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:YPN05I 5. -  When a body f a l l s  down a slope» i t  might  run down:

-  Keeping the c o n t a c t  w i t h  i t ,  o r  i t  can s e p a r a t e  i t s e l f  from i t  a t  a g iven  p la c e  jumping up -  

and bouncing d u r in g  the t r a v e l  u n t i l  i t  comes to a s t o p .
The movement might  be:  s l i d i n g ,  r o l l i n g ,  o r  a com bi na t ion  o f  both movements,  and in  any case :
-  W i t h o u t ,  o r  l i t t l e  f r i c t i o n ,  and w i t h  f r i c t i o n .
I t  i s  s t u d ie d  the v a r i a t i o n  or  th e  k y n e t i c  energy adq u i r ed  by the body (on t r a s l a t i o n  and r o t a ­
t i o n ) ;  the p o t e n c i a l  energy  ( h e i g h t )  and the energy which i s  l o s t  because o f  the f r i c t i o n  and -  

c o l l i s i o n  d u r in g  i t s  f a l l .
D i f f e r e n t  type s  o f  s lope  a r e  c o n s i d e r e d :  c i r c u l a r ,  c y c l o i d ,  and g e n e r a l ,  and,  over  them, masses  

p u n c t u a l ,  s p h e r i c a l ,  r e v o l u t i o n , e t c .
A r e l a t e d  computer  program p ro v i d e s  w i t h  a g e n e r a l  design  method.

INTRODUCTION

The nece ss ar y  c o n d i t i o n s  f o r  a s lope  to be -  

steady  a r e  s t u d ie d  i n  the t r e a t i s e s  o f  s o i l  

mechanics and g e o t e c n i c s .  Accord ing to  t h e i r  

g e o m e t r i c a l  c h a r a c t e r i s t i c s  : h e i g h t s , g r a -  -  

d i e n t s ,  e t c .  and to t h e i r  mechan ica l  c h a r a c ­
t e r i s t i c s  -  d e n s i t y ,  c o h es io n ,  f r i c t i o n  an­
g l e s ,  e t c .  the s a id  s t a b i l i t y  i s  d e f i n e d  and 

i t  i s  even a f f e c t e d  by a de t e r mi ne d  s a f e t y  -  

f a c t o r .

Ye t ,  t h i s  s t a b i l i t y  i s  r e f e r r e d  to the  s lope  

s e c t i o n ,  or  to the  embankment s e c t i o n ,  consi ,  
dered m a c r o s c o p i c l y , as a who l e .  I t  i s  e v i —  

dent  t h a t  even in  s lo pes  t h a t  we cou ld  c a l l  

' 's teady'* ,  i s o l a t e d  l a n d s l i p s  o f  sraal l  and me 

dium volume can t u r n  up,  s l i d i n g ,  r o l l i n g  - -  

and bounding on i t .  Depending on the ci rcums  

t a n c e s ,  th e  above ment ioned l a n d s l i p s  could  

be stopped in  t h e i r  way down, as wel j .  as they  

cou ld  go to  ( t h e  f o o t  o f )  i t s  base or  even — 

f u r t h e r .

Accord ing t o  t h e i r  volume these  l a n d s l i p s  - -  

could be c o n s i de re d  o f  l i t t l e  i m p or ta n ce ;  - -  

y e t ,  t hey  a r e  ve ry  dangerous f o r  the n e i g h - -  

bou r i ng  c o n s t r u c t i o n s .  We a r e  p a r t i c u l a r l y  -  

r e f e r r i n g  t o  communica t ion  l i n e s  -  r a i l w a y s ,  

roads ,  e t c . ,  i n  the l a y - o u t  o f  which i t  i s  -  

very u s u a l ,  nowadays,  to c o n s t r u c t  s lopes  -  

w i th  d imensions  from 30 to  40 meters  or  even 

more.  The f a l l i n g  down o f  stones  on a f r e e —  

way or  a r a i l w a y  t r a c k  may cause a s e r i o u s  -  

a c c i d e n t ,  s p e c i a l l y  i f  t h e re  i s  a l o t  o f  t ra,  
f f i c  and t r a v e l l i n g  a t  a g r e a t  speed.

