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SYNOPSIS The paper begins by briefly summarising the theoretical and experimental criteria for evaluating cons-

ummate constitutive relationships for soils.

It is demonstrated that such relationships necessarily include par-

ameters reflecting the influence of the intermediate principal stresses and strains. A newly developed true
triaxial apparatus is then described. The remainder of the paper is concerned with an experimental investigation
of the response of a sand-clay to repeated true triaxial loading with particular emphasis on the role of the int-
ermediate principal stress expressed in terms of the Lode parameter. The response of the soil is evaluated in
terms of elastic models whose constants of compliance and stiffness were calculated using statistically orient-
ated methods. The experimental results demonstrated that changes in the Lode parameter had a marked influence

on the constitutive relationships.

IN.RODUCTION

In recent years many studies have been made of the
influence of the intermediate principal stress on
s0il properties. These include investigations of
failure criteria (e.g. Lade and Duncan, 1973; Lomize
et al, 1969; Sutherland and Mesdary, 1969; Yong and
McKyes, 1967) and stress-strain relationships (e.g.
Bishop et al, 1973; Shibata and Karube, 1965). These
studies have required the development of equipment
enabling the three principal stresses to be independ-
ently varied. Examples of this type of equipment have
been critically evaluated elsewhere (Makiuchi and
Shackel, 1976). Most of the equipment has been des-
igned for static tests leading to failure. However,
in highway and earthquake engineering and in the des-
ign of machine bases static tests are inappropriate
and failure criteria are of lesser importance than
the delineation of constitutive relationships. This
paper reports a study of consurmate stress-strain
relationships based on data obtained using a true tri-
axial apparatus which was capable of simulating a var-
iety of dynamic stress histories.

CONSTITUTIVE RELATIONSHIPS AND DEFORMATION LAWS

A constitutive relationship is an equation or law
which includes all of the factors necessary to predict
the response of a material to some input or forcing
function (Lazan, 1968). Ideally, the constitutive
relationship should predict the response that will
result from any conceivable input. For soils, this
implies that the relationship must necessarily include
measures of every factor that may modify the soil res-
ponse including stress magnitude, stress history, timeg
state parameters such as density and saturation and
environmental parameters such as temperature.

At present the testing procedures used in geamechanics
are not adequate to delineate the functiomal relation-
ships between the various parameters contributing to
constitutive relationships for soils. For this reas-
on it is customary to employ the techniques of sinmul-
ation service evaluation (Lazan, 1968) to simplify
the problem. Here, special ad-hoc laboratory tests
are amployed to characterise the soil under condit--
ions which sinulate the stress histories and environ-

mental conditions expected in the prototype. In this
case samples are prepared to those specific combinat-
ions of density and saturation relevant to the problem
under consideration. No prior assumptions concerning
the nature of the soil response are then necessary.
Rather, it is assumed that the behaviour of the soil
in similation will be similar to its bebaviour in ser-
vice and it becomes possible to define a deformation
law relating stress and strain which may be used to
analyse and characterise the prototype. It is import-
ant to note, however, that such a deformation law rep-
resents just a special case of the more general const—
itutive relationship for the soil because it only app-
lies to those particular cambinations of factors sim-
ulated in the laboratory tests. The problem of defin-
ing deformation laws is now considered in more detail.
In the case of a non-linear, rate independent, anis-
otropic material each component of strain is usually
expressed as some camplex functional relationship of
every component of stress (e.g. Shackel, 1974). How-
ever, at present there is no reliable information on
the form of these functionals for soils and it is cus-
tomary to characterise soils in terms of linear models
adapting these, where necessary, to non-linear prob-
lans by applying incremental methods of analysis (e.g.

