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SPECIALTY SESSION 2

PROBLEMS OF NONLINEAR SOIL MECHANICS

~Chairman: H.B.Poorooshasb (Iran)
Vice-Chairman: Yu.K.Zaretsky (USSR)
Participants:

Vice-Chairman Dr.Yu.K.Zaretsky

Ladies and Gentlemen, dear Colleagues,
Allow me to open Specialty Session No.2.

The program of this Session is known to youfrom Bu letin B. Our aim is an exchange of
opinions on the development of the nonlinear
problems of plasticity, creep and the conso­lidation of soils. I would like more comments
to be made on the methods of calculating thestressed-strained state of a soil base in all
ranges of loads, up to the limiting ones.

To our great regret the Chairman of this
Session, Professor H.B.Poorooshaeb could not
come to the
his opening
ning to it.I want to
of the time
strictly to

Conference, but he has sent us
speech. We will begin by liste­
remind you, dear Colleagues,
schedule and to ask you to keep
it. Five reports will be made.

The time alloted ends at 5.40 p.m.;then there
will be an intermission until 5.55 P.m.;af­
ter which discussion will begin,and last un­
til 5.l5 p.m. Fourteen persons have registe­
red fcr the discussion,and,I assume,there
will others,who will wish to speak on the
problmes being discussed.If each speaker will
take not more than 5 minutes,shall be ableto finish in time.

Now we shall ask Mr.Barvashov to read Profv
Poorooshasb's speach,in which a rivew is ti­
ven of the written reports submitted to our
Specialty Session.
Prof.H.B.Poorooshasb (Iran), Chairman.Gentlemen, _ _

Papers were accepted in three areas. Those
dealing with the deformation theories those
dealing with the application of such theori­
es to the particular case of foundations
(e.g. consolidation,settlement and stress
distribution within the soil body) and those
dealing with other problems of non linear
soil mechanics.

I shall present a brief account of papers
submitted in the first two areas. Then ask,

Copewroth 2UoKo 9 PQLQBPBDBW <U|Ko)|
A.L.comm Ussn , L.Sukl;]e (ruéoslavia),I.Kis:l.el (Poland , A.Dresoher ( oland)
J.Feda (Czechoslovakia), H.0hta (Japan),
R.J.Marsal Mexico), N.Moroto (Japan),
K.H.Wiener GDR). S.S.VJalov (USSR),
E.F.Vinokurov (USSR), K.Yasuhara (Japan),
B.R.Thamm FRG), V.I.Solomin (USSR),
A.0.Uriel Spain) A.A.Mustafayev (USSR),Gnuaenu. F G), P.A.Rochette (U.x.),
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from the audiance,two questions which I con­
sider of importance and which I hope willbe answered in this session.

The paper by Dr.Fekete discusses the sett­lement of foundation beams and slabs res­
ting on an elastic half space. It considers
the cases where thenmgnitude and distribu­
tion of loads and properties of foundation
and supporting.media are such that separati­on of the two media takes place (i.e.,the
settlement of ground is larger than that of
foundation) and/or when local plastic failu­
re occurs. An iteration process is proposed
by means of which the solution to various
types of elastically supported foundationbeams and slabs is obtained.

Professor Suklje's contribution discusses
the possibility and need of using isotaches
(i.e.,representing the consolidation testresults as contours of e=constant in the e­
cr space). He derives equations representing
such depenciea in the forms e=e(e.G') assu­
ming various known equations relating e,6'
and t, the time parameter. Any of these eque­
tions when used in conjunction with equations
of continuity and compatability may be uti­
lized to solve consolidation problems,given
the appropriate boundary conditions.

Chang and Nair announce the_development of
a single general finite element computer
program which incorporates non-linear mate­
rial properties and is suitable for incremen­
tal analysis of plane problems in soil me­
chanics and rock mechanics.

Ohta and Hata, assuming the clay layer to
be non linear elastic plastic material having
work hardening or work softening properties
and an associated flow rale discuss the mode
of its consolidation when subjected to spe­
cified boundary conditions.

Professor Hisao Aboshi reports on a series
of consolidation tests on a number of geome­
trically similar but of different size samp­
les and concludes, amongst other things that
the Cv value increases somewhat with sample
thickness and hence the predictions of con­
solidation of actual clay layer from the stan



dard oedometer test may lead to underestima­tion of its settlement rate.
Professor Mikasa presents a new formula­tion fcr one dimentional consolidation of

highly compressible clays. He derives a li­
near equation (the Fourier's) in terms of
compression strain (not U) assuming the va­
riation of k and mv being proportionalHe further demonstrates that if the lineari
zation assumption employed in derivation of
Terzaghi equations are not made,a highly
non-linear differential equation obtains. He
recommamh the usage of this equation when
dealing with solution of consolidati n prob­
lems involving soft clays.In a ve interestin contribution MurrPF S » B7
compares the measured and calculated relations
between settlement and time at two road em­
bankment sites. He concludes that the majorsource of error in these cases was the diff­
erence between the measured field and labo­
ratory coefficients of consolidation and the
use of a non-linear theory had relatively
small influence on the settlement predictions

Professor Viggiani presents some solutions
of the Davis-Raymond consolidation equations
which include the depth effects. Two cases
are treated (1) uniform surcharge over a lar­
ge area on the soil surface and (ii) lowe­
ring tho wntor table thus producing a triangu
lar excess pore water presaire distribution.
The results of the analysis show some devia­
tion from the classical theory.

In his paper Professor Gorbunov-Possadov
assumes the soil supporting a strip footing
to consist of elastic perfectly plastic ma­
ter1al,the yield limit being defined accor­
ding to Mehr-Conolomb criteria. The method
of attack is quite novel and due results of
analysis for a strip load acting on such a
half space is presented showing the boundary
between the elastic and plastic zone.

Professor Ter-Hartirosyan considers the
problems of a layer of clay subjected to a
monclithically increasing time dependent ez#
tended load acting on its upper surface. The
general equation governing the process of
consolidation is presented from which solu­
tions to prescribed boundary conditions can
be obtained.

Professor Vinokurov in collaboration with
Drs.Kuzmitzky and L.G.Shulika present a so­
lution for foundation resting on the surface
of an an1antrnpic elastic half space. Aniso­
tropy is defined by the ratio,Ex/Ez the ra­tio of elastic modulii. The results of ana­
lysis for four cases of Ex/E =l/1 (the iso­
tropic case) l/05, l/5 and 271 are presen­ted where some variation is observed between
the isotropic and anisotropic cases.

Professor V.G.Fedorovsky and his collabo­
rators discuss the stability of methods of
solutions of non-linear analysis as applied
to foundations. They propose a variant of acombined incremental- terational method of
solutions which posses increased stability.

Professors Konovalov and Salnikov report
on a number of experiments carried out on
soft grounds. The tests consisted of (a) one
dimentional consolidation of a peat layer
and (b) two dimentional (radial symmetry)

consolidation of a sand layer supported by
peat. They demonstrate,for example,the ef­
fect of rigidity of the top layer on re­
ducing the amount of settlement.

In his paper, Professor Dinis Da Gnma dis­
cusses the rationality of using linearly
elastic theory in solving said mechanical
problems. His analysis shows that the linear
approach is on the unsafe side since the
bilinear theory leads to less stable condi­
tions associated with layer displacementsin the two cases cited.

An interesting observation is reported
by Professor Alsxiev who discusses the
nature of collapse of a silty loess specimen
subjected to wetting.

Dr.Feda generally discusses the various
constitutive relations and suggests that to
him, based on the existing evidence these
should be constructed phencmenologically
with a necessary and plausible interpreta­
tion with respect to the structure of the
materials

Dr.Aguime Ramirez, introduces the factor
"plastic component of noids ratio" and by as­
suming this to be a function of stress obta­
ins a yield criteria involving the effective
stress and a strain hardening parameter, it­self a function of the irrcooverable volumet­
tric strain.

Professors LeLievre and Matyas and Dr.Wang
report on an extensive experimental program­
me completed ut University of Waterloo to
examine the uniqueness of the state domain
and the mode of yielding of cohesive soils.

They conclude, amongst other things,that
different yield criteria are required todefine the onset of volumetric and distorti­
onal strain yielding.

Mr.P.N.Mitchell using the bottom cylinder
compression machine to examine the behaviour
of a sand sample concludes that tho plastic
potential is a ballet shaped surface of re­
volution about tha hydrostatic axis in the
stress space,

Drs.Ivastchenko and Zakharov start from
the equation

aegja .. <;[ar/as id ]df

where dggj is the_plastic strain increment,
G the strain hardening function, qijs thestress and F" ... the function of J loading
test that is the equation of loading locus
separating an elastic domain from a plastic
one in the space of stressee..."This I take
to mean the yield function. They presentsome evidence which is oousi ered to confirm
the validity of the above eq _tion.

I wish to pore two questions, just to get
the discussion going. The first ohe what is
infact the nature of the yield function for
soils. I believe,°for example,that in the
case of sand the yield surface when traced
in the stress space should contain»the space
diagonal. Perhaps Dr.Ivastchenko or Zakharov
and Mr.Mitchell would like to comment on this

With regard to the question of consolida­
tion no doubt certain types of soils (e.g.
collapsible clays) the classical Terzaghi
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theory fails to predict,even remotely,the
field behaviour. But in the majority of ca­ses, I believe, the discrepancy is ue to
inadequate information regarding the various
involved factors rather than the inadequacy
of the simple theory. would Drs. Murray or
Mikasa care to answer.

Vice-Chairman Dr.Zaretsky Yu.K.
Thank you very much`Mr.Bervashov.

