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M.J.PENDER Central Laboratories, Ministry of Works and Development, New Zealand

SYNOPSI S A c ompr ehens i v e  model  has  been dev e l oped t o des c r i be t he s t r es s - s t r a i n  behav i our  of  
ov e r c ons o l i da t ed  s oi l ,  Pender  ( 1977) .  Thi s  paper  i s c onc er ned wi t h  t he ex t ens i on of  t he model  
t o c ov er  t he r es pons e of  s oi l  t o s mal l  s t r a i n c y c l i c  l oadi ng.  The model  c ont i nues  t o be bas ed 
on t he c r i t i c a l  s t at e t heor y  of  s oi l  behav i our  and t he i dea t hat  a c ons t i t u t i v e  r e l a t i on f or  a 
wor k - ha r den i ng  p l as t i c  mat er i a l  i s appr opr i a t e  f or  t he c a l c u l a t i on  of  t he non- r ec ov er ab l e  
s t r ai ns .  I mpor t ant  ob j ec t i v es  i n t he dev e l opment  of  t he model  ar e ( i )  t he mi n i mi z a t i on  of  t he 
number  of  par amet er s  needed t o c har ac t er i s e  a pa r t i c u l a r  soi l ,  and ( i i )  t hat  v al ues  f or  t hes e 
par amet er s  s houl d be obt a i nab l e  f r om r out i ne t es t s .  I t  i s c onc l uded t hat  t he v ar i a t i on of  
appar ent  s hear  modul us  and equ i v a l ent  v i s c ous  dampi ng r at i o  wi t h  c y c l i c  s t r ai n ampl i t ude can 
be r epr es ent ed  mos t  ef f ec t i v e l y .  The model  r equi r es  f i ve par amet er s  t o c har ac t er i s e  a gi v en 
ma t e r i a l .

I NTRODUCTI ON

The behav i our  of  s oi l  under  c y c l i c  l oadi ng 
i s  of  gr eat  i mpor t anc e i n many  as pec t s  of  
c i v i l  eng i neer i ng,  e. g.  t he r es pons e t o 
s mal l  s t r a i n ampl i t ude c y c l i c  l oadi ng such 
as i s of  r e l ev anc e  t o s o i l - s t r uc t ur e  i n t e r ­
ac t i on under  ear t hquak e l oadi ng.

Al t hough mat hemat i c a l  model s  f or  t he s t at i c  
s t r es s - s t r a i n  behav i our  of  s oi l  ar e bec omi ng 
i nc r eas i ng l y  c ommon,  as y et  model s  f or  
c y c l i c  behav i our  ar e not  so wel l  dev el oped.  
The obj ec t  of  t hi s  paper  i s  t o i nv es t i gat e 
t he pos s i b i l i t y  of  ex t end i ng  a model  i n i t i ­
a l l y  dev e l oped  f or  t he s t at i c  behav i our  of  
ov er c ons o l i da t ed  soi l ,  Pender  ( 1973)  and 
( 1977) ,  t o c y c l i c  l oadi ng.

A c onv en i ent  s t ar t i ng  poi nt  f or  t he model  
f or  s t at i c  behav i our  was  t he i dea t hat  al l  
d i s t or t i on  i s  i r r ec ov er abl e.  The model  
dev e l oped f r om t hi s  pr ed i c t s  t hat  t he app ­
ar ent  s hear  modul us  at  v er y  s mal l  s t r a i n 
ampl i t udes  i s v er y  l ar ge,  t end i ng  t o i n f i n ­
i t y  as t he s t r a i n ampl i t ude t ends  t o zer o.  
Ther e i s a l ar ge body  of  ex per i ment a l  ev i d ­
enc e s howi ng t hat  at  v er y  s mal l  s t r ai n 
ampl i t udes  ( l ess  t han 10“ 3%)  s oi l  ex hi b i t s  
an el as t i c  s hear  modul us ,  e. g.  Ri c har t  ( 1975 ),  
Seed and I dr i s s  ( 1970) ,  and Tay l o r  and 
Par t on ( 19 73) .  The magn i t ude of  t hi s  s hear  
modul us  depends  on t he dens i t y  of  t he soi l ,  
t emper at ur e,  soi l  t y pe,  s t r es s  h i s t or y  et c.
I t  i s mos t  c onv en i ent l y  de t er mi ned by  t he 
meas ur ement  of  t he i n s i t u s hear  wav e v e l o ­
c i t y ,  Ri c har t  ( 1975) .  I n t hi s  paper  t he 
s t r es s - s t r a i n  model  i s ex t ended t o i nc l ude 
t he s mal l  s hear  s t r a i n e l as t i c  behav i our .
I t  i s  t hen f ound pos s i b l e  t o model  t he 
behav i ou r  of  t he appar ent  s hear  modul us  and

t he equi v a l ent  v i s c ous  dampi ng r at i o ov er  a 
wi de r ange of  s t r a i n ampl i t udes .  The number  
of  par amet er s  needed t o c har ac t er i s e  a gi v en 
mat er i a l  i nc r eas es  f r om f our  ( s t at i c  b ehav i ­
our )  t o f i ve.  Val ues  f or  f our  of  t hes e f i ve 
par amet er s  ar e det e r mi ned f r om r out i ne l ab ­
or at or y  t es t s  i n s uc h a way  t hat  t he ef f ec t  
of  s ampl e d i s t ur banc e i s  not  c r i t i c al .

