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K. - H. KORHONEN The Uni versi t y of  Oul u,  Fi nl and

SYNOPSIS The d e fo rm a t io n ,  w h ic h  o c c u rs  d u r in g  th e  u n d ra in e d  s h e a r in g  t o  th e  s a tu ra te d  c la y  
sam ple  i s o t r o p i c a l l y  c o n s o l id a te d  in  t r i a x i a l  a p p a ra tu s , has been s tu d ie d  m a in ly  as " p l a s t i c  
y ie ld in g  o c c u r ie n c e " . A f t e r  th e  s h o r t  " s t a r t  s ta g e "  assumed e la s t i c  th e  sam ple  y ie ld s  th u s ,  
t h a t  th e  y i e l d  lo c u s  i s  in  th e  f i r s t  y i e l d  s ta g e  th e  e xpo n e n t f u n c t io n .  I n  th e  second y ie ld  
s ta g e ,  w h ic h  ends w i t h  th e  f a i l u r e  o f  th e  sa m p le , th e  y i e l d  lo c u s  i s  th e  e l l i p s e .  On th e  
b a s is  o f  b o th  y i e l d  lo c u s  fu n c t io n s  i s  a r r iv e d  a t  a r e s u l t  t h a t  th e  r e la t i o n s h ip  es -q  can be 
d u r in g  th e  u n d ra in e d  s h e a r in g  t o  a p p ro x im a te  w it h  th e  same s im p le  h y b e rb o la  fro m  th e  b e g in n in g  
o f  th e  s h e a r in g  (s ta g e )  t o  th e  f a i l u r e  o f  th e  sa m p le . I n  th e  p a p e r d e a l t  w it h  th e  c la y  sample 
i s  a s o f t  p o s t g la c ia l  c la y .  The sam ple  i s  on p u rp o se  o v e rs t re s s e d  i s o t r o p i c a l l y  b e fo re  th e  
u n d ra in e d  s h e a r in g .

THE BASIC ASSUMPTIONS

The sam ple  i s  assumed t o  be and to  re m a in  
i s o t r o p ic  and homogenous. I t ,  f u r t h e r ,  i s  
assumed t h a t  th e  vo lum e change o c c u rs  
a c c o rd in g  t o  th e  e q u a t io n  (1 )  ( F ig .  1 a ) .

S£:v = 6ev + 6ev . . . . . . . . . . . <l a)
= k 6̂  = S£ . . . . . . . . . (

v 1+e p e p

Se = * «£ = m «£ . . . . . . . . . (1c)
v 1+e p p

6ev i s  th e  t o t a l  vo lum e change. 6e® i s  th e

e la s t i c  one and 6e^ i s  th e  p la s t i c  o ne ; in

th e  u n d ra in e d  s h e a r in g  6ev = 0 .  I t  i s

assumed th a t  6ee > 0 and 6ef? = 0 betw een th e  
s s

p o in ts  A and B ( F ig .  2 ) o f  th e  s t r e s s  p a th ,  

whereas betw een th e  p o in ts  B and D o f  s t r e s s  

p a th  6e^ = 0.

e® is  th e  e la s t i c  sh e a r s t r a in  and i s  th e  

p la s t i c  o ne . 6p  i s  th e  change i n  mean 

p r in c ip a l  s t r e s s .

P ro v id e d  th e  s o i l  s ta b le  in  th e  sense 
d e f in e d  by D ru c k e r (1 9 5 9 ) th e n  th e  s t r a i n -  
r a te  v e c to r  e xp re sse d  in . te rm s  o f  o n ly  th e  
p la s t i c  com ponents o f  s t r a in  6Eg and 6e^ 
m ust be n o rm a l t o  th e  y ie ld  lo c u s .  T h is  
" n o r m a li t y  c o n d i t io n "  g iv e s :

de P
— . . . . . . . . . . . (2)

de P dP

0.2 0.4 1.0

Mean principal stress p kp I cm2

Stress o' kp /cm

q = i s  th e  d e v ia to r  s t r e s s  and p i s
th e  mean p r in c i p a l  s t r e s s .  C om b in ing  equa­
t io n s  (1 )  and (2 )  and ta k in g  in t o  a c c o u n t