Mr.Chairman,Ladies and Gentlemen,Colleagues!
Preparations for the VIII International

Conference.on Soil Mechanics and Foundation
hngineering presented an opportunity for as­
sessing the state-of-the-art in the theory
of base and foundation design. There have
been great successes in this field. One as­
pect is the increasing transition from purely
analytical solutions to ones utilizing to
the maximum extent the possibilities cf elec­
tronic computers. The popular method of de­
sign calculations which replaces differenti­
al equations by finite differences has been
sumpplemented by new methods that have
proved highly efficient when an electronic
computer is used. These include methods ba­
sed on finite elements and equivalents, vari­
ational-difference methods and,in particular,
the very effective method of local variations.

The lack of a generally recognized design
model for soil, one that properly represents
its mechanical properties, leads to conside­
rable difficulties in foundation engineeringresearch.

The advantages of applying the orderly and
comprehensively developed theory of elasti­
city to soils has been lessened by the ob­
viously excessive values obtained for settle­
ments, deflections and bending moments ofstructures erected on an elastic base. This
theory exaggerates the distributive capacity
of the soil. Various models of the base,such
as the Jinkler model, compressed layer model
and others, have been proposed to take these
circumstances into consideration, to obtain
a decreased value of the distributive capa­
city of the soil, and to take into account
the substantially mo e rapid decrease in the
deformability of soils with the depth.

The real mechanical properties of soil ba­
ses are characterized by a nonlinear resis­
tance of the soil to loads, by different be­
haviour of the soil under tensile and compres­
sive stresses, and by soil deformation which
is influenced by all the factors that arerevealed in soil tests under conditions of a
nonuniaxial stressed state. The problem of
taking the real mechanical properties of soilbases into account in structure foundation
design is by no means settled only by an st­settlement-loud

of the real me­
way will have a
the diagrams of

tempt to obtain a nonlinear
relationship.Taking account
chanical properties in this
more essential influence on
the reaction pressures and the values of

the bending moments in the foundations of
structures.

The application of nonlinear laws of de­
formation in problems concerning the inte­
rsction of bases and struztures requires the
use of numerical methods of integrating the
principal equations. The great number of pa­
rameters in the physical laws of deforma­
tion, the variations in the boundary condi­
tions and the various geometric relation­
ships make the volume of calculations very
large. Besides, the question has not yet
been settled concerning the convergence to
a precise solution of the iteration proces­
ses employed. Further work in this line
should consist in accumulating the resultsof numerical solutions to reveal the basic
relationships, mainly of a qualitative nature.

Another important trend in dealing with
questions of the interaction between structu­
res and clay bases ls to take time effects
into account in every possible way. The prob­
lem here is to apply in design either the
laws of clayey soil creep, if the external
loads increase slowly and the soil has a low
degree of water saturation, or one of the mo­
difications of the theory of consolidation,if the clayey soil is water saturated and
the loads on the structure increase with suf­
ficient rapidity. This trend in investiga­
tions is being intensively developed; a largenumber of works have been devoted to the
prediction of the course of settlement of
clayey soils with time, taking their consoli­
dation and creep into consideration. To date
various modifications that take some of the
additional factors into account have been
proposed for the theories of consolidation
and creep. Of especial importance in inves­
tigating problems associated with the inte­
raction of elastic structures and soil bases
are works dealing with thsproblem of thrbs­
dimensional consolidation and creep of a lay­er of soil acted on by an external load. A
detailed review of the investigations in this
field is given in the general report of Pro­
fessor M.I.Gorbunov-Possadov and Professor
S.S.Davidov, and there is no need for me to
repeat it here. I wish only to note that it
is of considerabhs interest, in m opinion,to clarify the influence of the creep and
consolidation of a soil base on the diagramsof contact pressures under structures of fi­
nite rigidity, the transformations of the
diagrams with time and their dependence on
the load. The commonly held opinion that
"time heals_all things"; that rheologicalprocesses and soil consolidation smooth over
concentrations of contact stresses and level
off bending momaits acting on a structure,
may turn out to be unjustified for "all pos­
sible cases". These problems await a promptsolution in the near future.

In conclusion I would like to illustrate apossible 'practical outcome" of the results
obtained in~a numerical solution of a certainnmhnwrpnmhminsmlmwmmms.

Let us assume that in a complex stressed
state the shear deformation of the soil is
expressed by an equation of state of the
kind shown in Fig.l. Then, in a system of
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specially selected coordinates, all the expe
rimentally obtained creep curves should con­
stitute a single straight line. One such ex­
perimental relationship, plotted in the abo­
ve-m ntioned coordinates,is shown in big.l»It is maintained that the solution of the
boundary value problem,characterizing the
relationship between the displacement of a
structure and the external luad,can be app­
roximately represented in a similar form.
As a matter of fact, the displacement of the
internal cavity of a soil cylinder acted on
by an external load can be represented inthis form which follows from an exact solu­
tion (see Fig.2). This figure also shows ex­
perimental points obtained in the physical
simulation of the problem and plotted in the
same coordinates,
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In the report of Malyshev,Zaret51¢_y, Shi;-Q..
kov and Cheremnykh at the present conferencethe results of the numerical solution ob­
tained oy the method of finite differences
for the problem of embedding a rigid round
test plate into a half-space, can also be
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approximated well in the form of the relation­
ship given in Fig.j». It should be noted that
the proposed integral relationship has been
repeatedly confirmed by che data of observa­
tions in the field.

This illustrative example shows the possi­
bility of and the necessity for analyzingthe results of the mathematical simulation
of complex problems of nonlinear soil me­
Ch3I`l.iCSe
Thank You!

Now I invite Mr. Nroth from England to make
his contribution. llr.Wroth, will you,
please.

Mrs CsP|Hr0th
As part of the continu.1.ng programme or res­
earch in soil mechanics at the University of
Cambridge,Roscoe (1970),v/ork has been in
progress on developing computational methodswhich allow solutions to be obtained to boun­
dary value problems using non-linear modelsof soil behaviour.This contribution out­
lines some of the recent developments.
Simpson (1975) has carried out finite element
computations which have been based on the
family of soil models developed at Cambridge.
The approach adopted by Simpson has been to
keep the computational side of the work as
simple as possible by ccncentrating on two­dimensiona problems and employing const7a'Et
strain triangular elements. In contrast,
however,a great amount of effort has been
put into the development of mathematical mo­
dels which prcvide an adequate description
of soil behaviour;these models need to be
complex in order to obtain satisfactory solu­
tions to real boundary value problems forreal soils. ­



In some circumstances an elastic model may
be adequate,but in others it will not,and a
complex elastic/plastic model will be neces­
sary to arrive at an acceptable predicti n.
An example of the former would be an excava­
tion in an overconsolidated clay for wEIcE
EEe stress changes and deformations experien­
ced by the soil are small enough for uae be­
haviour to be considered quasi-e1astic.Account
may need to be taken of the marked increase
of Young‘s modulus with mean effective stress
that is with increase of depth-and of aniso­
tropy along the lines s ested 5 Wroth
(1972) and Atkins n (l97§§. But tiene featu­
res of elastic behaviour can readily be in­
corporated in a finite element computation.
In contrast,the problem of the construction
of an embankment or structure on soft normal­
ly consolidated clay can only be satisfactori­ly solved if an elastic/ples ic model is used.
This not only means that incrementall a bi­linear res onse is obtain rom soil
&Rh$e%&ofmwmmdwmMmonme
state of the element in question and whether
it is being loaded or unloaded)but also that
proper account is taken of the rotation of
the principal stress directions. wroth and
Simpson (1972) have used such a model with
soil parameters taken from a routine site
investigation, in an attempt to match the
field data of a trial embankment reported by
Wilkes (1972). The model is such that for
every increment each element of soil exper­iences both an elastic and a plastic strain­
increment; the principal axes of the elastic
component coincide with those of the associa­ted stress-increment whereas the axes of the
plastic component coincide with those of
stress for the beginning of the increment.
Use of a piecewise linear approximation to anon-linear but elastic stress-strain curve,
such as the model adopted 5y Clough and Dun­
can (l97l), would lead to a very different
displacement field computed for the ground
under the embankment.
Another area of great difficulty is uma mod­
elling of the strain-softening behaviour ofsoils.Most stress-strain curves for real
soils display a peak with a subsequent loss
of strength as the soil approaches a critical
or residual state. The strains will vary con­
siderably along any incipient rupture surfacein a soi mass; some elements will have been
strained beyond their peak strength and will
have 'failed' (although they are being held
in equilibrium by neighbouring unfailed ele­ments) while other d.ements will not have
been strained sufficiently to mobilise dieir
peak strength. Overall failure of the soilmass will occur in a progressive manner.
One method of overcoming these difficulties
has been developed by Simpson whereby the
computer generates extra elements by sub­
division of the mesh at various stages of the
computation.The cEoice of elements to be di­
vided is governed by the amount of either
strain or displacement that they have experi­
enced. In this way,extra,small elements be­
come concentrated around an incipient ruptu­
re surface,and.wDgressive failure of the
real situation is directly modelled in the
computation without previous quesswork on

59

the part of the operate . Simpson and Wroth
(1972) show that for the case of e rigid
retaining wall bein rotated about its top
into a sand bed'1n éhglpassive mode, thepeak in the load-rote on curve observed ox­
perimentally for the wall can be reproduced
in the computation by using this mesh-for­
ming technique. Without mesh-forming a peakis not obtained.
In parallel with finite element computations
an alternative approach using finite diffs#
rence calculations based on the method of
characteristics has been under development
at Cambridge and Msdrid.This method links
together associated fields of stresses and
velocities (or straIn-Iicrements) so that
the stress-strain properties of the soil aresatisfied throughout he soil mass. The im­
portant development has been the modificationof the basic differential equations to take
account of v ing stress ratio throughout
the stress field and varying amount of dila­
tation throughout the strain-increment field.
Some solutions to particular problems of re­
taining walls have been reported by Serrano
(1972) and James,Smith and Bransby (1972) and
the general method described by wroth (1972)
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Vice-Chairman Dr.¥u.K.Zaretsky (USSR)

Thank you very much lr.Wroth. The next
will be Dr. Bransby (England).

