  t he  t h e o r y ?  Th i s  s h o u l d  be e l u c i d a t e d  e x ­
p e r i me n t a l l y .  Se c o n d ,  i t  i s  c l e a r  t ha t ,  i n 
t h i s  a p p r o a c h ,  p a r a me t e r  v =1 ,  eqs  20 an d  23 
a nd  f i g  10,  f o r  t h e  f u n d a me n t a l  l aw o f  s h e a r  
b e h a v i o u r  i s  t he  o n l y  on e  t o be  c o n s i d e r e d .  
Th i r d ,  s ma l l e r  s t r a i n s  at  t h e  s t a r t  o f  
t r i a x i a l  t e s t s  i s  a b e h a v i o u r  t h a t  r e q u i r e s  
f u r t h e r  e x p e r i me n t a l  e v i d e n c e  b e f o r e  f u r t h e r  
t h e o r e t i c a l  e f f o r t s  a r e  ma d e  t o e x p l a i n  t hem.

Wi t h  r e s p e c t  t o  t h e  s e c o n d  c o n s i d e r a t i o n  a b o v e  
we  c a n  s t i l l  ad d  t ha t  f o r  v =0  i n  eq 17,  eq 23 
r e d u c e s  t o

dr\ r ycot4>d( r̂) ( 149)

I n t r o d u c i n g  eq 90,  c o r r e s p o n d i n g  t o  t he  one 
d i me n s i o n a l  c o n s o l i d a t i o n  t es t ,  i n t o  eq  149

we  get

df j ^ c ot </ . d- ir f ^ xT  = °  ( 150)

t h a t  i s ,  t h e r e  wo u l d  n o t  be  a n y  d i s t o r t i o n  
and ,  c o r r e s p o n d i n g l y ,  n o r  an y  c o n s o l i d a t i o n .

Th e  e x p e r i me n t a l  f ac t  t h a t  K= c o n s t a n t ,  eq  93 
i n t he  o n e d i me n s i o n a l  c o n s o l i d a t i o n  t es t  t hen  
t u r n s  v =0  as  an i mp o s s i b l e  v a l u e  f o r  v i n 
t h i s  t h e o r e t i c a l  a p p r o a c h .  F r a c t i o n a l  v a l u e s  
o f  v a r e  a l s o  n o t  c o n s i d e r e d .

Hi g h l y  d e s i r a b l e  a r e  e x p e r i me n t a l  d a t a  on t he  
r e l a t i o n s h i p  a mo n g  t h e  a n g l e  o f  s h e a r i n g  r e-  
s i t a n c e  <J> an d  t h e  c o mp r e s s i b i l i t y  and  s h e a r  
c o e f f i c i e n t s  y an d  y.  Does  p d e p e n d  on <f>?
Wh a t  i s  t he  r a n g e  o f  v a r i a t i o n  o f  no a n d  Jf/x 
( eq 1 2 8 ) ?  On t h i s  r e s p e c t  f r o m f i g  8,  f o r  
b e t we e n  15°  a n d  30° ,  f o r  K 0 b e t we e n  0 . 5  an d  
0 . 7 an d  a l s o  f o r  K 0 b e t we e n  0 . 95  - si n<J> an d  
1- si n<f >,  we  g e t  v a l u e s  o f  n© b e t we e n  0 . 6  and
0 . 7 5  an d  f r o m f i g  9,  f o r  t he  a b o v e  i n t e r v a l s  
o f  <J> an d  Ho,  we  ge t  v a l u e s  o f  b e t we e n  2 . 5 
an d  5 ( ^ / /  b e t we e n  0 . 2  a nd  0 . 4 j .  So  we  may  
c o n c l u d e  t ha t  mo s t  c o mmo n  v a l u e s  o f  no and  
ar e

n 0 = o.  6 7  t o. 07 ( 151)

£ = 4 ± l  ( 152)

Fr o m eq  152 t he  c o mp r e s s i b i l i t y  a nd  s h e a r  de 
f o r ma b i l i t y  r a t i o  i s  a b o u t  4 a n d  t h e n  b o t h  
c o e f f i c i e n t s  a r e  n o t  i n d e p e n d e n t  o f  e a c h  
o t h e r .  Ho w f a r  t h i s  i s  s o ?  As s u mi n g  i t  i s  so 
t h e  s h e a r  c o e f f i c i e n t  c a n  be  e s t i ma t e d  f r om 
t he  c o mp r e s s i b i l i t y  wh i c h  i n  t u r n  c a n  b e  e s ­
t i ma t e d  f r o m t h e  l i q u i d l i mi t  w.  f r o m( J u a r e z -  
Ba d i  Ho - 1 9 7 5 )  L

| f i O. OOI 6 ( wt- 10) (153)
a n d  i n t r o d u c i n g  eq  153 i n t o  eq  152 we  ge t

y = 0 . 0 0 0 4  ( wu-' i o)  ( 1 54)