Dehlen, 1969). For an anisotropic material, the lin-
ear model takes the form
(eij} = Oy {oij} 1)

where Eij and o, . are the strain and stress tensors

1]
respectively and C.. is a matrix of compliances.
The tensors, €;; and o, each contain six discrete
elements (i.e. 3 normal stresses or strains plus 3
shear stresses or strains). Consequently Ci'
contains 36 coefficients (compliances). Green's app—
roach to elasticity based on the conservation of
strain energy requires, however, that the matrix Ci'
be symmetrical and only 21 of the coefficients are
independent. All of these coefficients must be meas-
ured if an anisotropic soil is to be fully character-
ised. This is not possible because to date no system

for superimposing 3 independent shear stresses. onto 3
independent normal stresses has been developed. It

295



1/61

therefore follows that soils may only be characteris-
ed in terms of simpler models than that represented
by equation 1.

One way to simplify the deformation model is to ass-
ume that axes of symmetry exist in the anisotropy.
TFollowing this approach, considerable progress has
been made in the characterisation of cross-anisotrop-
ic materials (e.g. Dehlen, 1969; Morgan and Gerrard,
1973). However, most investigations have been restr-
icted to the evaluation of isotropic models of soil
behaviour. For example Scott and Ko (1969) have sho-
wn that a defonmation law for soils may be postulated
in the form:

053 =€ 835 v Co £33 v Cy &y Ty (D
where C,, C and C,] are functions of the invariants
Il‘ I2 and 13 of the strain tensor, €5 and Sij is
the Kronecker delta.

The alternative to deformation laws such as that giv—
en in Equation 2 is to adopt a heuristic approach to
defining stress-strain relationships. Thus Newmark
(1960) has suggested that it may be possible to exp-
ress deformation laws for soils in the forms:

= fl (O pe) + f2 (TOC‘.) + f3 (¢)

j

foct

Toct = fq (Fpep) * I5 (Toe) * £ () (3)

oct
and 8= f... (coct) + f8 (’oct) + fg (¢)

where f  to f_, are arbitrary functions, O and t

t oct
are the octahedral normal and shear stresses and Can
and y are the corresponding normal and shear stra-

ins. he parameters, ¢ and 8 are functions of the
third stress and strain invariants respectively.

Similarly, it has been postulated (Lomize and Kryzha-
novsky, 1967; Lomize et al, 1969) that deformation
laws for soils may be expressed in terms of the first
and second invariants, Il' and I?, of the straintens-
or and all three invariants, Jl' J2 and J:3 of the
stress tensor. The law can then be written as

I, = .4 (3, J5 J3)
p SIS {1 B0 L L

(4)
Ip =14y Gy, Jg J3)

where flo and fll are empirically derived functions.

In order to evaluate the relationships expressed in
Eqns. 2, 3 and 4 it is necessary to independently
control only the three invariants of the stress tens-
or, o,.. This can be accomplished by independently
varying just the three principal stresses, 9 g and

o.. Thus the heuristic stress-strain relationships
hdve the important advantage over the deformation law
represented by Eqn.1l that they do not require the
application of shear stresses or deformations to the
test specimen.

Methods for evaluating the functicns f1 to fll in
Eqns. 3 and 4 have been described elsewhere (Shackel,
1973a, 1973b) and the forms that these functions may
assume have been experimentally examined for a cycli-
cally stressed sand-clay (Shackel, 1972a, 1972b,1973a,
1973c). However these studies employed a convention-
al triaxial stress system (al >a, = aa) and all three

stress invariants could not be independently control-
led. This deficiency was rectified in the work rep-
orted here which employed a specially developed true
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triaxial apparatus to study the forms that consummate
deformations laws may assume.

THE TRUE TRIAXIAL APPARATUS

Between 1973 and 1975 the authors developed a unique
triaxial apparatus to subject cubical soil specimens
to repeated loading with independent control of all
three principal stresses. This device has been des-
cribed in detail elsewhere (Makiuchi and Shackel,1976)
and only a sumary of its main features will be given
here. As shown in Figure 1, the specimen was loaded
through three rigid platens constrained to move so
that shear strains were not permitted. Small clear-
ances were provided between the loading platens along
three edges of the specimen (ah, ac and ad in Fig.1)
to accomodate changes in the specimen dimensions.