Dr.P.L.Bmansby (England)

I wish to describe briefly the method of
associated fields,a calculation method whichis an alternative to the finite element me­
thod and which has some advantages.The methodof associated fields is based on the finite­
difference calculation of Sokolovski,but theSokolovski calculation is extended to take
account of variations with strain of the mo­
bilised angle of internal frict1on.The cor­
responding displacement field is developed
s multaneously with the stress field so that
a solution can be obtained for stresses,dis­
placements and strains.The field of stress characteristics for a
retaining wall is illustrated in Fig.l,toge­
ther with the associated field of displace­ment characteristics. The complete so uticn,
consisting of the linked stress and displace­
ment fields,satisfies (1) equilibrium (11)
kinematics and (iii) the stress-strain law
for the soil (which may be non-linear andcan incorporate realis ic volume changes ofthe soil). The method is described in detail
by Serrano (1972) and James,Smith and Brans­
U7 (1972)­

WALL SAND SURFACE

/ \¢§&
(a) Field of Stress Characteristics
_1,, 3  , ,

gs:49
(b) Field of Displacement Characteristics
Fig.l. Typical associated fields of stress

and displacement characteristics for
the passive earth pressure problem

Two of the advantages of the method overthe finite element method are as follows:
(l) the method lends itself to simple andrealistic hand calculations of stresses and
displacements for certain simple problems
o practical interest,e.g.the displacements
and stresses near a retaining wall or a
sheet pile wall that can reasonably be taken
SB 5m00the
(2) the method is intrinsically well suited
to deal with stress or displacement fields
with a singularity (or a strong discontinui­
tydof stress or displacement, such as occurs
near the tcp of a retaining wall.

The method can easily be extended to deal
with inertia forces,seepage forces etc.

These features of the method of associated
fields suggest that it has considerable po­
tential both in research and practice,espe­
cially as it builds on much accumulated ex­
perience of plasticity in metals and in soils
REFERENCES
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Vice-Chmlrmm Dr.Yu.K.Zaretsb (USSR)

Thank you Hr. Bransby. New I pass the word
to lr. Goldin (USSR)

A.L.G0ldin (USSR)

To evaluate the stress-strain state of
earth-structures and foundations a model ls
most commonly used of a linear deformable
elastic medium. However recently it has be­
come evident that soil mechanics problems
must be solved with due regard for a non-li­
near relationship between stresses and stra­
ins. In the USSR the problem is investigated
by refining both analytical methods (l.V.la­
lyshev, Yu.K.Zaretsky, V.I.Solomin, V.N.Shi­
rokcv, A.L.Kr§zhanovsky,etc.) and numericalmethods (L.A. osin, L.M.Rasskasov, etc.).

According to the author among numerical
methods the finite element method seems most
advantageous. The use of the finite elenent
method enables stress-strain computations
for non-homogeneous domain of a complex geo­
metry to be performed.

The paper deals with physically non-linear
elastic media. Assuming moderate non-lineari­
ty and using G.Kauderer model the following
relationship be applied for a plane straincase

e,.-5`|<e.+2GX<+,)(e.. -e.) ,
6a'b`Ke¢+2G8('+9)(Q»a-Qu),
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where there is a correlation between three­
dimensicnal deformations and average stress­
es Ihile the intensity of deformations due to
shear is nonlinearly related to the tangen­tial stress intensity.

K,G- confinin pressure and shear moduli
Assuming 312) =l-ga!-3 and presentingatresses,stra1ns and splacements as series

Iith respect to a very small parameter

|°> u-v1E “T gf m
6* umu-zv)0"+c|+»)T-zv')°3 »

X- -QQ?-G): 6;-s§1‘»»c2+__ , el-e§Z‘+L€Tl'*~ ,4G

u-uf'f» Luf'5.-,

we get for a zero- and first-order approxima­tim
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where 0, E - Poisson's ratio and elasticity modulus.

wlol- e:)2+ Q;,2_  eg) +In the tensor form we have

<s‘°‘J= [1>J<d“) cs) <e“’)- L1>J<é") -<'r'°’) can
where

E 4-v v 0 ,_ ) 2¢2e§,Z'_é§`).1 _ H; ‘° -1
[D] (4+v)(|-lv) v 4 V £29 (4) (Tu) 6(|+v)" lf Mid!  M.)& 0 0 T 5x13

The finite element method may be effectively
used for solving problems with the stress-st­
rain relations of the type (5)-(ja). The exis­
ting finite element programs, in particular
the program develcged by the Mathematical La­boratory of the B. .Vedeneev All-Union Rese­
arch Institute of Hydraulic _Engineer1.ng,a].low
to evaluate stress and strain components of
the zero-order approximation (a linear problem
of the elasticity theory). To obtain the basic
equation for the lst-order approximation com­
ponents the Lagrange principle for minimizinagthe total energy of the system may be appli .

By describing the variation of the work
dmc by the internal forces over the corres­
ond:Lng strains for the total elment assemb­

ly of a certain domain S the following equa­
ticl: combining the nodal forces and the nodal
displacement of the lst-order approxtlmationcan be derived:

r~Jca;”) - (Q_‘°’) - (sr"’) (5)
lhere ['<] _ stiffness matrix of the

BYBUQ

UW - nodal displacement ofthe lst­order approzlmaticn `
(3") -Q nodal forces of the lst-order ap­' pI.‘0d.IIl8tiOl1

(d") = § LcJ’('r'°') as

The following nun [B] can be obuamca
from the relationship

mt"
'01
‘a1|“’Tce“’) . 3 . Lr,]¢¢1j')

'm“’+ E"W »=
Using a set of equilibrium equations in the

finite element formulation and presenting the
nodal force vector slr; and the generalizednodal force vector f corresponding to theforces prescribed on the contour
of the domin as a series with respect to a



small parameter, two sets of equstims can
be obtained

[E,]{(;1e\)_ (:§|e))}|0 and [E']{G-\|1)_H_¢|l)% _ D (6)

where [E|] - an identity matrix with zero
elements all "offdiagonal" positions and
unity elenent on each of the diagonal posi­t Ollie

The correlation between the vector of the
displacement of the element po:i.nts and the
nodal displacement vector can be presented as
an equation

Lu) = [U](Q,)
where [U] is the approximation matrix.
Using the expression for the work of the
nodal forces along the possible displacements
wg get a set of lst-order approximate equa­t

Ta] im UV) -u`L‘°‘)} - o
Thus, the vector components (q(1)) can be

found. from Eqs (7) at given vectors of fic­titious nodal forces (Sl. ° ) After evaluating
(q(1)) the moments (6' (1)), e(1)) and (un)
are calculated,a.nd then the §(5'), (eg and (u
components considering (G ° ), (e ° ) andu .
Vice-Chairman Dr.Yu.K.Zaretslq. (USSR)

ghank you lr. Gcldin. I want to énvite Prof.uklje to make his report. Prof. uklje,
will you,please.

L.§ukl;|e , (Yugoslavia)

In my written contribution to the problemsof non-linear consolidation of saturated so­
ils I have discussed analytical expressions
for experimentallyiobtained volumetric rheo­logical relations ps for soils and theirconsideration in the differential equation
of ccnsolidation.

According to Florin (1961), this equation
accounting for one-dimensional consolidation
of partl saturated soils (including satura­ted sclls as a special case) has the form:
8°_1+° _ §_¢L__f£¥: ie.

'TE'f' ` g-ck Sz) M4-(\»1° . Bt
when,bes1de the internationally agreed sym­
bols e,t, iw, k, z the following notationhas been used: H for Henry's coefficient of
the solubility of air :Ln water, u° for the

9.1881-9' 0 (4)
ea:-e(z.0) .`f;~°H+F§§-:%§.r%Ea(z,o)+e(z,o)5b§
(cf.Sukl;|e l969),where S denotes the ini­
tial saturation degree. fge total stress
is assumed to be lrnownx

CJ =6'(z,t)= 6"¢(z)+2(t) (5)
The numerical solution of me equation ( 1)
can be_ given for an arbitrary rheological
relationship

be =  |6J’)F °
In order to elucidate the effects of: the
initial saturation degree,tho initial poro ­
sity ( previous secondary consolidation),
the load interval and the length of the seepa­
ge paths, J.Kozak has prograumsd., in collabo­
ration with the ?lr:Lter,the above defined
problem for the following form cf the rheolo­gioal relationshipsa I `
f( e,6’,): 60911) A|t?LLn.&'.‘Lr_-:eC+D ln ° (7)
where e , A,B,C,D,5,, are the constants cor­
respondfng to the experimentally obtained
:Lsotaohe set. Furthermore,tm simplifying as­
sumption k=const had been taken and the fol­
lowing boundary conditions considered:

M(°|t)=("‘ (h.t)=o (8)
6(0) =6'oz ' 8-55-EJ ={[&+(`]Q,e(a,¢)_'K.,J :|:1+g(g,03} -fy (9)
Figs l and 2 represent same results of the
numerical calculations made according to' the
prepared programme,by ccnsiderin the isota­che set (parameters in equation g) correspon­
ding to a lacustrine clay (see SuklJe-Slmon­51 1972, Fig.2)e.nd to the boundary values
shown in Figure 1.

The comparison of pore-pressure versus
171110 P10125 (Fig.2) proves that the influence
of the initial porosity and of the load
interval onto the pore-pressure development
is equally or even more important than the
influence 'of the degree of saturation.
References:
FLORIN, \T.A. (1961) , Osnovy mekhanild. gruntov

(Fmmdamentals of soil mechan1os,1.n Russian),
2 , Gosstroyizdat ,Leningrad-Moskva , 545 pp .

§UKLJE,L.(l969) Rheological aspects of S011
mechanics Wiley-Intersci ence , London '­pore ressure including the atmospheric pres- '

sure gut excluding the excess-pore pressure,
and the suffixes a and w for air and water.
E-iuation (1) has been deduced with the simp­l fying assumption that the air-pressure equ­als the water-pressure. .