F ig .  1 R e la t io n s h ip  betw een p ,  and v o id  
r a t i o
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\ l 1 - ( q/ q, I Mean principal stress p kp/cm

F ig .  2 U n d ra in e d  i s o t r o p i c a l l y  c o n s o l id a te d  t r i a x i a l  t e s t .  S tre s s  p a th  and y i e l d  lo c u s .
The s o i l  t e s te d ;  p o s t g la c ia l  c la y , 78 %, 46 %

t h a t  i n  th e  u n d ra in e d  s h e a r in g  5e = 0 , i s  
o b ta in e d :

E = P -  =d e „ . (3)

E i s  th e  ta n g e n t m odu lus on eg “ q space

STRESS PATH, YIELD LOCUS AND DEFORMATION 
FUNCTIONS

In  F ig .  2 have been shown th r e e  t y p i c a l  
s t r e s s  p a th s  o f  th e  o v e rc o n s o lid a te d  ( o r  
o v e rs t re s s e d )  c la y  i n  th e  u n d ra in e d  
t r i a x i a l  co m p re ss io n  t e s t .  The s t r e s s  p a th  
i s  d e v id e d  in t o  th r e e  p a r ts  AB, BC and CD.
A t th e  space AB th e  i n d i c a t i o n  o f  s t r e s s  
p a th  i s  3 :1 ,  th e  same i n  th e  u n d ra in e d  
co m p re s s io n  t e s t .  The b e h a v io u r  o f  th e  
sam ple a t  t h i s  s ta g e  can be t o  c o n s id e r  
e la s t i c .  A t th e  space BC i t  b e g in s  in t o  th e  
o v e rs t re s s e d  sam ple  t o  d e v e lo p e  th e  p o re  
p re s s u re  and in t o  i t s  d e fo rm a t io n s  a ls o  th e  
p la s t i c  com ponent o b v io u s ly  come a lo n g . A t 
th e  space CD th e  sam ple  can be t o  f i n d  
y ie ld in g  p l a s t i c a l l y .  N ex t i s  exam ined th e  
b e h a v io u r  o f  th e  sam ple  a t  th e  space BC o f  
th e  s t r e s s  p a th .  A c c o rd in g  t o  n o te s  o f  
F ig .  3 i s

p o ♦ = p  + u a  + U(j

Po = ua + P . . . . . . . . . . . . . . (1°
The com ponent u o f  th e  p o re  p re s s u re  i s  
assumed t o  d e v e lo p e  p r o p o r t io n a l ly  t o  " th e  
r e s t  o f  th e  s h e a r s t r e s s  m o b i l iz a t io n  
d e g re e " ,  t h a t  i s  t o  sa y :

d̂ _
du dp . (5)

F ig .  3

Calculated yield locus 
Observed stress path

S tre s s  p a th  ABCD has been d e v id e d  
in t o  th r e e  spaces AB, BC and CD.
A t th e  space AB th e  sam ple  behaves 
e l a s t i c a l l y .  A t th e  space BC th e  
s t r e s s  p a th  jo in s  th e  e x p o n e n t ia l  
y i e l d  lo c u s  and a t  th e  space CD 
i t  j o in s  th e  e l l i p t i c a l  y i e l d  lo c u s .

- (¥!
. (6)

On th e  b a s is  o f  F ig .  H can  be fo u n d  t h a t  th e  
c u rv e  o f  e q u a t io n  ( 6 )  j o in s  th e  p o in ts  o f  
o b s e r v a t io n s , when t o  q ^  i s  used th e  

t h e o r e t ic a l  v a lu e  ■£ > Q-f ’ ŵ en Q f ^ e  
"o b s e rv e d "  d e v ia to r  s t r e s s  a t  f a i l u r e .