Load was applied to the platens by three mutually per—
pendicular hydraulic rams reacting against the main
frame of the apparatus. The rams were connected to a
pump driven hydraulic system via electrically actuated
directional valves. The operation of these valves was
controlled by a timer so that load could be repetitiv—
ely applied and removed in such a manner that the

ratio 9L 10yt 0g was maintained constant during both

loading and unloading. The loads applied to the spec-
imen were measured by load cells placed between the
loading platens and the hydraulic rams. Deformations
were measured by displacement transducers mounted co-
axially with the load cells and bearing against ref-
erence amms fixed to the frame of the apparatus. The
signals from the load cells and displaceament trans-
ducers were recorded on a UV recorder.

£ Directional
. ‘ vale

Fig.1 The True Triaxial Apparatus

THE EXPERIMENTAL WORK

a) Soil and Specimen Characteristics

An artificial soil was selected for study. This
comprised a mixture of 40% sand, 35% silt and 25%
kaolin by weight. The properties of the components



and of the blended soil are summarised in Table 1.
Cubical specimens, each 100 mm x 100 mm x 100 mm,

were prepared to designated values of density and
saturation by floating mould compaction; a variant of
static compaction known to give specimens of except-
icnal uniformity (Shackel, 1970). 'The dry density lay
on the line of optimums midway between the maximum dry
densities given by the standard and modified AASHO
compaction tests and had a value of 2.06 gm/cmd. The
moulding moisture content was 9.06% corresponding to
a degree of saturation of 85%.

TABLE I

Properties of the Experimental Soil
(1) CLAY (Kaolin)

Liquid limit w, = 71.6%
Plasticity index ID = 35.4%
Activity Ac = 0.43
Ignition loss (Weight loss) 14.5
Specific gravity Gs = 2.57

(2) SANDY SILT
Grain shape semi-round
Effective grain size D10 = 0.033 mm
Uniformity coefficient Uc = 2.8
Specific gravity GS = 2.66

(3) SAND (Botany Bay sand)
Grain shape sub-round

Effective grain size D10 = 0.20 mm
Uniformity coefficient Uc =1.7
Specifie gravity G = 2.66

{(4) MIXED SOIL (sand:silt:clay = 40 35:25% by weight)

Pretreatment Oven dry at 110°C, 24 hr

Liquid limit woo= 21, 9%
Plasticity index Ip = 9.7%
Linear shrinkage S = 0.056
Specific gravity Gs = 2.64

After compaction the specimens were wrapped in 0.02 mm
plastic film which was found to inhibit moisture loss-
es over periods in excess of 70 days. This plastic
wrapping was left on the specimen during all subseq-
uent curing and testlng procedures. Each specimen
was cured at 20°C for 3 days before being subjected to
repeated true triaxial loading.

b) Design and Execution of the Experiment

The prime objective of the experimental work was
to delineate the influence of the intermediate princ-
ipal stress on the rheological characteristics of the
s0il. It has been customary in geamechanics to divide
the state of stress experienced by a soil into a
spherical or hydrostatic component plus a deviatoric
or shearing component. These components are usually
expressed in terms of the octahedral normal and shear

stresses, %ct and Toer? OF related parameters such as

p and q. These parameters do not, however, include
any indication of the magnitude of the intermediate
principal stress. For this reason, in the work repor-
ted here, it was decided to supplement the use of the
octahedral stress parameters by an intermediate prin-
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cipal stress parameter, § ; the so-called Nadai-Lode
stress parameter where

= (2 Op = 0y = 03)/( 9 = 03) (5)

The parameter ¢ can assume values between +1 (triaxial

extension %9 = 02) and -1 (triaxial compressicn where

o, = 0,) and, as shown in Fig.2, can be varied by alt-
ering &, o, and 03 without changes in the octahedral

stresses, %ot and Toct"

Fig.2 The Stress States Selected for Study
In order to study the effects of the intermediate
principal stress an imcomplete fully randamised fact-
orial experiment without replication was implemented.