The c onc ept  t hat  t he y i e l d  l oc us  f or  t he b e ­
hav i ou r  of  ov er c ons o l i da t ed  mat er i a l s  i s 
r educ ed t o a s t r a i ght  l i ne and f ol l ows  a 
t y pe of  k i nemat i c  har den i ng  ( i n t hat  t he 
c ur r ent  y i e l d  l oc us  i s al way s  at t ac hed t o 
t he c ur r ent  s t r es s  poi nt )  p r ov i des  a me c h a n ­
i s m f or  model l i ng  r ev er s ed  and r epeat ed l oad ­
i ng i n a s i mpl e y et  r ea l i s t i c  manner .  Pr e ­
s ent ed i n t hi s  paper  i s a model  f or  s mal l  
s t r a i n ampl i t ude c y c l i c  l oadi ng dev e l oped 
f r om a model  f or  l ar ge s t r a i n s t at i c  b ehav i ­
our .  Thus  i t  i s pos s i b l e  t o l ook  at  a wi de 
r ange of  s oi l  behav i our  f r om one v i ewpoi nt  
r a t her  t han adopt  one model  and set  of  mat er ­
i al  pa r amet er s  f or  s t at i c  behav i our  and a 
d i f f er ent  model  and par amet er s  f or  c y c l i c  
behav i our .  Fur t her mor e t he obv i ous  ec onomy  
i n t he amount  of  dat a r equ i r ed t o mak e t hes e 
c a l c u l a t i ons  has  i mpor t ant  i mpl i c at i ons  f or  
t he pr ac t i c a l  app l i c a t i on  of  t he model .

OUTLI NE OF THE STRESS- STRAI N MODEL FOR 
OVERCONSOLI DATED SOI L

The f o l l owi ng f our  s ubs ec t i ons  gi ve a ver y  
br i e f  out l i ne of  t he model  as dev e l oped f or  
s t at i c  l oadi ng wi t h  t he c onv ent i ona l  t r i ax -  
i al  appar at us ;  det a i l ed  d i s c us s i on i s gi v en 
by  Pe n d e r ( 1973)  and ( 1977) .
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( a)  The model  i s  bas ed on t he c r i t i c a l  s t at e 
t heor y  of  s oi l  behav i our .  Cr i t i c a l  
s t at e c onc ept s  ar e ex p l a i ned by  Schof i el d 
and Wr ot h  ( 1968) .  Thes e c onc ept s  ar e 
as s umed t o pr ov i de a v al i d i deal i s a t i on  
wi t h i n  whi c h t o i n t er pr et  t he f ai l ur e 
and p r e f a i l u r e  behav i our  of  soi l .  Thi s  
i deal i s a t i on  as s umes  t hat  when l oaded,  
s oi l  appr oac hes  a f ai l ur e s t at e at  whi c h 
t he s t r es s  r at i o r eac hes  a c ons t ant  
v al ue,  wh i l s t  un l i mi t ed d i s t or t i on  occur s  
wi t h  no f ur t her  c hange i n e f f ec t i v e 
s t r es s  or  v ol ume.  The c ond i t i ons  at  t he 
c r i t i c a l  s t at e ar e gi v en by:

q = Mp;  dq = dp = dv  = 0 ; de >> 0

( 1 )

wher e:  q i s  t he pr i nc i pa l  e f f ec t i v e 
s t r es s  d i f f er enc e,  ( ai  -  o 3) 

p i s  t he mean pr i nc i pa l  e f f ec t ­
i ve s t r es s ,  ( o|  + 2a3) / 3 

dv  i s t he v o l umet r i c  s t r ai n 
i nc r ement ,  ( dej  + 2 d e 3) 

de i s t he d i s t or t i on  i nc r ement ,
( d e i -  d v / 3)

M i s t he s t r es s  r at i o,  q/ p,  at  
t he c r i t i c a l  s t at e.

The pr es ent  model  d i f f er s  f r om t he p r e ­
v i ous  c r i t i c a l  s t at e model s  f or  soi l  
behav i our ,  Cam- c l ay  ex p l a i ned by 
Sc hof i e l d  and Wr ot h ( 1968) ,  and mod i f i ed  
Cam- c l ay  Ros c oe and Bur l and ( 1968) .
Thos e model s  pr ov i de r ea l i s t i c  p r ed i c t ­
i ons  of  s t r es s - s t r a i n  behav i our  onl y  f or  
s t r es s  pat hs  on t he s t at e boundar y  s u r ­
f ace ( SBS) .  By  c ont r as t  t he pr es ent  
model  gi v es  pr ed i c t i ons  f or  t he whol e 
r ange of  ov e r c ons o l i da t ed  behav i our  b e n ­
eat h t he SBS.

( b)  Ther e i s no r ec ov er ab l e  s hear  s t r ai n.
The onl y  r ec ov er abl e s t r a i n i nc r ement  i s 
v o l umet r i c  and i s gi v en by:

j  r  k dp 
dv  = p ( 1 + e")

g i s t he p l as t i c  pot ent i a l
and df  i s t he d i f f e r en t i a l  o f  t he 

f unc t i on f  whi c h  def i nes  
t he y i e l d  l ocus .