The following ccnmctions between the de­pendent variab es have been considered:
6"6'-M

62

New York» 572 p.
§UKLJE,L.a.nd u.s1m<>né1é (1972). The use or

isotaches in the numerical analysis of ra­
dial consolidation, Acta Geoteohnica, Uni­
versity of Ljubljana, No.4l, p.l-57.
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Vice-Chairman Dr.Yu.K.Zaretsky (USSR)

Thank rw very much Prof. Sukue. The nextwill be ur. Klein from Poland.

I.Kisiel, (Poland)
The Coulomb's condition of tne limit state

of soils and all its posterior modifications
are applicable only to the soils with limi­
ted clay content. The internal friction be­comes negligible in the case of ver cohesive
soils; this fact appears evidently in the
Skempton's "¢=0- method".The reason of the manti ned fact are the
rheological properties of clay fraction being
quite different from properties of granular
fractions: gravel,sand or silt. The clay
particles show an oriented shape /platelets
or needles/, whereas the grains of all other
mentioned fractions have a compact shape.
The clay particles have very small dimensions
and very large specific surface. The indivi­
dual particle of cla gontains ve smallamount of material /KO times smaller as the
silt particle/» In the state in-situ the clay
fraction is always fully saturated and has
therefore the properties of a viscous suspen­sion. At the same time all other fractions
are characterized by existence of fric­
tion between the grains. Thereforedtze clay
fraction makes not only a binding material
between silty and sandy rains but also some
kind of grease between t§em,which fuollltatea
their shearing displacement with respect to
each other.
displacement with respect to each others

By amount of clay fraction exceeding 2%the cohesion in the soil occurs. By increa­
sing of clay content the cohesion also incre­
ases; if the clay content exceeds 20% theinfluence of friction becomes negligible and
this is connected with a considerable alter­
nation of rheological behaviour of soil.

It is well known, that the minimal porosity
cf sand and the minimal porosity of the densi­
est arrangement of equal spheres are the same
nmin=25,9%. Lf one puts between the big sphe­res in such arrangement the smaller spheres
which will represent the silt grains and will
contact with the big spheres not disturbing
the arrangement of the latest /fig.l/,than

‘Y

L

F`/`g.f/

the porosity of such arrangement is equal
to nmin=20,B%, what is near to the value of
n=2O%, mentioned above. If all pores of
such arrangement will be filled by clay-wa­
ter mixture,the properties of the arrange­
ment will not change; in particular there
will be no change in doe friction between big
spheres although the cohesion will take
place. lf however the content of clay frac­
tionexceeds 20%, then all Une grains do not
contact with each other. The influence of
dry friction will diminuish rapidly with in­crease of clay content. When the c ay content
exceeds t s maximal porosity of grain skele­
ton, the grains become a part of filler of
the clay-water mixture, hat will manifest in
increasing viscosity in comparison with the
viscosity of pure clay-water mixture;

One should keep in mind,that the foregoing
reasoning is of greatly approximate charac­
ter: the grains of sand or silt have no sphe­
rical shape. Nevertheless the coincidation o
calculated and observed results is of course
very interesting. Recently some experimentsof the rheological properties of soih were
performed in Poland. It was stated, that by
exceeding off2O% content of clay fraction the
properties of soils were changed in a fundame­ntal mannor. The mentioned results will be
published soon.It follows from Une foregoings,that to un­
derstand correctly ths properties of the
clayey soils one should know at first the
properties of clay-water mixture.The knowled­
e of mentioned properties would be an ob­

gect of the research of the new branch of
applied mecnanioarwnicn is proposed to call
a "clay mechanics'.The undamental assumption to be made in
the clay mechanics is one assumption on the
geometry of clay structure. A model di struc­
ture of a normally consolidated undisturbed
clay was proposed by Tan Tjong-Kie,l954&l959and was called "the cardhouse structure
(fig.2). Since the claywater mixture is a

F/9. 2
disperged medium, to investigate its proper­
ties one ehould apply the principles of the
statistical physics; in particular for suchmedium the fol owing laws are valid:

a/ If the clay sample under consideration
contains n particles,then the probability,
that Dm particles contact immediately witheach other /so-called "mineral-to-minerar'
contact/ is equal to:

-1
?=\;1+°xp (-Ref?-) . /1/

b{ the rate of defa mation u of sample is equ­a tor
ig; 2f§%?g._. exp (_ éul sin h( iémg ) /2/



In both mentioned formulas from which the
first was proposed by Resend:I.z,l965,and the
second by llurayama and %bata,l958,l964the deno ations are:
AE: AF+0(q the experimental energ of activ­

ation /Mitchell et al.,l96B1
AF is free energy of activation,
O( ls the parameter,depend.1.ng on rl, see be­°Wo

q is an external load acting on individual
particle,

nl is the number of particles moving in ‘thedirection of acting -load q,
average distance between the par­rl is thetioles in contact,k is theh is the

R
T

Boltzmann's constant,
Planck's constant

:Ls the gas constant,
:Ls the absolute temperature.

Using the mentioned laws one could develop
the formulas for the elasticity and viscosi­
ty noduli of cla . 0bv1ously,one couldn't
calculate directly the values of mentioned
moduli by use of formulas,because they con­
tain the-statistical values nmnl and rl.Nevertheless the formulas give valuable in­
dications, which manner of dependencies ani
which physical factors influence the values
of rheological parameters and how the expe­
riment should be performed to obtain these
parameters of the macrovollme of clay.

lurayama and Shibata have proposed the sta­
tistical method to obtain the rheologioal
parameters of soil. Mitchell and co-workers,
l964,l968, gave valuable extensions of the
method. Resendiz gave a method to evaluate
the ultimate strength of clays. The mentioned
researchers have found,that the long-term
strength of claye could be obtained by use
of the dependency betwem rate of strain fon maximal deviatoric stress (max /f:Lg.5/.

‘f

a -_J 2,
07' 0°

F/9, 3

By exceeding the long-term strength me cha­
racter of mentioned dependency varies consi­
derably. The similar results were obtained
hy Dmitrulc and Suchnicka 1961+ /published 1966]
during investigation of clays of opencast
brown-coal mines. Mitchell et al.,l96B,gave
the method of direct determination of physi­
cal parameters occuring in the formulas /l/
and /2/.

llurayama and Shibata in their papers do not'
take into account the possibility of the phe­
nomenon of reversible creep,wh.1.ch is obser­
ved of course in all experiments by small
loading of sample. Resendiz doesn't make an
proposal of the rheological model 'of clay.
Therefore the more detailed description of
clay behaviour is indispensable. There is
possible to describe tm clay behaviour as
follows:

1. In the first phase of small loading of
sample there exist both the instantaneous and
the delayed deformations being fullyreversib­
le. The nonlinearity in this phase s negli­gible. As a rheolog cal model the standard
Zener's model with constant elasticiiq and
viscosity moduli could be used /fig.4» .1 .

_ 2 9”
c) an

_'Q ZW 1 PQ, 4
2. when the load exceeds some value which

could be called "Tan's limit" /Tan,l954 ob­
served it at first/ and denoted by ,
the irreversible deformation becomes observa­
ble. This deformation increases with time and
increasing load up to the value of long-term
strength of clay,,deno:ed by Q°°.In th!-8 PDB'
se the modulus of viscosity changes by compa­
riscn with the previous phase and becomesnonlinear. Nevertheless both the first and
the second phases could be described at least
for practical purposes bg use of rheologicalmodel ll/V, developed 195 and independently
by Folque, 1961 /f:Lg.4b/. One could assume
the constant rheolggical parameters.The both describ phases are of maximal
practical importance,3. If the cad exceeds the value of 9°
the viscous flow begins. This flow is distin­
guished by strong nonlineariiq. To rq>resent
the rheological behaviour of clay in this pha­se a modified ncnlinear Maxwell-model of fluid
could be used /fig.l+c/.

Introducing the degree of orientation of
clay particles Br which values are: gr=l by
parallelly oriented particles and g,_.=0 by



randomly oriented part:lcles,cne could intro­
duce g instead of nkninto the formula /2/.
By loasing of clay t value of g changesw cn time and intensity of load. ine partic­
les will re-arrange more parallel to each
other and perpendioularly to the direction
of load. Then the formula /2/ becomes:r of

/5/
Because of gr=gr(q,t),the formula /5/ gives
the possibility to 0211110 the change of vis­
cosity modulus of clay with time.

llore detailed investigation of this prob­
lelnlgéllil be published in "Studia Geotechn:Loa"H e

I am of meaning that the problem of funde­
mentals_of clay mechanics is of significant
theoretical and practical importance and I
am pleased with thi possibility to submit
this point of vlew during the present Confe­
rence.

Vice-Ohs:|.rmen Dr.Yu.K.Zaretslq (USSR)

Thank you llr.Kisiel for your discussion.
The next will be Mr. Drescher (Poland)

A. Drescher (Poland)
Reffering to the subject of the present ses

sion let me make s ms remarks concerning the
description of the mechanical behaviour of
granular media which do not exhibit the time­
scale effects 1.e.rheolog1oal effects. In the
every-day engineering practice the distincti­
on between the range of small deformationsand of advanced flow of a material is usual­
ly made and the theory of elasticity or
plasticity is apglaied respectively. In or­der to describe he material in both ranges
by one constitutive relation it seems the e­fore natural to combine these theories. This
concept, known for several years,may lead,
however,to various constitutive relations de­
pending cn the assumed simplifications regar­
ding real behaviour of a material. In our
approach, which I would briefly discuss the
following two experimental facts are tahen as
the basis for the theory: l/ the current ne­
haviour is loading or deformation paths de­
pendent, 2/ the material response is diffe­
rent for loading and unloading process,what
can be observed even for very small cycles.
Both facts lead to the following incrementalconstitutive law

dE13=A1Jk1dGk1+dJ\ (Sf/9615) (4)
a_>\> o for f=o, ar=o
dA o f<o or f=o, df40

It :Ls now assumed that am material function
appeari in /l/ may depends on densiw va­riaticn

J; ‘JEI +f>” , _j_%£, = a/6-'kk (2)
ox;:Lts reversible and irreversible portions

fe’ JT", For isotropic Aijkl moduli matxizIt bulk modulus I and shear modulus G
can be introduced

K=K<.F1.{7"2 <5>
G-G (F ».!’"’
The yield Jondition f :Ls assumed to be a clo­
sed _slurface in the stress s_pace,depend:l.ng
on _/Jf=f(@;‘iJ,J3') (4)
£232eS&°1,,°°5§-f.8;‘€a=?£1B3%3i§£a”&£S§3&'}‘.§E*
Roscoe et al. is assumed. Leaving aside the
discussion of the yield oritlrion and flowrule let us confine our attention on reversib­
le strain increment.