To p r e v e n t  them from a c c i d e n t s ,  the s lopes  -  

are p r o t e c t e d  in  d i f f e r e n t  ways,  among which

we can p o i n t  out  the f o l l o w i n g  ones:
a)  by re duc ing  the  s lope  a n g le .
b) by p r o t e c t i n g  them w i t h  w a l l s  o r  r e i n f o r -  

cexed p l a t e s  (anchored or  n o t ) .
c)  by l e a v i n g  i n t e r m e d i a t e  berms or  s id e  di_t 

ches near  the edge.
d) by c o ve r i n g  i t  w i t h  g u n i t e  so as to re du ­

ce the e r o s i o n .
e)  by d is p o s i n g  an adequate d r a i n a g e .
f )  by p u t t i n g  a mesh on the s l o p e ,  hanged,  -  

from a beam i n  c o r o n a t i o n  a n d / o r  anchored  

i n  i n t e r m e d i a t e  p o i n t s  by means o f  anchors  

On t h i s  mesh we can s h o o t - c o n c r e t e .
g) by c o n s t r u c t i n g  w a l l s  on both s id es  o f  the  

r a i l w a y  or  the ro ad ,  so t h a t  the  l a n d s l i p s  

would be stopped by them.  Or even b e t t e r ,  

by making a r t i f i c i a l  tu n n e l s  w i t h  p r o t e c ­
t i o n  enough to r e s i s t  l a n d s l i p s *

We see t h a t  f o r  p r o j e c t i n g  in  a most conve­
n i e n t  and economica l  way,  we must have a t  - -  

l e a s t  an approaching  i d e a  o f :

-  The course to be f o l l o w e d  by the l a n d s l i p s f 
ac cor d i ng  to  the g e o m e t r i c a l  and mechan ica l  

c h a r a c t e r i s t i c s ,  as much f o r  the mass t h a t  -  

w i l l  f a l l  down as f o r  the  ground p r o f i l e  to  

be f o l l o w e d  by the mass, s p e c i f y i n g  the p l a ­
ce where the l a n d s l i p s  w i l l  s t o p ;  and:

-  The k i n e t i c  en er gy ,  t h a t  i s ,  the speed i t  

w i l l  have in  each p o i n t ,  s p e c i a l l y  b e f o r e  —-  

re ac h i n g  the a rea  to be p re s e r v e d ,  so as to  

c a l c u l a t e  and e s t i m a t e  the adequate p r o t e c ­
t i o n  to be made i n  case the mass would not  -  

stop  b e f o re  re ac h i n g  the  ment ioned a r e a .

As t h e r e  i s  no doubt  about  the g r e a t  comple­
x i t y  o f  the problem,  we s h a l l  s t a r t  by showiraj
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i t  in  a ve ry  easy way,  i n t r o d u c i n g  ve ry  few 

p a r a m e t e r s ,  t h e n ,  we w i l l  i n t r o d u c e  some va ­
r i a t i o n s  o f  these  para me ter s  so as to approach 

the f a c t ,  f i n a l l y  we w i l l  show some ways to  

so l v e  th e  most g e n e r a l  ca se s .

We s h a l l  g iv e  some f o rm u la s  o f  easy a p p l i c a ­
t i o n  f o r  s lo pes  o f  g e o m e t r i c a l  s e c t i o n  expre  

ssed a n a l y t i c a l l y ,  and f o r  any s e c t i o n  o f  —  

s l o p e ,  on t h e  b as i s  o f  s e p a r a t i n g  i t  i n  con­
s e c u t i v e  e lements made up o f  r e c t i l i n e a r  se_g_ 
ments and c i r c u m f e r e n t i a l  a r ch es .

And a l s o ,  w i t h  the he lp  o f  a computer ,  we —  

s h a l l  see how to ap p ly  the above ment ioned -  

s t a t e m e n t  to  a s lope  d e f i n e d  by th e  dimen— -  

s ion  o f  d i f f e r e n t  p o i n t s ,  being  s u f f i c i e n t l y  

c l o s e .  The computer  p l o t s  the speeds adqui red  

i n  each p o i n t  and the t r a j e c t o r i e s  i t  fo l lo ws  

i n  the a i r ,  in  case the mass would w i t h d raw  

from the s lope  and then f a l l  on i t  bounding  

and s l i d i n g  down*

THE PRO BLEM

( I )  Le t  supose i t  i s  a q u e s t i o n  o f  a punctua l  
mass m which s l i d e s  down smoothly on any 