Thr ee hy pot hes es  ar e i n t r oduc ed whi c h 
enabl e t he f unc t i ons  f ,  g and h i n 
equat i on ( 3)  t o be det er mi ned.  Thes e 
ar e :

( i ) Ov er c ons o l i da t ed  s oi l  ex per i enc es  
p l as t i c  s t r a i n when,  and onl y  when,  
t her e i s a c hange i n t he s t r es s  
r at i o  q/ p ( denot ed her e i n  by  n) .  
Fur t her mor e beneat h  t he s t at e b o u n d ­
ar y  s ur f ac e c ons t ant  s t r es s  r at i o  
l i nes  ar e y i e l d  l oc i .  Thus  t he 
f unc t i on f  s pec i f y i ng  a par t i c u l a r  
c ons t ant  s t r es s  r at i o  y i e l d  l oc us  
i s gi v en by:

wher e : n j

n i p  = 0 ( 4 )

i s t he s t r es s  r at i o  de f i n ­
i ng a par t i c u l a r  c ons t ant  
s t r es s  r at i o  y i e l d  l oc us ,  
e. g.  OA i n Fi gur e 1.

( 2 )

Fi g.  1 Suc c es s i v e  c ons t ant  s t r es s  
r at i o  y i e l d  l oc i  OA,  OB,  OC 
and OD f or  t he s t r es s  pat h 
a b e d .

wher e:  k i s t he s l ope of  t he l i ne i n t he 
e,  I n p pl ane f or  s wel l i ng 
under  s pher i c a l  s t r es s  c ond i t ­
i ons

e i s t he v oi d r a t i o  of  t he soi l .

( c)  The d i s t i nc t i v e  f eat ur e of  t he model  i s 
t he r ec ogn i t i on  t hat  ov er c ons o l i da t ed  
s oi l  c an ex per i enc e p l as t i c  s t r ai ns  -  
bot h s hear  and v ol umet r i c .  A gener al  
f or m of  c ons t i t u t i v e  r e l a t i on f or  i nc r e ­
ment a l  p l as t i c  s t r a i n i s gi v en by  Hi l l  
( 1950 ) :

d e ? . = h df
S o

( 3)

wher e:  de?,  i s t he p l as t i c  s t r a i n i nc r e-  
1 -' ment  t ens or  

aj _j  i s t he e f f ec t i v e s t r es s  
t ens or

h i s t he har den i ng  f unc t i on

( i i )  The undr a i ned  s t r es s  pat hs  ar e
par abo l i c  i n t he q,  p pl ane.  The 
ex pr es s i on  adopt ed i s:

/  n ~ i o \ 2

\ A M  -  n 0 /

P c s

P

1  -  P 0 / P  

L -  P o /P c s
( 5)

wher e:  p 0 i s t he v al ue of  p at  t he 
s t ar t  of  t he undr a i ned  
pat h

t i q i s  t he s t r es s  r a t i o  at
t he s t ar t  of  t he undr a i n ­
ed pat h

p cs i s t he v al ue of  p on t he 
c r i t i c a l  s t at e l i ne c o r ­
r es pond i ng  t o t he c u r ­
r ent  v oi d r at i o

A i s +1 f or  l oad i ng i n
c ompr es s i on and - 1 f or  
l oad i ng i n ex t ens i on.
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2 k (p / p c s ) ( n- n0 ) dn

M2 ( l +e)  ( 2p0 / p - l ) { ( AM- n0 ) - ( n- n0 ) p/ pc s }

............................................ ( 6 )

dv p =
2<( pp / pc s - l ) ( p / pc s ) ( n- n0 ) dn

( AM- n0 ) 2 ( l +e) ( 2p0 / p- l )

As  i s  ev i dent  i n Fi gur e 2 equat i on 
( 5)  gener at es  a f ami l y  of  undr ai n-  
ed s t r es s  pat hs  al l  of  whi c h ar e 
d i r ec t ed t owar ds  t he c r i t i c a l  
s t at e.  I t  i s  as s umed t hat  t he 
l oc at i on of  t he c r i t i c a l  s t at e 
l i ne i n t he s t r es s  s pac e f or  e x ­
t ens i on i s a mi r r o r  i mage of  i t s  
l oc at i on f or  c ompr es s i on.

I n gener al  t hes e equat i ons  f or  t he p l a s ­
t i c  s t r a i n i nc r ement s  can be i n t egr a t ed 
onl y  by  a numer i c a l  pr oc es s .  Howev er ,  
t her e. i s  one ex c ept i on,  a c ons t ant  p pat h 
wi t h  p =p0=p c s ; t he i n t egr a t ed  f or m of  
equat i on ( 6)  i s  t hen:

Po ~ Pcs M 2
( AM- nn ) I n

( 8 )

wher e:  i s t he c uml at i v e s hear  s t r a i n
up t o t he s t ar t  of  t he c u r r ­
ent  l oadi ng c y c l e f r om nQ.

For  s uc h a pat h,  equat i on ( 7)  f or  t he 
p l as t i c  v o l umet r i c  s t r a i n i nc r ement  
r educ es  t o z er o and as p r emai ns  c ons t ant  
t her e i s no r ec ov er ab l e  v o l umet r i c  st r ai n.

Fi g.  2 Undr a i ned  s t r es s  pat hs  f or  
nQ = 0. 0 and 0. 5 c a l c u l a t ­
ed wi t h  equat i on ( 5) .

( i i i )  An ex pr es s i on i s adopt ed f or  t he 
r at i o  of  t he p l as t i c  s hear  s t r a i n 
i nc r ement  and p l as t i c  v o l umet r i c  
s t r a i n i nc r ement ,  i . e. ,  dep / dv p . 
Thi s  i s  s uc h t hat  wet  of  c r i t i c a l  
t he v o l umet r i c  p l as t i c  s t r a i n i s 
c ompr es s i v e  and dr y  of  c r i t i c a l  i t  
i s di l at ant .  Thi s  ex pr es s i on f or  
deP/ dv P enabl es  t he par t i a l  de r i ­
v a t i v es  of  t he p l as t i c  pot ent i a l  
t o be det er mi ned,  i . e.  3g/ 3p and 
3g/ 3q.