There can be distinguished two ertrqnalcases for A ~ matrix or moduli K and G:
l/ K and _Q dllgend on reversible density va­
riation fi' , ii/ K- and G depend on total
density variation aj-7-J»'+_/=”. For 1/ no coup­ling of reveraibl and irreversible deforma­
ticm exists, while for ii/ coupling is pre­
sent. To demonstrate the influence of coup­
ling ccnsider purely hydrostatic stress sta­
te Figgl. When no coupling is assumed theunload g curves do not depend on irrever­
sible defomation,and their local inclination
depends on stress level only. In other words
each of the unloading curves is obtained bytranslation of the v rgin elastic curve
along the Em.: axis. If the ii/ hypothesis
is assumed the unloading curves depend on
irreversible deformation, -and. are obtained by
translation of the virgin elastic curve along
the GJ/<K.BIiB» The above shifting rules hold
true for proportional stress ore strain paths.

In order to verify the concept of coupling
the experiments in uniaxial strain state were
carried out. Fig.2 presents the loadirg and
unloading curves for sand, plastic spheroids
and wheat grains .It is seen that the unloa­
ding curves do not obey the horizontal
shifting rule valid for case 1/ and thus may
:Lndicste the erlstence of coupling. The detail
discussion of the proposed constitutive re­lation and of the test results is made in
Ref. /l/.

/l/ T.Huecke1 and A.Drescher- Description
of non-linear and inelastic behaviour
of granular media. Int.J.Sol:Lds Struct.
/to be published/.



*<'K<9`) »<=K<§=§'+§“)
6 :G N.) no _ couP|m9 G26 (¢=?.+?..) couphngGu l _ s',__ /,, .If  //%,“(q.) for éato

/
I

II -5 1, ,E 1I .........  / :s f f5 e... 5 i 5rl Q nu#49-I 9 |#6"' |¢e°| 9
-Fug - 4.

6? kg/om; G2 kg/cm!
/ sand P\°2"'\°

sphormda40 - 4.0 ­
I

2,0 - I 2.0 ­/ I/ // ' ei 1 ` B4G4 1' //6_3 o_oB /6.04 I/ O-08
I

I when?
gromb 'F\g . 2

l\.0 ­

1

I

2.0 ­

/I I/' 6o.oa /' ads 4

67



V100-clilll-ll Dr.!u.Lzaretsq (UNH)
Thank you very much I|r.Drescher. Nea I pass
the word to lr.Feda (Czechoslovakia)
J.Feda (Czechoslovakia)

Plastic strain increments of soils may be
evaluated by means of plastic potential fun­
ctions. Those proposed are not identical and
when deciding which of them should be used
for constitutive equations it is important
to know what are their differences and wiv
they differ.

F1g.l presents the form of some plastic
potentials in the v-tawsnwr vnu: omancm

-.cm- an 4-:ur
,H 2-SYES-CILAYAITY fzuneu.,_m.'gi' J -srncsx-aumucv nsunov_ r-an­n 9"’7 ~-Moovr»zo.c4u' cqn 4-JD'

/ 4-51'nN0nR0 TRIAKIAL STRESS PATHs //
1/ /._ __z_

’ 1 :L-1-::~~§M ,`5/ ` is K- ~ :waz or./ gm ` \ nv wutsmoz:A/ _fp0 |o s I7 ns zo kdmf
Ia-nl-$11

Fig.l. Plastic potential curves accordingto different theories

232:23 a%:;.'%,§“z.§2:.2=*ai:.z.°I"':z:r*°°1

Curve 4 represents modified "Cg.m"clay (Ros­
coe md Burland, l96B),:|..e. the relation

2I_ as , /W
6oct “2+3’Z:°°t

2‘6 oct
It is rather interesting to see the cur­

ves l and 2 (or 5) to d:Lffer not too much
although the way of their deducing are fun­
damentally different.

One simple possibility to test the relia­
bility cf the respective plastic potential
curve is to consider the plastic strain inc­
rements at the peak strength. For dense sand
e.g. with the peak angle of internal fric­
tion ¢'=45° and a rather high dilatancy rate
curve l seens the most suitable, curve 4
cannot be accepted.
hnnother simple possiétsigty 13130 decide :Lft ere a corner on e s .e
or< $72, on-ve 1,2,5) o1.~°°3§ <s< = 2'/2,

curve 4). The value of tgcf(Fig.l) may be
expressed by the relation

'iiwc .la  /efX oct Ev(5- -> 2
‘ii

(dotted symbols inorements,e:|:pcnent p-plae­
tio component). For isotropic samplesd duced from the incremental relation of the . ~ - » P

Bzsho 's ener equation (Bishop 1950) and £{=F-§='f§'£$ /5° i'°° Ev /ig '5 'nd' fm
coinogdes pragiically with the plastic poten­
tial for "Cam" clay (Roscoe and Bur1and,l96B)
Its equation reads

'foot , 6°o§§_6oct ts nr ls 5' oct /lf
(6°°ct - hardening parameter, ¢'r- residual
or constant volume angle of internal friction)
For "Cam" clay tg ¢'r should be replaced byI V5/3 whore

6 Bill ¢'rIn ---- /2/
3-sin WI.

Gurves 2 and 5 follow from the etress-dila­
relation (Rowe, 1962; Harden and Khayatt9 Es... (ig 25-1 /5/6"r 61, Ex
(6' .5 -» axial and cell pressure,€°r-harde­B. 1*
ning parameter

K= tag <4s°+ E3 > /1+/
(¢'=22.5° for curve 2 and 300 for cur" 5)_

+ and I cn Fig.l are me second basicinvariant of the stress deviator md the
first invariant of the stress tensor.

eq.(6) tgo(_-:eu , ¢(= -7/2. Presence of a
corner indicates therefore an anisotropic
°'”'P1° "““é£/ é ‘fd <é§`<é,f)

Fig.2 shows the angle U( from tria:d.al
tests of sand evaluated from the bog:Lnn:Lng
of the stress-strain diagram (whenf oct :Ls
quite small on the stress path a of
Fig.1). AD.0\'|lP£1i cal correction of measuredvalues of Ev/ 1 was applied so that for
loose samples o(-"" /2, as observed with
the experiments of Pooroshasb et al.(l966).
The results are therefore of qualitative va­
lue only indicating that for loose samples
the corner is gradually avoided.

On Fig.2 the effect of the stress level may
be seen: OL increases at higher oell pres­
sure what means that mall shear stress :Ln
these cases produces elastic distortion onlywhich is physically, acceptable. ,­

The anisotropy of samples with °(.4 "' /2
results therefore not only from the sample
nature (original or inhereted anisotropy,e.g
for a sand sample from the mode of sam le
preparation; but from the stress path gin abroad sense too (induced or deformation
anisotropy). Higher cell pressure partially
reduces tra original anisotropy (Lf th mova­



R

I5 B
3393935 3§§‘§§§§§§§§§§E§§»§§E”Q§3g§§qugF"o° saga-u one u n cwm mgbmcnovoomr.-H-' E»-mv--fro Omer -.ercwlooocfo P- cb-m Hd'

H m<cE' m|n§»~§Ernb~ 5 | u<>;H 5mE;g %°:a Hln@'l¥amgoggmug gaoggd agodwm agen; Eoqwce°§°°°"""'E"‘°‘c»=+#'l|- §.'3'“3°°°‘§"3|=r'3-gs'3f °¢:°5H’
*°§§“°a3 E,°.egss:ss:“agz.assa§Eas:=n o '
°ss.~E°E§ :z~a.,a. ~2§s°s§&gsasee5:§
°aeea5saEsEE.U§s“s?2ssa.2 °”a°sgctn 0 I-.1 - |-mo »-Dvoqomcw m¢1»o'oo °0'l
rss?.§B.§~%S§sag521=g§g=§§a§§; gas;" m °»°° ws Hgaw v . 3 wwouc nggs°»°55'=5|‘3-303.-rgg EEF.-f og’ -m gov-mul-¢-ro ummmnag; ue wv wuowggumcmo mmuwvu on°-~~§ aH~-”°"~° .eata=s2:°s°ea sas:5*a*°5~=3~2”7E°s.P§"~2ass as“a Ass.
Es 3 §532iE”E:§s°Hse:s~s= a°§° as°a°§@°EH“°H mfm p@Qe Huww a n cogwQ mmoogun m Q womomwmu swag wwD‘4Ego‘|:‘r Hx cr go I-En-»g_ :’h‘|30E‘ U00 DWJWO
m»°"°Hm sw” HE 2wYmgo E E gum” Zag;Bgguogggemgumamnu mwnu g gona on bencenmn ogeaunn emu Om H GPU “Gygp |-gp-'U En-5 Etrob-30 0 00 D-‘ Q-'UGG MED'mm-oo#-so U'-10 G99 Di-50000 ll ¢<DI=|' E 0°mmomwnmo~ou 5 ess; gn oo w c ~§§ o¢¢ Humana? on ¢m m » ownw e gm

" °"""“ 'J' §.?’§ ""¢?f{'3»°'5-"?»33"»32 °"2`§§ °3'§'.-fin°?“ “gg c 8 .F m o m md8 ¢ 3. 0 ? T | *Ym