s e c t i o n ;  t h e n ,  we know th e  speed i n  —  

each p o i n t  i s  on ly  a f u n c t i o n  o f  the — -  

d i f f e r e n c e  o f  l e v e l  x e x i s t i n g  between -  

th e  s t a r t i n g  p o i n t  and th e  c o n s i de re d  —  

one ,  the  v a l u e  o f  which i s :  V2 = 2gy (1)
I f  the  s t n r t i n g  speed was V^,  the  a d q u i ­
red one would be:  V2 = Mq t  2gy (2 )

( I I ) I n  case t h e r e  was some f r i c t i o n  y> a long  -  

th e  s e c t i o n  and be ing  th e  l a t t e r  a cons­
t a n t ,  the  speed would be s m a l l e r .  The in, 
cr ea se  o f  th e  k i n e t i c  energy  would be s i  

m i l a r  to the r e d u c t i o n  o f  th e  p o t e n c i a l  

energy m. g . d im in i s h e d  in  the f r i c t i o n  -  

work .  As t h i s  work a long  th e  arch  element  

ds i s  equ a l  to / J . N . d s  being  N the r e s u l t  

o f  the  f o r c e s  which a c t  p e r p e n d i c u l a r y  to  

the  p r o f i l e .  (See F i g . l  below)

But ,  N c o n s i s t s  o f  two p a r t s :
1) Component o f  the  w ig h t  m.g .  normal  to the  

s u r f a c e ;  l e t  0 be the an g le  o f  the  s l o p e ,  

then i t s  va l u e  w i l l  be:  m . g . c o s 0.

2) The normal  component o f  the c e n t r i f u g a l  -  

f o r c e ,  t h a t  i s  m . V / S. be ing  $ t he  ra d i u s  -  

o f  c u r v a t u r e  o f  th e  s e c t i o n  ( f u n c t i o n ,  in  

g e n e r a l , o f  0 ) .

Then:  l\l -  m . g . c o s 0 -  m.V2/ $
( L e t  J have p lu s  s ign  convex s e c t i o n s  and mi ­
nus s ign  in  concavo s e c t i o n s )

R ep l ac ing  i t ,  the  r e s u l t  w i l l  appear  i n  a —  

d i f f e r e n t i a l  form ( c o n s e r v a t i o n  o f  e n e r g y ) .

Thus: d (m . \ /2/ 2) = m . g . d y - j ) (n i . g . c o s 0- n i . V ^ /3 )ds

Where:  d y = d s . s i n 0 and by d e f i n i t i o n  f = d s / d 0 
O p e r a t i n g ,  i t  r e s u l t s :
V . d V / d 0 -  V = j g ( s i n 0 -  ^ c o s 0 ) ( 3)

Th is  e x p r e s s i o n  r e l a t e s  V and 0, b e i n g g a -  

f u n c t i o n  o f  0

In case ^ i s  a c o n s t a n t , t h i s  d i f f e r e n t i a l  - -  

e q u a t i o n  i s  i n m e d i a t e l y  i n t e g r a t e d  ( f o r m e r l y  

m u l t i p l y i n g  both terms by e x p ( - 2y0) t h e n , -  -  

a f t e r  s i m p l i f y i n g ,  i t  r e s u l t s :

V2 = \/2 exp ( - 2y (0 -  0o ) ) t  e x p ( 2̂ 0 ) .

$0O J exp ( - 2jo0 ) .  ( s i n 0- ^ c o s 0) d0 ( 4 )

APPLICATIONS

We w i l l  c o n s i d e r  2 ways o f a p p l y i n g  the  obta i .  
ned r e s u l t s  :

1) D e p a r t i n g  from the a n a l y t i c  e x p r e s s i o n  o f  

the curve  i n  the  S= S ( 0 ) fo rm.