Thes e t hr ee hy pot hes es  pr ov i de al l  t he 
i n f or mat i on  needed f or  t he c a l c u l at i on 
of  t he p l as t i c  s t r a i n i nc r ement s  wi t h 
equat i on ( 3) .  The f i r s t  and t h i r d  e n ­
abl e df ,  3g/ 3q and 3g/ 3p t o be de t e r mi n ­
ed.  The har den i ng  f unc t i on i s ar r i v ed 
at  by  c ons i der i ng  t wo i ndependent  d e ­
f i n i t i ons  of  an undr a i ned  s t r es s  pat h.  
The f i r s t  i s t hat  gi v en by  equat i on  ( 5) ,  
and t he s ec ond i s t hat  obt a i ned  by 
equat i ng  t he r ec ov er ab l e  v o l umet r i c  
s t r a i n i nc r ement  ( equat i on 2)  wi t h  t he 
p l as t i c  v o l umet r i c  s t r a i n i nc r ement  
( equat i on 3) .  Thi s  equ i v a l enc e l eads  t o 
t he har den i ng  f unc t i on,  h.  The det ai l s  
ar e gi v en by  Pender  ( 19 77) .

( d)  Subs t i t u t i on  of  t he f unc t i ons  f ,  g and h 
i nt o equat i on  ( 3)  gi v es  t he f o l l owi ng 
equat i ons  f or  t he p l as t i c  s t r a i n  i nc r e ­
ment s  :

The as s umpt i on t hat  t he c ur r ent  c ons t ant  
s t r es s  r at i o  y i e l d  l oc us  al way s  r emai ns  
a t t ac hed t o t he c ur r ent  s t r es s  poi nt  
mak es  i t  pos s i b l e  t o us e equat i ons  ( 6)  
and ( 7)  t o c a l c u l at e t he r es pons e t o r e ­
v er s ed and c y c l i c  l oad i ng i n a s i mpl e 
manner .  When t he d i r ec t i on  of  l oadi ng 
c hanges  f r om c ompr es s i on t o ex t ens i on,  or  
v i c e v er s a,  t he s i gn of  A i s c hanged and 
nQ and p D r es et  t o new v al ues .  The k i n ­
emat i c  behav i ou r  of  t he y i e l d  l oc us  means  
t hat  t her e i s no r equ i r ement  t o k eep 
t r ac k  of  t he pos i t i on  of  t he c ur r ent  
y i e l d  l ocus .

The model  des c r i bed abov e enabl es  t he 
s t r es s - s t r a i n  behav i our ,  bot h dr a i ned and 
undr ai ned,  t o be c a l c u l a t ed f or  any  s t at e 
of  ov er c ons ol i dat i on.  Though t he p r es en ­
t a t i on i n t hi s  paper  i s f or  t he s t r es s  
c ondi t i ons  i n t he c onv ent i ona l  t r i ax i a l  
appar at us  ex t ens i on t o mor e gener al  
s t r es s  s y s t ems  i s pos s i bl e.  Four  pa r a ­
met er s  ar e needed t o c har ac t er i s e  a 
gi v en mat er i al :  t he s t r es s  r at i o  at  t he 
c r i t i c a l  s t at e ( M) , t he l oc at i on of  t he 
c r i t i c a l  s t at e l i ne i n t he s t r es s  s pac e 
( p0 / p cs f ° r  a s oi l  nor mal l y  c ons o l i da t ed 
under  s pher i c a l  s t r es s  c ondi t i ons ) ,  t he 
s l ope of  t he l i ne i n t he e , I n p pl ane 
f or  s wel l i ng  under  s pher i c a l  s t r es s  
c ondi t i ons  ( k ) ,  and t he s l ope of  t he 
v i r g i n c ompr es s i on l i ne i n t he e , I n p 
p l ane ( X) .  The v al ues  of  al l  f our  of  
t hes e par amet er s  ar e eas i l y  det er mi ned 
f r om r out i ne l abor a t or y  t es t s .  Al l  c a l ­
c u l a t ed r es ul t s  p r es ent ed  her e i n ar e 
bas ed on t he f o l l owi ng val ues :  M = 0. 90 
C<t>1 = 23° ) ,  pQ/ pcs  = 1. 90 f or  mat er i a l
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nor ma l l y  c ons o l i da t ed  under  s pher i c a l  
s t r es s  c ondi t i ons ,  k = 0. 04 ( Cs = 0. 09) .  
For  t he undr a i ned s i t uat i ons  c ons i der ed 
her e t he v al ue of  X i s not  r equi r ed.  The 
v oi d r at i o  mus t  a l s o be s pec i f i ed,  i n 
t hi s  c ase a v al ue of  1. 38 i s us ed whi c h 
i s equi v a l ent  t o a p cs v al ue of  220 k N/ m2.

APPARENT SHEAR MODULUS AND EQUI VALENT 
VI SCOUS DAMPI NG RATI O FOR SMALL STRAI N 
AMPLI TUDE CYCLI C LOADI NG

Fi gur e 3a i s a pl ot  of  t he undr a i ned  r es pon ­
se,  c a l c u l a t ed  wi t h  equat i ons  ( 5)  and ( 8) ,  
o f  an i n i t i a l l y  nor mal l y  c ons o l i da t ed  soi l  
t o a gr adua l l y  i nc r eas i ng c y c l i c  s hear - s t r e-  
ss.  The dec r eas e i n appar ent  s hear  modul us  
and i nc r eas e i n p l as t i c  wor k  f or  eac h c y c l e 
as t he s t r a i n ampl i t ude i nc r eas es  i s ev i dent .