.3 u;.k9/¢m’ SAMPLE Tx tgu, DIAc 1 4 " .8 1 19l’ 4 ` I 2.5 1.5"E A 4 4 "> 5 I, 1.5" ’S 2- I` oEz :~ /cz ‘U °Lu °= f I‘g § srness LEVEI7 /‘L Hn/-:En I§5 \{/’g g 2 - / AKLOMQR<2 Aw' /m /, A ‘f¥ / 9°`“-| / .o/poB E A: 44"|- 5 3o""';\° '1 '| “ '30 as 40 %
5 INITIAL Panos/rv

Fig.2. Measurement of une angle oL(F1g.1) of
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tion applied), standard triaxial comp­ression test
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Vice-Chairman Dr.Yu.K.Zaretsky (USSR)

Thank you very much Mr.Feda for your contri­
bution. lr. Ohta (Japan) will you,please,
Hideki Ohta (Japan)

I would like to talk about the non-lineari­
ty both in the current analytical method,that
is to say, Terzaghi's theory and the incre­
mental theory of three dimensional consolida­
tion which has been developed by myself. The
incremental theory is based on the incremen­
tal stress-strain relations for anisotropi­
cally preoonsolidated clay derived from the
stress-void ratio relations of cleys under
two stress conditions that is, constant ef­
fective mean Rrinoipal stress and proportio­nal loading. brief example of the applica­tion of the incremental consolidation thoo

on which the incremental theory of three
dimensional consolidation is based are es­
sentially coincident with those derived from
the Cambridge original energy thecryt Usingthe incremental stress-strain relations in
the estimation of total stress distribution
is rather laborious because of their comple­
xity in mathematical forms,especially be­cause cf their log functions. These og func­tions in the incremental stress-strain rela­
tions can be substituted by hyperbolic func­
tions with sufficient accuracy. By this
substitution, the undrained stress-strain
relation for normally consolidated clayderived from the incremental stress-strain
relations is reduced to the hyperbolic stress­
strain relation proposed by Kondner.
Kondner's hyperbolic relation is useful toestimate the total stress distribution and the
results can be easily compared with that giv­
en by the theory of elasticity

Vice-Chairman Dr.Yu.K.Zaretsky (USSR)
Thank you lr.0hta for your discussion.The next will'be lr.Marsal (lexioo)is given in my paper entitled Ylmmediate ang

consolidation deformations of soft clay stres­
sed by uniform strip load" presented on theMain eession No.2 of this conference,

In my country, Japan we have a discussionon the effectiveness of sand drain method.
A lot of papers on the field observations
were presented. Gentlemen / attending this
meeting would be interested in these papers,
but the; were written in Japanese unfortuna­tely. A out the half of the authors of these
papers insisted the effectiveness of drainage
by sand piles and another half were in appo­eition. The estimation of the rates of ssi­
pation of pore pressure and consequent sett­
lement of the ground surface is indeed very
difficult lu the practical sense. In most of
the designs of consolidation, the settlement
of the ground surface is linearly related to
the average degree of consolidation. If we
use the e-log p relation in order to estimate
the settla ent, we shall find the result isdiffer from the linear estimation to the amo­
unt of a few decades of percentage. To say
further, the use of die average degree of con­solidation results a considerable error in
the estimation of settlement in the case of
normally consolidated clay. Of course,we al­
ways find it difficult to decide the soil con­
stants prior to the design works.In the case of two or three dimensional con­
solidation, the modified use of Terzaghi's
theory must lead to the results far from theobservation. Consolidation settlement due to
the expulsion of pore water is hardly separa­ted from the imediate settlemmt ch scans
to take place within ten days after the appli­
cation of load. The affect of dilatancy isc mmonly neglected although it is cons derab­
le. The incremental theory of consolidation
can describe the three demensional phenomena
at least more adequately than the modified
use of Terzaghi's theory. It is vitally impo­rtant to estimate the stribution of doe tc­
tal stress throughout the clay layer in both
cases. The incremental stress-strain relations

Raul J.Marsal(lexioo)

The stress-strain analysis of earth
structures requires that the modulus of def­
ormation (M) and the Poisson's ratio (v) be
known for different stress levels and strain
conditions. Frequently, Kondner's equation
is used to evaluate M and some law of varia­
tion of v is adopted. A brief account of ex­
perimental data obtained in triaxial compres­
sion tests with rockfills and sand-gravels is
presented, in order to improve our understand
ing of the behavior of Poisson's raLio.
Em irical Correlations. If radial (ex) and
nxia Sz strains measured in triaxial nom­
pression tests are plotted in logarithmic pa­
per (Fig 1), points define linear relation­
ships which are valid for the whole range of
stresses,`except beyond failure for specimens
that show a peak stress. A similar result is
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obtained when logarithm of the deviator
stress (01-03) is drawn in terms of log ez.
To deal with dimensionless variables only,
the deviator stress is substituted by the dif
ference (r-1), r being the principal stress _
ratio 01/Us, as shown in Fig 2. The linearity
of (r-1) vs Cz fails near the origin and in
the vicinity of failure. Therefore,

IO o ,
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ex = a ezs ... ., ... .. (1)
ez = a(r-1)b .. .. (2)

From these empirical facts, the follow­
ing equations are derived:

Ae E\J  =  .. .. (3)and, Z Z
v = n(r-1)c ---- »~- (4)

where,

n = a B aB_1

c = b(B'1)

Preload Stress. Similarlyto undisturbed clays
tested in one-dimensional compression, the
void ratio vs log pressure curves of most
granular materials show a change in behaviorrelated to stresses induced by a previous
lgad, e.g., compaction (Fig 3). The pressure

O5
B|=0.47W A - _e - _ _ag _§

\ B0.4 _
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031| \ no loo
cr, kg/cm2

at which the above change occurs will be call
ed the preload stress (cp) and the method for
its determination will be similar to that pro
posed by Casagrande for the preconsolidation
pressure (pc) of a natural clayey soil. Thisconcept is necessary for the analysis of pa­
rameters B, n and c.
Parameter B. The results of triaxial compres­
sion tests on rockfills disclose that the pa­
rameter 8 ranges between 1 and 2, for confin­
ing pressures UC in the interval 1-50 kg/cmz
Materials that undergo substantial grain
breakage during testing have B-values varying
from 1.5 to 2.0,when UC increases within the
abovementioned interval. The parameter B
tends to unity ior o¢< op. Sound, well-gradedsand-gravels in dense state show that B is
independent of oc and equal to 1.5, approx­
imately. Note that B = 1 implies that v = constant, or vice-versa, as occurs in a constant
volume triaxial test.
Coefficients n and c. The values of n and c
for a series of triaxial compression tests
are interrelated, as shown in Fig 4a. For con
fining pressures (oc) smaller than the pre­
load stress (op), the coefficient n decreases
with the ratio an/GH; then n attains a mini­
mum value for 0¢ = op, and from this stress
onwards increases steadily with oc. The behay
ior of the exponent c is the opposite. Howev­
er, the product cn is not constant (Fig 4b).

|_5 . I 0.|5C A _ T1LO OJOH05 ) | ) ODSOJ5 | |cno.o\ ' '0 20 40 60
o-C ,kg/cmz

With the help of the empirical correla­
tions between ex, ez and (r-1) discussed be­
fore, values of n and c for different granu­
lar materials were_computed. Upon these re­
sults, it was found that points fall within
a rather narrow band shown in Fig 5. The a­
nalysis of individual values does not dis­
close a clear trend for the points of each
material to concentrate on a certain region
of the band or to follow a definite path
along it, when the confining pressure varies.
After a careful comparison of above data, it
was concluded that the spreading of (n,c)
points in the band mainly reflects changes in
gradation of the specimens due to particle
breakage.
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For practical purposes, it is tentative­
ly suggested to compute Poisson's ratio se­
lecting the coefficients n and c, upon the
following guidelines:

1) Well-graded materials with hard
grains, have values located in the left side
of the band. 2) Poorly-graded soils with soft
grains, fall in the right end of the band,
for low confining pressures; but (n,c) values
tend to the middle region when o¢ increases.
3) Well-graded soils with medium-hard grains,
gongentrate on the central portion of thean .

Vice-Chairman Dr.!u.K.Zaretsky (USSR)

Thank you very much Mr.larsal, lr, gorotg'will you, please.

loroto Nobuchika (Japan)
The (e,p.q) state space has been used for

soils. I think that state of granular mate­
rial will be more reasonably represented by
on entropy space. The concept of entropy was
first introduced by Mogami. Mogami's entropy
was obtained from microscopic consideration.
While macroscopic entropy of granular mate­
rial has not be seen yet. Then, I propose the
macroscopic entropy as

= JLE. = ..:2- alS P l+e +f? X (1)
where W is increment of plastic work done

p is mean pressureis deviator strain
is stress ratio (q/p)

Where the shearing strain is getting large,eSa I:;- + 7 3' (2)
I represented state of the material in terms
of S,p& €'. The entropy gives a yield func­tion. h form of p3 would be an approximateplastic potential.

The entropy given by Eq. 2 U 1 Qto logami's entropy. ( ) may e re ate

Chairman
Vice-Chairman Dr.Yu.K.Zaretsky (USSR)
Thank you lr.loroto for your discussion.
The next will be lr. Niener from GDR.

K.H.Wiener. (GDR)

From the results of numerous recent and
also older experimental investigations it
is known which effects of deformation occur
on sand samples when these are subjected to
different test conditions and especially todifferent stress-conditions. It was tried to
mathematically formulate a stress-strain-law
which,when applied to the usual test condi­
tions, leads to theoretical dependeces bet­ween states cf stress and states of deforma­
tion which are near experimental results.This non-linear stress-strain-relation has
been set up in an infinitesimal form in order
to allow its general application.