I f  we have i t  i n  the c a r t e s i a n  form y=y ( x )  

we pass i t  to  the  p r e v i o u s  one,  knowing t h a t  

y 1 = d y / d x ;  t a n 0 = y 1 ; $= ( 1-1-y 1  ̂) 3/ 2/ y  i i

Example 1 ; C y c l o i d  i n  i n v e r t e d  p o s i t i o n

In t h i s  case £ = -4 r  ca s0 ( l e t  ^ be n e g a t i v e ,  

as i t  i 9 a concavo s e c t i o n )  ;

r  = r a d i u s  o f  the c i r c u m f e r e n c e  r o u l e t t e .  Re­

p l a c i n g  i t  i n  ( 4 ) V2 = - 0g . r . e x p (2 0 ) { I  I 2 ) 
being

Ij  ̂ = 5k / 2 exP ( - 2 /Ĵ )  ' s i n 0d0

¡2 = j ^/2 e x p ( - 2jj0 ) ■ cos0d0

C a l c u l a t i n g  the i n t e g r a l s  and s i m p l i f y i n g :

V2 = 4 . g . r / ( l + f 2 ) ( e x p ( - ( j r - 2 0 ) j u )  - I f  

+  ( 1  - f i 2 ) c o s 2 0  f  2 ^ s i n 0 - c o s 0 )

In the lo w es t  p o i n t  and c o r r es po n d i ng  to
0 = 0 i t  r e s u l t s :

V2 = 4. g . r / ( l + y 2 ) ( e x p ( - ^ 0 ) -  2 )

I t  would come to r e s t  i n  case i t  i s  proved  

exp(|J0) = 1 t h a t  i s ,  f o r  y=  0,47454
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xample 2 : Anv p r o f i l  d e f i n e d  by the  dimensions

I ( j  = 0, 1,2 . . . )  f u n c t i o n  o f  the x j ;  being  

:qua l  the  i n c r e a s e s  o f  the Xj  t h a t  i s :

<j t 1 “ XJ = X

This ex p r e s s i o n  can be t ra ns f orm ed  -  chan— -  

ging th e  i n t e g r a l s  by,  i n  the ap p roa ch i ng:

= V2 e x p {- 2y{ ) )  f  2 . g . e x p ( 2. ^ 0i ) .  

exp ( -  2jJ0j  ) ■ ( s i n 0j  - j j c o s 0j ) A 0j

The 0 j and £ j  v a lu e s  can be o b ta in e d  by f i n i ­

t e  d i f f e r e n c e s ,  o f

t a n 0j  = y j  =• ( z j _ l  -  z j T i ) / 2Ax 

y 1j  = -  ( zj +l  f  2. zj  -  z j _i ) / ( A x )2

f j  = Cl  + y 'j2 )372/ yj  '

COMPUTER PROGRAM

Ap ly i ng  the l a s t  example,  we have produced a 

computer  program to  c a l c u l a t e  and p l o t  the -  

t o t a l  en er gy ,  k i n e t i c  en ergy ,  p o t e n c i a l  ener  

gy,  speed,  t r a v e l  t ime and t r a j e c t o r y  o f  the  

f a l l i n g  body.

The c o n d i t i o n  f o r  the l a t t e r  to s e p a r a t e  i t ­
s e l f  from the s lope  i s  - \ ¡2/ ¡ig . c o s 0 <0 
( J < 0 i n  concavo s e c t i o n s ) .

The program i n t e r p o l a t e s  the e x ac t  p o i n t  o f  

s e p a r a t i o n ,  and the  speed v e c t o r  a t  t h a t  -  -  

p o i n t .  From t h e r e  on,  the e x a c t  eq u a t i o n  o f  

the t r a j e c t o r y  i s :  ( x ,  z a x i s )
¿z = ta n0o ■ A x - ( g-4x 2 ) Á2 Vo . c o s 20o ) being 0O the  

ang le  o f  the speed v e c t o r  w i t h  a h o r i z o n t a l  -  

l i n e ,  and V0 i t s  ma gn i tude .  When the t ra jec to ^  

ry  comes to an i n t e r s e c t i o n  w i t h  th e  p r o f i l e ,  

once aga in  the e x ac t  p o i n t  o f  i n t e r s e c t i o n  is  

computed,  so as the speed v e c t o r  and th e  in c ¿  

dence ang le  i .

The f r i c t i o n  c o e f f i c i e n t  )J , which may be i n ­
t roduced  in  the program as a f u n c t i o n  o f  x ,  -  

i s  no l on g er  i m p o r t a n t  i f  the b lock  i s  not  —  

r o t a t i n g .