Fi g.  3 Ca l c u l a t ed r es pons e of  nor ma l l y  
c ons o l i da t ed  c l ay  t o c y c l i c  
undr a i ned  shear .

A gr adual  i nc r eas e i n por e p r es s ur e  i s i m­
p l i ed  by  t he appr oac h of  t he undr a i ned  s t r ess 
pat h t o t he c r i t i c a l  s t at e v al ue of  p,  Fi g 
3b.  The appar ent  s hear  modul us  ( G)  and 
equ i v a l ent  v i s c ous  dampi ng r at i o  ( D)  ar e de ­
f i ned i n Fi g.  4.  Numer i c a l  ev a l uat i ons  of  
t hes e ar e pos s i b l e  f or  any  s t r es s  pat h by 
means  of  equat i on ( 6) .  Howev er ,  equat i on  ( 8)  
pr ov i des  a mor e c onv en i ent  met hod f or  t he 
c a l c u l a t i on  of  t hes e par amet er s  f or  l i ght l y  
ov er c ons o l i da t ed  mat er i a l .  I t  wi l l  be us ed 
i n ma j or i t y  o f  t he c a l c u l a t i ons  p r es en t ed  
b e l o w.

I n a c l os ed c y c l e of  s t r es s  c hange,  — n j + nj  
■+■ — n j  , t he s t r es s - s t r a i n  l oop c a l c u l a t ed 
wi t h  equat i on  ( 8)  i s  c l os ed bec aus e t her e i s 
no c hange i n v oi d r at i o or  p c s . Thus  e q ua t ­
i on ( 8)  c an be us ed t o ex pr es s  t he appar ent  
s hear  modul us  as a f unc t i on  of  t he c y c l i c  
s t r es s  r at i o,  n-

'D '

Q c y  e c y  c

-  2 r l j P c s /  E e y e

On s ubs t i t u t i on  f or  E^ yc  f r om equat i on  ( 8) ,  
and wi t h  nQ = — nj  and n = +r i j :

M ( l + e ) n j P c s

k { ( l + U ) I n (^-+r | j )  -
M M- n i  M

At  t he c r i t i c a l  s t at e q cs = Mp c s , t hus :

G/ q c

ri j  (  1 + e  )

k  < n + ü j n n ( M + t 1 j )  -

M M- n- ;  M

. . . . . . . . . . . . . .  ( 9)

As  n j  t ends  t o z er o t he r i ght  hand s i de of  
equat i on  ( 9)  t ends  t o i nf i ni t y .  The beh a v ­
i our  of  t he s hear  modul us  wi t h  s t r a i n  a mp ­
l i t ude pr ed i c t ed  wi t h  equat i on  ( 8)  i s s een 
i n Fi g.  5.

Equat i on  ( 8)  c an be us ed t o ev a l uat e  t he 
appar ent  s hear  modul us  f or  s t r es s  c y c l es  i n 
wh i c h  t he mean s t r es s  r at i o  i s  not  equal  t o 
zer o.  The e f f ec t  on t he appar en t  s hear  
modul us  of  c y c l i c  l oadi ng about  a mean st r ess 
r at i o  ot her  t han z er o s hown i n Fi g.  6.

G = s l ope of  OA

Equi v a l ent  v i s c ous  
dampi ng r at i o:

n -  1 ar ea of  l oop 
Tt i  X ar ea of  AOAB

Fi g.  4 Def i n i t i on  of  appar ent  s hear
modul us  ( G)  and equ i v a l ent  v i s c ous  
dampi ng r at i o  ( D) .

Appar ent  s hear  modul us
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Ex ami nat i on of  equat i ons  ( 6)  and ( 8)  r ev eal s  
t hat  when n0 i s gr ea t e r  t han z er o t he appar ­
ent  s hear  modul us  i n c ompr es s i on i s l ess  
t han t hat  i n ex t ens i on and when n0 i s l ess  
t han z er o t he appar ent  s hear  modul us  i n c om­
pr es s i on i s  g r eat er  t han t hat  i n ex t ens i on.  
Thus  i n Fi g.  6 t he pl ot  o f  appar ent  s hear  
modul us  v er s us  c y c l i c  s t r a i n  ampl i t ude

Fi g.  5 Appar en t  s hear  modul us / s t r a i n  
ampl i t ude r e l a t i on  f or  l i ght l y  
ov e r c ons o l i da t ed  c l ay .