Wa v e  p r o p a g a t i o n  r e q u i r e s  t a n g e n t  at  o r i g i n  
Yo u n g ’ s mo d u l u s  E 0 u n d e r  u n d r a i n e d  c o n d i t i o n s .  
Fr o m eq  141 u s i n g  eq 140  we  ge t  

_ j tz h  
“ 9 <re

a n d  t hen
r ■Tdm- qai  - _a_ Qe__
Cc ' L ¿ea Jj i - f f j , o"  t t *  A*

I n t e r ms  o f  a an d  t he  o v e r c o n s o l i d a t i o n  
f a c t o r  Oe/ f l f  o r  t he o v e r c o n s o l i d a t i o n  r a t i o  Oi>/fi c

F Ŝi-Sk. ri c7-vc© " JT2 <Tc L •  ̂/ J
and  i n t r o d u c i n g  eq 1j 46 i n t o  eq  157

( 158)  

136

r deal
O

( 155)

(156)

ç  J L  SÀ.
to - 7T2 \ <Tc )

Eq 158 f o r  We a l d  c l a y  u s i n g  eqs  135 and 
wo u l d  r ead

E„ = S4<Tc (0CR)*/J ( 159)

For  u n d r a i n e d  t e s t s  f o r m Ta b l e  I  i t  a p p e a r s  
t h a t  E 0 i s  e v e n  g r a t e r .  Fo r  an " Av e r a g e  v a l u e "  
o f  1 . 01  c o r r e s p o n d s  ( c o mp a r e  eqs  155 and  156)

E0 = t oo oi (p c  r ) 2/ j  C160)

Fu r t h e r  e v i d e n c e  o f  t he  a p p l i c a b i l i t y  o f  eq 
157 i s  n e e d e d ,  s p e c i a l l y  f o r  t h e  d i f f e r e n c e  
b e t we e n  d r a i n e d  an d  u n d r a i n e d  t e s t s  s h o we d  
b y  Ta b l e  I .

CONCL USI ONS

Th e  mo s t  i mp o r t a n t  c o n c l u s i o n s  and  r e c o me n d a -  
t i o n s  a r e  as  f o l l ows :
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1.  De v i a t o r i c  o r  d i s t o r t i o n a l  ( c h a n g e  i n 
f o r m) b e h a v i o u r  o f  s o i l s  i s  t h e  ma c r o s c o p i c  r e 
s u i t  o f  a c o mp l e t e  t h r e e  d i me n s i o n a l  s p e c t r u m 
o f  i n f i n i t e s i ma l  e f f e c t i v e  s h e a r s  t a k i n g  
p l a c e  i n a l l  p o s s i b l e  p l a n e s  i n a f l a t  
p h y s i c a l  s p a c e  ( c o mp a r e  eqs  1 , 2 , 3 7  and  38) .
2.  I n f i n i t e s i ma l  e f f e c t i v e  s h e a r s  a r e  du e  t o 
a c h a n g e  i n s h e a r  s t r e s s  a n d / o r  n o r ma l  f u n d a  
me n t a l  s t r e s s .
3.  Th e  f u n d a me n t a l  l a w o f  s h e a r  b e h a v i o u r  
g i v e n  by  eq 23 i s  p o s t u l a t e d .  Th e  s h e a r  c o e f ­
f i c i e n t  p i s  p r e s e n t e d .
4.  I n t e g r a t i o n  o f  t he  i n f i n i t e s i ma l  e f f e c t i v e  
g e n e r a l  s h e a r  s t r a i n s  g i v e  eq s  49 an d  55 f or  
t he  d e v i a t o r i c  a x i a l  s t r a i n s  o f  c o mp r e s s i o n  
( ax i a l  s t r e s s  i n c r e a s e d )  a n d  e x t e n s i o n ( r a d i a l  
s t r e s s  i n c r e a s e d )  t e s t s  on  n o r ma l l y  c o n s o l i ­
d a t e d  c l a y s .  Th e o r y  a n t i c i p a t e s  a u n i q u e  
c u r v e  f o r  b o t h  t y p e s  o f  t es t s .  Th i s  . r e q u i r e s  
f u r t h e r  e x p e r i me n t a l  v e r i f i c a t i o n .  Se e  f i g  10.
5.  Ex p e r i me n t a l  c u r v e s  on  We a l d  c l a y  f o r  a l l  
t y p e s  o f  t r i a x i a l  t e s t s  ( c o mp r e s s i o n  a n d  e x ­
t e n s i o n ,  d r a i n e d  and  u n d r a i n e d ,  n o r ma l l y  c on 
s o l i d a t e d  an d  p r e c o n s o l i d a t e d )  s h o w s ma l l e r  
s t r a i n s  at  t h e  s t a r t  o f  t he  t e s t s  t h a n  t h o s e  
p r e d i c t e d  by  t h e o r y .  Th i s  f ac t  s u g g e s t  a p o ­
t e n t i a l  a n g l e  o f  s h e a r i n g  r e s i s t a n c e  <f >=45°  at  
t he  s t a r t  o f  t he  t es t s .  Th i s  i s  s o me wh a t  di s^ 
t u r b i n g .
6.  Eq  128 ( f i g  9)  r e l a t e s  t he  c o mp r e s s i b i l i t y  
s h e a r  c o e f f i c i e n t  r a t i o ^ - t o  t he  a n g l e  o f  
s h e a r i n g  r e s i s t a n c e  <J> a n d  t he  p a r a me t e r
n o a f ( 4>,  K o ) .
7.  Ex p e r i me n t a l  e v i d e n c e  i n d i c a t e s  s t r o n g  
r e l a t i o n s h i p  b e t we e n  t he  c o mp r e s s i b i l i t y  
c o e f f i c i e n t  y and  t he  s h e a r  c oe f f i c i en t ^ r .  y i 4/ *,  
Eq 152.
8.  Ta n g e n t  at  o r i g i n  Y o u n g ’ s mo d u l u s  E 0 f o r  
wa v e  p r o p a g a t i o n  p u r p o s e s  g i v e n  by  eq 156 i s 