From th e  e q u a t io n  (5 )  i s  o b ta in e d  by 

in t e g r a t in g  ( i f  uas ^ } when q = 0 ) :
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0 0. A 0.8 1.2
Mean principal stress p kp/cm2

0 0.2 0.4 0,6

Pore pressure ua kp/cm2

F ig .  4 U n d ra in e d  t r i a x i a l  t e s t .  R e la t io n ­
s h ip  be tw een p o re  p re s s u re  Cu ) and 
th e  r e s t  o f  th e  s h e a r  s t r e s s  
m o b i l iz a t io n  d e g re e  ( 1 - q / q ^ ) .

I f  i t  i s  assumed t h a t  th e  f u l l y  s a tu ra te d  
sam ple  i s  a t  th e  p o in t  B o f  s t r e s s  p a th  in  
th e  e la s t i c  c o n d i t io n ,  i s  o b ta in e d  th e  
a p p ro x im a te  v a lu e  o f  th e  c o e f f i c ie n t  D f o r  
e q u a t io n s  ( 5 )  and ( 6 ) ,  as fo l lo w s :

1-1 i ACo A£
3

basi s of  t he equat i on (3) and (5):

E = 4 ^— = m p 
ds eF ■[*F

(3)

E =
L de . [ »<

. C8a)

Eo *f

. (8 b )

1 /a  = 

1 /b  =
E i s  i n i t i a l  ta n g e n t m odu lus.

qf t >qf i s  th e  t h e o r e t ic a l  d e v ia to r  
s t r e s s  a t  f a i l u r e

The e q u a t io n  (8 )  p re s e n ts  th e  s im p le  h y b e r -  
b o la ,  w h ich  has been in  s e v e r a l c o n n e c tio n s  
s ta te d  t o  be s u ite d  to  th e  a p p ro x im a t in g  f o r  
th e  r e la t i o n s h ip  e -q  [[among o th e rs  B o tk in  
(1 9 3 9 ) ,  K ondner ana Z e la s k o  (1 9 6 3 ) ,  Korhonen 
(197 2 ), Duncan and Chang (1 9 7 0 ) ,  Domaschuk 
and Wade (1 9 6 9 ) ]  . On th e  b a s is  o f  F ig .  5 
can be s ta te d  t h a t  th e  e q u a t io n  (8 )  i s  a ls o  
i n  t h i s  case a p p ro x im a te ly  v a l i d .  I t  i s  
t r u e ,  i n  F ig .  5 th e  c u rv e  o f  th e  e q u a t io n  
(8 b )  has been p re s e n te d  i n  " th e  l in e a r  shape".

As e a r l i e r  s ta te d  th e  d e fo rm a t io n  o f  th e  
sam ple  a t  th e  space C and D o f  th e  s t r e s s  
p a th  i s  p l a s t i c .  The y i e l d  lo c u s  u s u a l ly  
j o in s  c o m p le te ly  t o  th e  s t r e s s  p a th  ( F ig .  2 ) .  
The y i e l d  lo c u s  can be a p p ro x im a te d  w it h  th e  
e l l i p s e  ( 9 ) ,  w h ic h  B u r la n d  (1 965) has d e r iv e d  
on th e  b a s is  o f  th e  e n e rg y  b a la n c e  f o r  th e  
sa m p le .

. (9 a )

( p - p f )

’ I f i T
q/ qf

/2

. (9 b )

A t  th e  p o in t  B:

D = ¿ 2 _  *  I  .  3
d u „  B

B i s  th e  p o re  p re s s u re  c o e f f i c ie n t  o f  th e  
f u l l y  s a tu r a te d  sam ple  (Skem pton 19 5 4 ) .