Fi g.  6 Ef f ec t  of  i n i t i a l  s t r es s  r at i o 
on appar ent  s hear  modul us .

c a l c u l a t ed  wi t h  equat i on  ( 8)  f or  l oadi ng i n 
ex t ens i on f r om nc  = 0. 5 l i es  abov e t he r e ­
s ul t s  c a l c u l a t ed wi t h  equat i on  ( 9)  when t he 
mean s t r es s  r at i o  f or  eac h c y c l e i s zer o.  
Si mi l a r l y  t he pl ot  f or  l oadi ng i n c ompr es s ­
i on f r om n0 = 0. 5 l i es  beneat h  t hat  c a l c u ­
l a t ed wi t h  equat i on  ( 9) .  I n c ont r as t  i f  
was  l es s  t han zer o,  r a t her  t han 0. 5,  t he 
r e l a t i v e pos i t i on  of  t he l i nes  f or  c ompr es s ­
i on and ex t ens i on i n Fi g.  6 wou l d  be 
r ev er s ed.  The f i gur e s hows  t hat  t he i n i t i a l  
v al ue of  n has  l i t t l e  e f f ec t  on t he r e l a t i on 
bet ween appar ent  s hear  modu l us  and c y c l i c  
s t r a i n ampl i t ude.  Howev er  i t  does  hav e a 
c ons i der ab l e  e f f ec t  on t he v al ues  of  t he 
appar ent  s hear  modul us  and s hear  s t r a i n f or  
equal  and oppos i t e  s t r es s  c hanges .  Thi s  i s 
s hown by  t he t wo poi nt s  mar k ed  ' +'  i n Fi g.  6 
wh i c h  ar e f or  equal  and oppos i t e  c hanges  i n 
q f r om nQ = 0. 5.  Thus  a c l os ed c y c l e of  
s t r es s  c hange when t he mean v al ue of  n i s

not  z er o wi l l  l ead t o a net  bu i l d- up i n st r ai n.

The ov er c ons o l i da t i on  r at i o when p = p cs f or  a 
s oi l  wi t h  t he pr oper t i es  s pec i f i ed  abov e i s 
2. 14.  For  t he many  nat ur a l  soi l  depos i t s  
whi c h ex i s t  i n a l i ght l y  ov er c ons o l i da t ed  
s t at e,  equat i on ( 9)  pr ov i des  a c onv eni ent  
means  of  p r ed i c t i ng  behav i our  under  c y c l i c  
l oad i ng a l t hough t hi s  equat i on  i s s t r i c t l y  
v a l i d  onl y  when t he ov e r c ons o l i da t i on  r at i o i s  
equal  t o Pmax / Pc s -  ^ or  't 'l e gener a l  c as e i t  
i s  pos s i b l e  t o c a l c u l at e t he appar ent  s hear  
modul us  and equ i v a l ent  v i s c ous  dampi ng r at i o 
f or  any  ov e r c ons o l i da t i on  r a t i o  by  means  of  
equat i on ( 6) .  Res ul t s  of  c a l c u l a t i ons  f or  
t he appar ent  s hear  modul us  f or  ov e r c ons o l i d ­
at i on r at i os  1,  5 and 20 ar e p l o t t ed  agai ns t  
s t r a i n  ampl i t ude i n Fi g.  7.  The q v er s us  ep 
c ur v e f or  eac h ov e r c ons o l i da t i on  r at i o was  
gener a t ed numer i c a l l y  and t he v al ue of  G 
det e r mi ned f r om t hi s  cur v e.  The undr a i ned 
nat ur e of  t he pat hs  i s ens ur ed by  det er mi n i ng 
t he i nc r ement a l  c hange i n p,  c or r es pond i ng t o 
eac h i nc r ement  i n q,  f r om equat i on ( 5) .  Al l  
t he s t r es s  c y c l es  r epr es ent ed i n t he f i gur e

Fi g.  7 Ef f ec t  of  ov er c ons o l i da t i on  r at i o 
on appar ent  s hear  modu l us / s t r a i n  
ampl i t ude r e l at i on.  ( Mean s t r es s  
r at i o  = 0. 0 f or  al l  c y c l es ) .

hav e a mean s t r es s  r at i o  of  zer o.  I t  i s 
s een t hat  i nc r eas i ng  ov er c ons o l i da t i on  r at i o 
l eads  t o a dec r eas e i n t he appar ent  s hear  
modul us .  A c ent r a l  c onc ept  of  t he model  f or  
ov e r c ons o l i da t ed  s oi l  i s t hat  dur i ng l oadi ng,  
t he s t at e of  t he soi l  i s  al way s  mov i ng t o ­
war ds  t he c r i t i c a l  s t at e v al ue of  p.  Thus  
dur i ng  a c y c l i c  undr a i ned t es t  on nor mal l y  
c ons o l i da t ed  s oi l  t her e i s a gr adual  i nc r e ­
as e i n por e wat e r  pr es s ur e as t he s t r es s  
pat h mov es  t owar ds  p c s . Thi s  i s i l l us t r a t ed 
i n Fi g.  3.  When t he c y c l i c  l oadi ng i s a p p l ­
i ed t o an ov er c ons o l i da t ed  mat er i a l  f r om an 
i n i t i a l  s t at e dr y  of  c r i t i c a l , negat i v e  por e 
wa t e r  pr es s ur es  ar e set  up as t he s t r es s  
pat h mov es  t owar ds  p Cs-  As  t he s t r es s  pat h 
appr oac hes  p cs t he appar ent  s hear  modul us /  
s t r ai n ampl i t ude r e l a t i on appr oac hes  t hat  
c a l c u l a t ed wi t h  equat i on ( 9)  and p l o t t ed  i n 
Fi g.  5.  Thus  t he appar ent  s hear  modul us  of
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a nor ma l l y  c ons o l i da t ed mat er i a l  dec r eas es  
s l i ght l y  as t he number  of  c y c l es  i nc r eas es .  
On t he ot her  hand f or  mat er i a l s  wi t h  an 
ov er c ons o l i da t i on  r a t i o  s ubs t an t i a l l y  i n 
ex c es s  of  2 t he appar ent  s hear  modul us  i nc r ­
eas es  as t he number  of  c y c l es  i nc r eas es .
Thi s  phenomenon has  been obs er v ed by  Si l v er  
and Seed ( 1971)  f or  med i um dens e sand.  Thus  
equat i on  ( 9)  r epr es ent s  a l i mi t i ng  c ondi t i on 
whi c h t he model  pr ed i c t s  f or  a l ar ge number  
of  l oadi ng cyc l es .