The factors studied were Soct’ Toct and ¢, levels of

Sect varied from 49 kPa to 196 kPa whilst Toct

fram 17 kPa to 137 kPa and { varied from -1 to +1.

For each cambination of these factors a repeated load-
ing true triaxial test was performed. Here the freg-
uency of load application was 0.5 Hz and each test
proceeded until either the sample had withstood 10%
stress repetitions or, alternatively, a principal
strain of 4% had accumulated. The test temperature
was maintained at 20°C.

varied

ANALYSIS OF THE EXPERIMENTAL DATA

Unless stated to the contrary, only quasi-elastic
strains are considered here i.e. those strains which
were fully recoverable upon removal of load. These
elastic data were used to evaluate a hierarchy of
deformation models using both the anisotropic approach
represented by Eqn.1 and the quasi-isctropic approach
represented by Eqn.3.

a) The Anisotropic Model

In the case of a material experiencing only prin-
cipal stresses and strains Eqn.1 may be simplified to

°1l Ci1 G ' 9
- 6
€54 Cor C22 C23 9, (6)
3 Co Ca2 Ca3 | \%
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where CiJ' is the caompliance matrix.

Similarly the deformation law may be expressed in
terms of stiffness viz:

9 l 511 512 Sy [51
9 = |Se1 Sa2 Sas ]‘2 N
%3 531 S3z Sag \EBJ

where Sij is the stiffness matrix.

The valucs of the coefficients of the compliance and
stiffness matrices were evaluated over all values of
the intermediate stress parameter, g, by multiple
linear regression using procedures described else-
where (Shackel,1973a, 1973b). The results of these
analyses are shown as functions of the mumber of
siress applications, N, in Figures 3 and 4. From
these figures it may be seen that Cij and Sij varied

slightly with stress repetition.

Fig.3 The Effects of Load Repetition on
the Compliances

NUMBER OF STRESS APPLICATIONS, N

Fig.4 The Effects of Load Repetition on
the Stiffnesses

For an anisotropic elastic material the compliance
and stiffness matrices given in eqns. 6 and 7 should
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be symmetrical about their main diagonals. Inspection
of Figures 3 and 4 shows that whereas the stiffness
matTix was almost symmetrical the campliance matrix
exhibited a lack of symmetry. However, it was not
clear whether this might be attributed to experimental
error or whether it represented true stress induced
anisotropy.

In order to further examine whether the soil was be-
having isotropically it was decided to study the rel-
ation between the Nadai-Lode stress parameter, g, def-
ined earlier and the corresponding strain parameter,
n, where

n =(2ey - € - e3)/(eg - gg) (8)

and e and €4 were the principal strains. In

1 fo
this case both elastic and plastic components of
strain were considered, represented by n€ and nP
respectively. Values ofn averaged over all values of
the number of stress repetitions, N, are plotted against
the corresponding values of the stress parameter, g,
in Fig.5 for Yot = 196 kPa and Toct - 137 kPa.

Similar relationships to those given in Fig.5 were
observed at the other stress levels studied.

1 o
/7y

Fig. 5 Relationship between the Intermediate
Principal Stress and Strain Parameters.

From Fig.5 it may be seen that within the confidence
intervals plotted for n (£I1Std. dev.) the relation-
ship between n and r was linear. This indicated that
the soil behaviour, averaged over the duration of
each test, was essentially isotropic.

b) The Isotropic Models

As shown in the preceding section, the soil resp-
onded in a quasi-isotropic manner to repetitive load-
ing. This meant that the heuristic models represent-
ed, for example, by Eqns. 3 and 4 could be used to
characterise the soil. This required the experiment-—
al data to be expressed in terms of invariant para-
meters. The octahedral stresses and strains were the
parameters selected for this purpose.