p r o p o s e d .
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APPENDI X. -  0 8 TAI WMEWT OF EQS 81 AND S2

Eqs  81 a n d  82 c a n  be  o b t a i n e d  as  f o l l o ws  
I n t r o d u c i n g  Eqs  33  t o 35 i n t o  eq  25 i t  i s  o b ­
t a i n e d

dH M ^ )
Si mp l i f y i n g  t h i s  e q u a t i o n  we  ge t  

I n t r o d u c i n g  eq A- 2  i n t o  eq  2 we  o b t a i n
fJT/i 

■'o
I n t e g r a t i n g  eq A- 3  f r o m <̂ c- o  t o

f . A- 1 )

( A- 2)

C. A- 3)

CA- 4)

Th e  i n t e g r a l s  i n  qc o f  eq A- 4 ar e o f  t he f o r m 
( Pe i r c e ,  B . O. - 1929)

¿x
( A- 5)

and

h

(a + bx)2 b ( a t b x )  

y d x  _ ± _
( a*bxp= v  +; rrh-)

Ap p l y i n g  eq  A- 5  t o eq  A- 4  we  ge t

/ [ , , (A-fl )«?,]5 B>[l  1 (*-BHt ] I : j v B " t A BJI j t CA-Bl i , ] }

CA- 6)

( A- 7)
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Ap p l y i n g  eq A- 6  t o eq  A- 4  we  get

f[I t ‘ '  | ln L' ■* ̂

(A' 8̂
and,  s i mi l a r l y

" i 7 0 ^ }  (A-9J
I n t r o d u c i n g  eqs  A- 7 t o A- 9  i n t o  eq A- 4

ea-. i Wi \ p ‘«* { 7zhyj , '  ¡ ^ P^ 1 - , Tf ^ J

( a-  10)

Eq  A- 1 0  c an  be  wr i t t e n  as

e a = i yuj TT j  ( . a - 11)

wh e r e ,  f r o m eqs  31,  A- 1 0  and  A - 11

j , rJ coif sift Z*)

v/j

*\p ; £ l : : £ i i i £y »«*■"■ i- 
( 2

J______ ‘>c{ i *«az*) cct t si m*---------- SMZ. dx
* Cos2*-coii>Sifi ¿j*J [i t- <jc (\icos2f-tvtysw 2>) j  

f1T/z

i n/2
- ------ ------------------------- - , i „ 2*dHA . i 2i
[I +<0$2* + C'ot?5'42vjfl+qc(lt *“ }

I n t r o d u c i n g  t he n o r ma l y z i n g  p a r a me t e r  V, eq 
53,  i n t o  eq A- 1 2 ,  eq 82 i s o b t a i n e d .
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