The explanation of the change of volume ba­
sis upon the following considerations. It is
supposed that this,change is caused by the
superposition of three effects:

1. An increase of the average of principal
stress is followed by deformations of the
grains and, due to these, by secondary grain
displacements. This part is reversible; anincrease in stresses leads to a decrease in
volume.

2. An increase of the average of principalstress gives rise to interlocking o the
grains,because part of these have an instable
position, especially in the case of low den­
sities. This part is not reversible; an inc­
rease in stress being followed again by a
decrease in volume.

5. An increase in the stress deviator gives
rise to a change in volume,due to the kinema­
tic conditions of the grain skeleton similar
to a system cf mutually supporting spheres.
This change is taken as an increase.

The third effect of volume change,whibh is
commonly called dilatancy,leads simultaneous­
Ly to corresponding shear strains. Referringto this deformations the directions of stress
increments and the directions of strain inc­
rements are assumed to be identical. The re­
lation is formulated in such a way that with
the occurance of a stress state 'satisfying
a spatial failure condition the increments
of shear strains gets infinite.

The `stress-strain-relation contains five
material constants,which can be determined,
for example,by means of suitable triaxial
tests. Anisotropy was not taken into consi­
deration. The constants dggend on the mate­rial properties of the sa and on the den­
sity at begin of the stressing.
The application of the theoretical rela­tion on the conditions of triaxial tests

brought about results hich greatly reflect
the experimental behaviour. The same is true
for-oedometric tests,for~wnich the known
effects of initial loading, unloading,reloe­
ding and of repeated loading and unloading
325% 3§."?3?§?1"§i%l¢§*‘iL12§3ia.’§%i.£“¥.. tn.



difference of the angles of internal fric­
tion received by triaxlal or plane deformati­
on conditions. Furthermore, indications on
the value of mcduli of deformation as function
of the spatial principal-stress-relations and
on non-linear behaviour of pressure at rest
could be derived which agrees to the results
of experimental research.

Vice-Chairman Dr.Yu.K.Zaretsky (USSR)

Thank you llr. Wiener for your discussion.
‘lhe next will be Prof. Yyalov (USSR)

S.S. Vyalov (USSR)

At the present time properties of soils
are described by three separate models thatare not related to one another: Hocke's elas­
tic body model which describes soil behaviour
in the pre-limiting state; Coulombls body
model which describes the limiting state
and the Kelvin-Terzaghi model, which descri­
bes percolation consolidation. This appro­
ach gives sufficiently satisfactory resultsfor engineering prect ce,but,at the same time,
it has essential restrictions. Indeed, by sub­
stituting a broken l:Lne,for the actial set­
tlement vs load curve, we make several very
essential assumptions (Fig.l). In the first

Pm gp1 ~\ :
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FiSo1s

place, in the pre-limiting state we consider
only a small part of the ourve,restrictingit y the proportionality limit, when in fact
the soil is subject to a much larger range
of loads prior to failure. In the second
place, in dealing with the limiting state weomit the deformations and consider the stres­
ses only. In the third place, such an impor­
tant soil property as-its internal friction

only in considering a
Blt0§6UD6T disregar edpre- imiting stage,al­

is taken into account
limiting state and is
while considering the
though it is evident that not only strength,
but the deformations as well depend on the
magnitude of the internal friction of the

between stresses and strains, (2) the influ­ence of internal friction on the process of
deformation, as well as on the strength,(5)the influence of the shear stress on the
volume strain (dilatation), (1+) the ®.'|‘.'1‘0­
lation between the strength and strain cha­
racteristics, and (5) the development of
the process in time.

In the general form the equation which
takes into account the above propertieswill be:

for the pre-limiting state

fi' =f@::!6’°rr"f);€° =Yéé;»62»H1£)k1)

for the limiting state

f1=C°"ff; ef ¢»f@f,f~,f1 <2>
Here 62: intensity of tangential stresses

fi: intensity of shear strains
61,1 1' (6'¢:'~6'z1‘6’,) man normal stress3

f,=-3 (ff + E; f'E_5) mean strain

(44 = 26;'_r_? if’ Lode parameter
17-1711125

Equations (1) and (2) represent the fact
that both the shear strain £1 and the volume
strain EB depend on the stress deviatur 6'Land on t e hydrostatic pressure GQ . The in­
troduction of me Lode parameter (vt descri­
bes the dependence of the deformation pro­cess cn the kind of stressed state. The in­
troduction of the time factor describes the.
rheological properties of the soil. The tran­
sition to the limiting state results fromthe condition that this state is due to the
fact that the shear strain reaches its limi­
ting value Ei- . These equations are shown
as curves in Fi .21 the first curve represenia

5 6 -0Q @,»o ° L
?

50.0 vs

C; 'f, *eo
soil. In other words, at small loads we regard FiS°2
the soil as a body having elastic properties;
at large loads we regard it as a binding
medium having altogether different characte­
ristics. 'l‘hns,depending on the load,we dealwith two different kinds of bodies.

Ev'ldently,it would be expedient to work out
a generalized soil model which would take
into account: (1) the nonlinear relationship

shear strains at various hydrostatic pres­
sures, the seccnd curve represents volume
strains at various shear stresses. Equations
(1) and (2) may have various specific forms.
iibcperimental data are best re resented by
power (3) and hyperbolic (4) gaws of defor­
mation and by the power (5) and linear (6)

73



strength conditions that follow from these
laws:

5=___;__ 5; =\,°<1 (H+6'.)“ ( A ) cn D p
I

I

2P
I

1. a

gr: _-L ;___
1 H + Vo if-'1~»t(1-8 5769]

6s=B(H+ Gap
"6 B=<H+ G. we ‘if <6>
- sore 11 and f auises-Baskin parameters
corresponding,H= resistance to hydrostatic compres­

sim,
\/»= angle of frictl. on an an octahedrala ea,

n,m,o(,,A,T,.§, B,l = parameters
A very important question is raised: to

what degree does the nonlinear character ofthe stra.i.n iffedb the behaviour of the soil
in bases of structures? This question can be
answered by means of test data obtained by
A.L.Mindich and the author.

Tests were carried out by pressing a strip
loading plate into a layer of olayey soillying on a rigid base. he deformative and
strength properties of this soil were inves­
tigated in a triarlal compression apparatus
and are described by equations (4) and (6).

Test results revealed (Fig.3) that all the
stra.:Ln characteristics of the soil were rep­resented in the nature of the settlement vs
load curve. As a matter of fact,the shape
of this curve is a good approximatim of the
hyperbolic relationship which is similar tothe one obtained from the triaxial tests.
The following can be pointed out: the rela­
tionship between the hydrostatic pressure Go
and the volume strain E0 for the given soil
could, according to the triaxial compression
tests,be assumed linear. It would be natu­ral to assume that the settlement vs load
relationship obtained in the tests in pres­
sing a loading plate into the so1l,is deter­
mined by a certain combination of the hyper­
bolic law (4) for shear strain and the line­
ar law 6, =KE for volume strain. However,
the shear strain had a greater effect on thecharacter of the settlement vs load relation­
ship which is discribed by a hyperbolic func­
tion such as (4)S=B -1=i- -l- . (7)

E0 l-P/Ps
where parameter B: -9£-;’- takes into ac­

1+B/h
count
the influence of the thiclmess h of the layer
being ccmpressed and the width b of the plate.

5

F18 .3

It should be pointed out that the magnitu­
de of the limiting load ps is -included in
the settlement equation. This magn:|.tude, in
its turn, is a function of the strength cha­
racteristics!! and $4 , and the thi; e sof the layer being compressed: Ps= /iz;Thus,the settlement vs load curve can be
described in the whole range of stresses,
including the limiting state,by taking intoaccount the nonlinear stress-strain rela­
tionship and by introducing the strength in­
to this relationship. This enables the real
piopgrties of the soil to be more fully uti­ze ,
Vice-Chaiman Dr.Yu.K.Zaretsky (USSR)

Thank you Prof.Vla|l_ov. Now I pass theword to Mr. Vino ov (U$R)

Vinokurov E. F. (USSR)
The research of stressed and strained state

of non-homogeneous anisotropic bases had been
performed. The theory of the work is based
on the book "Iteration Method of Bases and
Foundations Estimation by Computers” written
by the author. The "nli.nsk-22" computer prog­
ram for the solution of axially symmetric and
plane problems is composed.

The estimated diagrams of soil basis are
given in Fig.I, the character of the common
strain modulus changes by the depth of the
basis being variousé 1) and 2) -Ex=B5i=5OOkg/cm
and Ex=EZ=2O0 kg/cn is isotropic me um;3) stra modulé were changed within
E,=200+500 ka/fm and Ey=200+500 kg/cmz,
I+) modulus Eg was increased with the depth,Ex :Ls consta 12; 5) and 6) the both moduli of
common strain were changed by a step-like
law. Shear moduli were computed using Barden's
formula and the normal formula of elasticity
theory. Poisson's coefficient was assumed tobe oo 0

The results of estimations are presented
in Fig.; Compressive stress sheets for esti­
mated diagrams I and 2 coincide with compres­

2
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sive stresses computed theoretically as for
isotropic basis.The step-like changes of the
strain modulus with the depth involve uneven
changes in compressive stress sheets.In case
when the upper layer is more compressive
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than the loner one,the compressive stresses
in the second lager increase greatly (diag­ram 5)as compare to estimated diagram N 1.
An inversely,when the second layer is more
compressive than the first one,the com res­
sive stress sheet decreases (diagram Sg.e ® ¢<3 .1`* Xyi s§ § §u , |c o ~.:'

’ .1-® ll§,!|!||l’ ,`- rf'1 1 E
§ § = ~?.'». ‘ E '~.'~u 'Q N4

Fig.2. Compressive stress sheets and the epures of vertical translation
along the loading axis for:
1 and 2-strain moduli being constant;
5 - strain moduli being constant,but varying in values.

In the presence of a soft intercalation,
the compressive stresses sheet has jumps at
the boundaries of the soft layer.The epures
of the vertical translation along the loa­
ding axis are given in the right-hand side.
The curves based on diagrams N 1 and N 2
ouaracterize the shaded part with the results
for diagram N 5.