I f  th e  s t r e s s  p a th  can  be t o  i n t e r p r e t  th e  
y i e l d  lo c u s  be tw een B and C , is  g o t  on th e

q^. i s  th e  d e v ia to r  s t r e s s  a t  th e  f a i l u r e  and 
p^ i s  th e  mean p r in c ip a l  s t r e s s  a t  th e  same 

moment

When i n t o  th e  e q u a t io n  ( 3 )  i s  s e t  th e  v a lu e  
d q /d p  fro m  th e  e q u a t io n  (9 b )  i s  g o t :

H
‘- 3- 1 2

q/qf >
. (10)
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et = e s %

F ig .  5 H y b e rb o la  q = e /a  + be . The l i n e  
i s  s t r a i g h t  a c c o rd in g  t o  th e  
c o o rd in a te  o f  f i g u r e .

Because i t  i s  in  q u e s t io n  th e  u n d ra in e d  
c o m p re s s io n  t e s t ,  w here  th e  t o t a l  vo lum e o f  
th e  sam ple does n o t  change ( a t  le a s t  th e o ­
r e t i c a l l y )  d u r in g  th e  s h e a r in g ,  th e  v a lu e  
me p ro b a b ly  s ta y s  unch a n ge a b le  i n  th e  
e q u a t io n  ( 1 0 ) .  Thus i s  o b ta in e d :

q /q,

F ig .  6 The c u rv e  o f  c o n s t i t u t i v e  e q u a t io n  
( 1 1 ) ,  c o rre s p o n d  t o  e l l i p s e  y ie ld  
lo c u s ,  j o in s  th e  c u rv e  o f  th e  h y b e r -  
b o l i c ,  c o n s t i t u t i v e  e q u a t io n  (8 a ) 
a t  th e  space q / q ^ » 0 , 5  -  1 ,0 .

I n  th e  F ig .  6 has been draw n th e  c u rv e  o f  
th e  e q u a t io n  (1 1 )  w it h  th e  v a lu e s :  q f / p f  =
0 ,8 0  and P0 /2 p £  = 0 ,8 7 . On th e  b a s is  o r 
f i g u r e  can be ro un d  t h a t  th e  c u rv e  o f  th e  
e q u a t io n  (1 1 )  n e a r ly  j o in s  th e  c u rv e  o f  th e  
e q u a t io n  ( 8 a ) ,  when q / q ^ > 0 ,5 .  Thus can be 
fo u n d  t h a t  th e  r e la t i o n s h ip  e -q  can be 
a p p ro x im a te d  w i t h  th e  s im p le  n y b e rb o la  (8 b ) 
fro m  th e  s t a r t  o f  th e  s h e a r in g  s ta g e  i n  th e  
u n d ra in e d  t r i a x i a l  c o m p re s s io n  t e s t  up to  
th e  f a i l u r e  o f  th e  sa m p le . I t  i s  a ls o  
e v id e n t  t h a t  th e  sam ple  d e fo rm s  a t  th e  space 
BCD ( F ig .  2 ) o f  th e  s t r e s s  p a th  m a in ly  
p l a s t i c a l l y  and t h a t  th e  s t r e s s  p a th  jo in s  
th e  y i e l d  lo c u s  a t  a bo v e -m e n tio n e d  sp ace .
The y i e l d  lo c u s  can be t o  a p p ro x im a te  w it h  
e q u a t io n s  (6 )  and ( 9 a ) .  As b e fo re  m e n tio n e d  
B u r la n d  (1 9 6 5 ) has d e r iv e d  th e  e q u a t io n  (9 a )  
on th e  b a s is  o f  th e  e n e rg y  b a la n c e  f o r  th e  
sam ple  d u r in g  th e  s h e a r in g .  I t  i s  p o s s ib le  
t h a t  can be d e r iv e d  th e  e n e rg y  b a la n c e  
e q u a t io n  f o r  th e  y i e l d  lo c u s  ( 6 ) .
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