Accord ing  to the t h e o r i e s  o f  Newton,  Routh,  -  

H e r t z ,  S a i n t - V e n a n t , Boussinescq e t  a l .  the -  

r e f l e c t i o n  ang le  r ,  i s  computed from tan  r  = 

tan i / f  where 0 < t  < 1 i s  the r e s t i t u t i o n  -  -  

f  ac t o r .

I f  the b lock  r o l l s ,  the  e q u a t i o n  becomes - -  

tan r  = ( t a n  i  f  ( 1+ i  ) y)/ £

The r o t a t i o n  speed,  f o r  c e n t r a l  symmetr ic  bo­
d ie s  i s  to = V/R being  R i t s  r a d i u s .

I f  we n e g l e c t  f r i c t i o n ,  we may see the i n f l u s n  

ce o f  r o t a t i o n  in  r e d u c t i n g  th e  k i n e t i c  e n e r ­

gy*

The decrement  o f  p o t e n c i a l  energy e 

1/2 m V f  1/2 I uj 2 I being  the
qua ls  now; 
i n e r t i a  - -

mome n t .

■ f ,  2 = 1/ 2 m ( 1+j VR)or  1/2 m V2 -I 1/ 2 m 

where ^  = I / m

So the speed o f  a s p h e r i c a l  b lock  r o l l i n g  is
reduced to  \/2 = 10/ 7 g .h  i n s t e a d  o f  2. g . h . ,
i f  we tak e  i n t o  account  t h a t  f o r  a sphere  

?2 = 2/5 R2

The e f f e c t  i s  s i m i l a r  to a r e d u c t i o n  i n  g to  

7 m/s2

For a c y l i n d r i c  b lock  ^2 = R / 2, and V2=4. g . h / 3

I f  we wish to  take v a r i a b l e  f r i c t i o n  i n t o  -  -  

account  we s u b s t i t u t e  i t  i n t o  the d i f f e r e n t i a l  

e q u a t i o n .  Making use o f  the Runge-Kutta  method 

the s o l u t i o n  i s  once aga in  found ,  as we w i l l  -  

show in  example n . 4.
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APPLICATIONS

Example 3: Block s l i d i n g  and bounding a long  

a p r o f i l e

F i g .  4 shows t h e  t r a j e c t o r y  (T)  o f  a b lock  

s l i d i n g  and bounding on a p r o f i l e .

P l o t s  o f  k i n e t i c  energy ( KE) ,  speed ( S ) ,  t r a  

v e l  t ime  ( TT) and t o t a l  energy (TE) a r e  in  —  

e l u d e d .

The f r i c t i o n  c o e f f i c i e n t  y was t ak en  as 0,4 
i n  the  f i r s t  s l o p e ,  0,45 i n  the  f i r s t  hor izon,  
t a l  l i n e ,  0,5 i n  the second s lope  and 0,7 a t  

the  base.

The r e s t i t u t i o n  c o e f f i c i e n t  £ was assumed to

The computer  program may be used as a t o o l  fcr:
-d e d u c in g  the  i n t r i n s e c  c h a r a c t e r i s t i c s  o f  —  

blocks  from o b s e r v a t i o n  and t i m i n g  o f  f a l l .
- co mp ut e ,  f o r  a g iven  p r o f i l e ,  the p r o b a b i l i s .  

t i c  d i s t r i b u t i o n  o f  reach  and energy o f  Hocks
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Fig 5. I n f l u e n c e  o f  t a k i n g  i n t o  account  th e  

speed when c o n s i d e r a t i n g  th e  f r i c t i o n  e f f e c t .

Example 4 : Block s l i d i n g  a long  an i n v e r t e d  

c y c l o i d .

F i g .  5 shows th e  k i n e t i c  energy f o r  a b lock  

s l i d i n g  a long  an i n v e r t e d  c y c l o i d  i n  t h r e e  

cases (A) no f r i c t i o n
(B) f r i c t i o n  c o e f f i c c i e n t  = 0, 47454/K
(C) f r i c t i o n  c o e f f i c c i e n t  = 0,47454 

Where K = 1 f  0. 2V

The d e c i s s i v e  i n f l u e n c e  o f  t a k i n g  i n t o  account  

the  speed i s  emphas ized .