Fr om t he def i n i t i on  gi v en i n Fi g.  4:  

f B„ ^ Ep _ 4 x Ar ea ¿OBC
D

4  it x Ar ea  AOBC

Subs t i t u t i ng  i n equat i on ( 9)  nc 
+ n j  t hi s  bec omes :

- nj  and n

bec omes  :

G/ q c
n j ( 1+e )

{ ( 1+Ü1)  I n ( Ì Ì Ì ZU ) 
M  M - n j

2 n n  + n j qc s ( l +e)  
Ge

( 1 1 )

As  nj +o t he r i ght  hand  s i de of  equat i on ( 11)
t ends  t o Ge / q The appar ent  s hear  modul us ,
c a l c u l a t ed wi t h  equat i on ( 11) us i ng t he same 
v al ues  f or  M,  k,  e and p cs gi v en abov e and 
Ge = 51. 0 Mpa,  i s  p l o t t ed  agai ns t  s t r ai n 
ampl i t ude i n Fi g.  8 . Thi s  c ompar es  wel l  wi t h 
t he pat t er n  of  ex per i ment a l  behav i ou r  r epor t ­
ed by  Seed and I dr i s s  ( 1970)  and Tay l o r  and 
Par t on ( 1973) .

(2/-n) (l+'lj) {in (i£lU) -2 (^J)}
M M- n j  M

( nJ ) {  <l  + n- j )  x l n f e i )  - 2 ( ! Lj ) }
M M M- r i j  M

( 1 0 )

As Ti j -<-o i t  can be s hown t hat  t he r i gh t  hand 
s i de of  equat i on ( 10 ) t ends  t o a l i mi t i ng  
v al ue of  0. 21.  The r e l a t i ons h i p  bet ween 
dampi ng r at i o  and s t r a i n ampl i t ude i s  s hown 
i n Fi g.  9.

I t  i s emphas i s ed  t hat  bot h equat i ons  ( 9)  and 
( 10 ) hav e been der i v ed f r om t he model  f or  
l ar ge s t r a i n s t at i c  behav i ou r  ou t l i ned ea r l ­
i er  i n t he paper .  No add i t i ona l  dat a or  
as s umpt i ons  hav e been i nt r oduc ed.  I t  i s 
s een f r om Fi g.  5 t hat  t he pr ed i c t i ons  of  G 
ar e r eas onabl e  f or  s t r a i n ampl i t udes  g r ea t ­
er  t han 0 . 0 1% but  f or  s t r a i n ampl i t udes  l ess  
t han t hi s  t he p r ed i c t ed  and obs er v ed  beh a v ­
i our  di v er ge.  Thi s  wi l l  now be r emed i ed  by  
t he i n t r oduc t i on of  an e l as t i c  s hear  modul us.

I NCLUSI ON OF ELASTI C SHEAR MODULUS

The hy pot hes i s  t hat  s oi l  has  no r ec ov er abl e 
s hear  s t r a i n may  be r ea l i s t i c  i n many  app l i ­
c a t i ons  but  at  v er y  s mal l  s t r a i ns  i t  i s 
p r obab l y  an unac c ept ab l e  s i mpl i f i c at i on.
The p r ed i c t i ons  of  equat i ons  ( 9)  and ( 10)  
ar e mod i f i ed  be l ow by t he i nc l us i on of  an 
e l as t i c  s hear  modul us ,  t he e f f ec t  of  whi c h 
i s mos t  ev i dent  at  v er y  s mal l  s t r ai ns .  Wi t h 
t he i nc l us i on of  t hi s  e l as t i c  s hear  modul us  
t he appar ent  s hear  modul us  i s gi v en by:

G -  q c y c ^ Ecyc  + £cyc^

2n -sPc s / ( eP + 
J eye

Wher e :

2 n j P c s ) 

i s  e l as t i c  s hear  modul us .

e cyc  i s t he c y c l i c  e l as t i c  d i s t o r ­

t i o n  = < l c y c / G e

On s ubs t i t u t i on  f or  E^ yc  f r om equat i on  ( 8) 
and r ear r ang i ng  f or  n0 = — 71 j  anc* ri = +T1j ’ 
t he r at i o  of  appar ent  s hear  modul us  t o q cs

Fi g.  8 Var i a t i on  of  appar ent  s hear  mo d ­
ul us  wi t h  s t r a i n  ampl i t ude i n ­
c l ud i ng t he ef f ec t  of  a s mal l  
s t r a i n  e l as t i c  s hear  modul us .