The elastic octahedral volumetric and shear strains,
5ot and cht’ averaged over all values of the number

of load repetitions, N, are shown in Fig.6 as funct-
ions of the octahedral stresses. As shown in this
figure, the stress-strain curves tended to be non-
linear irrespective of the value of the intermediate
principal stress parameter, . The forms of these
relationships resembled those observed in convention-
al static triaxial tests and, in the case of the ot
= Ot relationships, were similar to those reported



earlier by Shackel (1973c) for a repetitively stress-
ed sand-clay.

o0 200 00

Toct (kA

Fig. 6 Relationship Between the Octahedral
Stresses and Strains

To facilitate further studies of the influence of the
intermediate principal stress, the stress-strain
relationships were approximated by the following def-
ormation laws:

e..=b o.M 9)

and =b (10)

Toct - "2 Toct
where b and m were empirical constants. The manner
in which these constants varied with changes in the
intermediate principal stress, expressed in terms of
¢, is shown in Fig.7.

The data plotted in Figures 6 and 7 indicate that the
spil exhibited a non-linear stress-strain response.
It followed that it could not be assumed that there
was no coupling between the shearing and volumetric
components of stress and strain. Consequently the
simple relationships given as Eqns. 9 and 10 could
not adequately characterise the deformation response
of the soil. It was decided, therefore, to evaluate
deformation laws in which each component of strain
depended on both the spherical and the deviatoric
components of stress. For this purpose, a simple
linear law similar to that given in Eqn.3 was select-
ed for study. This model took the form:
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e "
€oct 11 %12 %oct
= (11)
€ T
Yoct _“21 392 oct
and was similar to linear models studied earlier under

conventional triaxial stress states (= -1) by Shackel
(1972b, 1973c).

a

xl0? x16*

Fig. 7 The Hyperbolic Stress-strain
Relationships

The coefficients cf the matrix a1j were determined

for specific values of the number of stress repetit-
ions, N, using statistically oriented regression
techniques described earlier (Shackel, 1973a, 1973b).
In these regression analyses, values of the multiple
correlation coefficient, r2, ranged between 0.91 and
0.99. This indicated that the model represented by
Eqn.11 provided an excellent description of the
experimental data. Typical values of aij are plotted

in Figure 8 as functions of the intermediate stress
parameter, 7.

From Figure 8 it will be seen that the changes in the
intermediate principal stress profoundly modified the
values of the campliances, a i’ needed to define the

deformation law. In general, the compliances were
either a maximum or a minimum at values of the Nadai-
Lode parameter, §, close to zero. In this respect the
variation of a; with ¢ was similar to the manner in

which the failure parameter, ¢, has been reported to
vary with the intermediate principal stress (Green
and Bishop, 1969; Lomize et al, 1969, Mesdary and
Sutherland, 1970; Ramamurthy and Rawat. 1973).
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Fig. 8

The Effects of the Intermediate
Principal Stress on the Campliances
Needed to Define the Heuristic
Deformation Law.

SUMMARY AND CONCLUDING COMMENTS.

The investigation described in this paper showed that
it was practical to develop a true triaxial apparatus
which could be used to simulate dynamic and repetitive
stress histories similar to those associated with
highway pavements and machine bases. Using this dev-
ice it was possible to derive consummate stress-
strain laws and to delineate the effects of both the
intermediate principal stress and a repetitive
stress history on the compliance and stiffness matr-
ices., In addition it was possible to study the deg-
ree of anisotropy of the soil.

For the particular soil examined, a compacted sand-
clay, it was determined that the response of the mat-
erial was essentially quasi-isotropic although some
evidence of slight stress induced anisotropy was
noted. A lipear, isotropic deformation law was pos-
tulated in a form similar to that proposed by earlier
workers which incorporated coupling between the sphe-
rical and deviatoric components of stress and strain.
This model was found to provide a good characterisat-
ion of the soil. Finally, the effects of the inter-
mediate principal stress upon the model parameters
were studied and were shown to be similar to its
effects, rpeorted earlier, upon the failure paramet-
er, $.
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