Wi t h t he i nc l us i on of  e l as t i c  s hear  s t r a i n 
t he ex pr es s i on f or  t he equ i v a l ent  v i s c ous  
dampi ng r at i o  bec omes :

( 2/ 7t ) ( 1+13)  { l n( - M+nj ) - 2 ( Hj )  }
M M- n

2 .
M

( Ü)  { ( l +üj ) l n( — 'nj ) - 2JLj  } + ( 1+e) Pc 
M M M- n- i  M k Gc

( n j  )2

( 1 2 )

I t  c an be s hown t hat  t he r i ght  hand s i de of  
equat i on ( 12 ) t ends  t o z er o as nj  t ends  t o 
zer o.  The behav i ou r  pr ed i c t ed wi t h  equat i on 
( 12)  i s pr es en t ed  i n Fi g.  9.  As  wi t h  Fi g.
8 t he pr ed i c t i ons  i n Fi g.  9.  c ompar e wel l  
wi t h  t he ex per i ment a l  behav i ou r  r epor t ed  by  
Seed and I dr i s s  ( 1970)  and Tay l o r  and Par t on 
( 1973) .  Equat i on  ( 12)  i s der i v ed f or  s t r es s  
c y c l es  i n whi c h t he mean s t r es s  r a t i o  i s 
zer o.  For  c y c l es  i n wh i c h t he mean s t r es s  
r at i o  i s  not  z er o but  p Q i s s t i l l  equal  t o 
p cs equat i on  ( 8) can be us ed t o ev al uat e t he 
equ i v a l ent  v i s c ous  dampi ng r at i o.  For  t he 
gener a l  c as e t he equ i v a l ent  v i s c ous  dampi ng 
r at i o  may  be ev a l uat ed us i ng equat i on  ( 6) f or  
t he p l as t i c  s hear  s t r a i n i nc r ement  and d q / Ge 
f or  t he el ast i c shear  st r ai n i ncr ement .  I n t hi s way 
t he shape of  t he st r ess- st r ai n l oop i s gener at ed,  
ev a l uat i on  of  t he ar ea of  t he l oop t hen l eads  
t o t he equ i v a l ent  v i s c ous  dampi ng r at i o.

eqt n. 9

eqt
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Fi g.  9 Equ i v a l ent  v i s c ous  dampi ng r at i o 
p r ed i c t ed  wi t h  t he i nc l us i on 
of  e l as t i c  s hear  behav i our .

CONCLUSI ONS

Thi s  paper  has  s hown how a s t r es s - s t r a i n  
model  f or  ov er c ons o l i da t ed  s oi l  or i g i na l l y  
dev e l oped  f or  l ar ge s t r a i n s t at i c  behav i our ,  
c an be ex t ended  t o gi v e r ea l i s t i c  p r ed i c t ­
i ons  f or  s mal l  s t r a i n c y c l i c  l oadi ng.  One 
add i t i ona l  s oi l  pr oper t y ,  t he e l as t i c  s hear  
modul us ,  was  i n t r oduc ed t o mak e pr ed i c t i ons  
at  v er y  s mal l  s t r a i n  ampl i t udes  r eal i s t i c .  
Thus  t he number  of  p r oper t i es  r equ i r ed by  
t he model  t o des c r i be a gi v en s oi l  r i s es  
f r om f our  t o f i ve.

The mode l  has  t he adv ant age of  p r ov i d i ng  a 
h i gh l y  un i f i ed  t r eat ment  of  s t r es s - s t r a i n  
behav i ou r  of  soi l .  Thus  one model  i s  c ap ­
abl e of  t r ea t i ng  a wi de r ange of  s oi l  
behav i our .  Bot h t he appar ent  s hear  modul us  
and t he equ i v a l ent  v i s c ous  dampi ng r at i o  ar e 
p r ed i c t ed  i n a r ea l i s t i c  manner .  Four  of  
t he f i v e par amet er s  needed  t o c har ac t er i s e  a 
g i v en s oi l  ar e det er mi ned f r om r out i ne l ab ­
o r a t or y  t es t s .  The f i f t h par amet er ,  t he 
e l as t i c  s hear  modul us ,  i s mos t  c onv en i ent l y  
de t e r mi ned f r om meas ur ement s  of  t he i n s i t u 
s hear  wav e v el oc i t y .  Thus  as s es s ment  of  t he 
behav i ou r  of  a s oi l  depos i t  under  c y c l i c  
l oad i ng wi l l  be pos s i b l e  wi t hout  any  s pec i al  
l abor a t or y  t es t i ng t o det er mi ne s oi l  p a r a ­
met er s  .

At  f i r s t  s i ght  equat i ons  ( 9)  and ( 11)  f or  
t he appar ent  s hear  modul us  ( G)  and equat i ons  
( 10)  and ( 12)  f or  t he appar ent  v i s c ous  damp ­
i ng r at i o  ( D)  mi ght  s eem r a t her  c ompl ex .  
Howev er ,  t he f ac i l i t i es  av a i l ab l e  t o t he 
eng i neer i ng  p r o f es s i on t oday  mak e c omput a t ­
i on s t r a i ght  f or war d and r e l a t i v e l y  i nex pen ­
s i ve.  I n c ont r as t  t he det er mi nat i on  of  
v al ues  f or  pr oper t i es  t o c har ac t er i s e  a 
g i v en s oi l  by  l abor at or y  and / o r  f i e l d t es t ­
i ng i s of t en d i f f i c u l t ,  t i me c ons umi ng  and 
c os t l y .  Two mos t  i mpor t ant  f eat ur es  of  t he 
pr es ent  model  ar e ( i )  t he s mal l  number  of

par amet er s  needed t o c har ac t er i s e  a gi v en 
soi l ,  and ( i i )  t hat  v al ues  f or  t hes e c an be 
det er mi ned f r om r out i ne t es t s .

Al t hough t he t r eat ment  i n t hi s  paper  i s f or  
t he s t r es s  c ond i t i ons  i n t he c onv ent i ona l  
t r i ax i a l  appar at us  ex t ens i on t o mor e gener al  
s t r es s  s y s t em i s pos s i bl e.
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