Conclusion: The theory of linearly strained
isotropic medium can be used as approximatein the determination of stresses in anisotro­
pic basis for constant values of Ex and E
only,as well as for particular range Ex/Egrelation changes. This theory cannot be
use? in determining the components of trans­lat One
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Fig.l. Diagram of changes in strain modmli
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vice-chan-mm Dr.Yu.K.Zaretslr.y (USSR)
Thank you very mush lr. Vinokurov
'rue next will be lu-. Yasuhara (Japan)

K.Yasu.hara (Japan)
l) It may be said difficult to estimate the

secondary compression of peaty soil as well
as silty soil at the field. However,we sup­
pose to be able to estimate it by applyingthe third expression in Table l to coeffi­
cient of consolidation c . The expression was
proposed by us taking a large difference of
permeability between primary and secondary

compreseions in consolidation. When we use
this expression, Cv value shows approximate­
ly constant independently of the height of
s eclmen.
2) we have found a fact that the consolida­
tion of soft subgrade of road is progressed
under repeated loading of traff1o,and they
made clear in laboratory that repeated loa­
ding brings about a large secondary compres­
sion, by using an oedometer not only in sil­
ty soil but also in muck. However, its effect
in muck was smaller than in silty soil. Also,
we have found another fact that precompres­
sion is increased with increasing of over­consolidated ratio in both soils.

5) It can be said important to investigate
the difference between-the secondargicomp­ression rate in muck under the one- mensio­
nal consolidation of laterally confining,
that is, Ko- consolidation, and Une shearingcreep rate in it in triaxial consolidation
to which lateral de ormation is allowed.Fig.l shows the relation between effective
stress ratio and logarithmic creep rate. As
seen from the figure,the two significant po­
ints are indicated as follows x l) The value
of shearing creep rate is different from the
one of secondary compression rate, ii) when
we compare the shearing creep rate after iso­
tropic consolidation with the one after un­
isotropic consolidation the latter is lar­
ger than the former. This difference may
be significant at the field because its strescondition is similar to the latter.

Table l
Treatment of Secondary Compression on Oedo­meter Test

l)Terzoghl_ kC - .
" '“vd”w

consolidation in total processCv: coef.of
comprossibility in total processmv: coef.of

2) Japanese Society of SM & FK (Prof»Mikasa)k rn _ k _ 1C= - VJ- - 'I' -C -VV mvnlw mv mvulrw V
where, mvlz coef. of compressibility in pri­mary compression,

C'v a ooef.of consolidation in prinarycompression,
r : primary compression ratio

3)The writerskt k ,Cv=$.&L.T:cJ.r.vufw "W |
OL-K'

ka
where, kl: coef. of permeability in primarycompression process

k : coef. of permeability in secondary
2 compression process,

C" a coef. of consolidation in secon­
v dary compression
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Vice-Chsimmn Dr.Yu.'K.Zarets|q (USSR)
Thank you Mr. Yasuhsra. Now. llr. Thamm fromFRG, w ll you, please.BcR¢

lr.Cha:Lrman,ladies and gentlemen,
3 report is restricted on the calculatiminitial settlements and initial excess
pore pressures developed during undrained
loading of a normally consolidated non-s ensi­
tive clay.

The stress parameters selected for repre­
sentlng the state of stress are in terms of
octahedra1` stresses, where A6 oct is the
change in thsimean normal 1 h stressand A 1' s the c e n s ear stress.
The term °°t Afoct L uses in his porepressure equation is supposed to be ma­
thematically wrong since 1967, but this equ­
ation unfortunately is used still in 1975 by
mam authors.

For practical purposes up to a stress level
of 0.5 (where the s reg; level is defined?the current value of ( 4 -63) over(6‘4- 5)at failure or better a factor of safety of
2.0) Au =A5 ot and we have an almostlinear elast:I.8 solution of the problem,

For stress levels between 0.5 and 1.0 how­
ever, we use a non-linear elastic approach
similar to DUNCAN and CHANG in combination

17

with a non-linear pore pressure response,
where the pore pressure parameter o( is afunction of the current stress level. The
halfspace investigated by a finite elanent
program consists than of a non-homogeneous,
non-linear elastic, isotropic,satu.rated and
porous media.The first slide shows the initial central
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settlement of a circular footing over the
applied footing pressure and compares theresults with an ideal elastic_plastio ap­
proach. You may note,that the finite element
model with above assumptions is somewhat
stiffer beyond 0.25m settlement than the
ideal elastic plastic approach.
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Here, the discretization technique has tobe developed and investigated more clearly.In the second slide the excess pore pres­
sures Au are normalized by the applied foo­
ting pressures for different load increments
Load increment 2 being in the almost linear
elastic range and load increment 6 being in
the plastic range.It is felt that one of the most important
developments in soil mechanics today is the
increased use and study of field measurements
and their relation to soil properties.

I hope that the developed program may fur­nish the en ineer to stud field measurements5 Nand their relation to results of laboratory
tests. Thank you!

Vice-Chairman Ur.Yu.K.Zaretsky (USSR)

§’$?°’§°i3Lh§’Zu§*%%3"w€?f E2‘*€n§°§2§$Z

V.I.So10min (USSR)

Here are given some results obtained re­
cently st the Chair of Structural Mechanics
of the Cheliabinsk Polytechnical Institute
under supervision and with participation
of the Research Institute of Foundations and
Underground Structures in Moscow,

The problem of action of a circular rigid
plate or a rigid strip on a sand soil was
solved by using symmetrical loads. For this
purpose physical equations were applied,theywere obtained in the three-axes-pressure
instruments and establish the relationship
between the invariants of stressed and de­
formed states. By calculating there were re­
vealed some phenomena earlier observed only
in th experiments,they are: the transforma­
tion of the diagram of reaction pressures
from a saddle-shaped to a parabolic one,when
loads increase; the more rapid,than in a 11­
nearly-deforming half-space,attenuation overtical dis lacements deformations and stres­P
ses to une depth, une for-mation of a rigid
core and some others. The probl m was calcu­
lated in the displacements by an electronic
computer using the method of finite differen­
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Fig.l shows the diagram of reaction pressures
under the circular plate,they are the ratio
between actual and average pressures, I is
the linear solution for a half-space,2,5 are
the non-linear solutions with average pres­
sures of I and 2 kp/cm? respectively.The results described as well as the
data of other investigations indicate that
the equations of continuous medium and the
methods of defonmational theory of plastici­
ty are acceptable for sand soils.

Another problem takes into account the non­
linearity of deformation of reinforced conc­
rete foundation structures. In most investiga­
tions devoted to this question the limited
states of strength are considered in various
forms. It is necessary to develop the me­thods of calculation of internal strains and
displacements occuring before plasticity
moments appear,since the requirements ucrack-resistance and the restriction of mu­
tual settlements are more strict than those
of strength and usually determine the amountand diameter of reinforoement.To solve this
problem there_were used physical equations
suggested by the Research Institute of Conc­
rete and Reinforced Concrete in Moscow.These
equations give the opportunity to apply the
methods of deformational theory.The investi­
gations done by an electronic computer in­
dicate good co-relation between the results
of the calculations and those of the experi­
ments.

The data obtained for beams and circular
axial-symmetrically loaded plates show Heateven in those cases when stresses in the re­
inforcement do not reach a yield limit and
the pressures on soils do not exceed normati­
ve ones, the differences between the results
of linear and non-linear solutions may be
significant. It is explained not only by the
decrease of the rigidity of a foundation»
structure bur also by the change of the re­action pressures. .

Fig.2 shows the diagrams of bending moments
occuring in thB circular plate resting on an
elastic half-space and loaded with a ring­
shaped load. The dotted lines are the linear
eolution,the solid lines are the non-linear so­lution.

The application of the non-linear physical
equations of deformation of soil and rounda­
tion structures allows to reveal significant
reserves of strength of footings and founda­tions.
Vice-Chairman ur.Zaretsky Yu.K.(USSR)
Thank you lr. Solemin.Hr. Uriel will you
please make your discussion

A.0¢Uriel (Spain)
It is a well known fact that if we carry

out drained cylindrical triaxial tests on a
given sand, for different density conditions,
we get stress-strain curves of the shape rep­
resented in Fig.l. The dotted lines corres­
p nd to the common definition of axial strain,
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in other words, with relation to the initial
length of the sample. The continuous lines
correspond to the definition of strain used
in this discussion, related to the length
of the sample at each instant of the test.
Dense sand exhibits peak and residual
strength, whereas loose sand has only resi­
dual strength. There should be a certain
critical initial density which separates the
twofkinds of behaviour.

The first derivative of the stress-strain
curve with respect to the axial strain gives
the variation of the modulus of deformation
in the direction of the maior principalstress with the asclal stra n (Figé. The

m E: d(0'| ' C2 )2 as9 (TANGENT MODULUS)
‘2
2
‘g DENSE SAND
IL
l.|.l
D

IL
O

‘3 LOOSE SAND REs|DuA\__, STRENGTH
D

AXIAL
D2 , STRAIN S

EAK STRENGTH

FIG. 2

tangent modulus for the peak strength,in the
case of dense sand,is equal to zero and it
is negative from this point onwards. The
tangent modulus for the residual strength is
again equal to zero.

Consider the problem of the vibration of a
mass suspended from a spring,with a damping
force proportional to the displacement velo­
city, for the particular case in which the
damping parameter is equal to the square
root of the spring constant (Fig.5). If we
plot elongation against time,we get the our­
ves of the figure, depending-on the magni­
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FIG. 3

tude o the damping parameter with relation
to a certain value called critical damping.
There is a large similarity between these
curves and those of the previous figure. So,
the role of the initial sand density in the
stress-deformation process is equivalent _to
the damping in the problem of the vibrations

The canonical form of the differential equ­
ation of the damped vibrations has been writ­
ten in the figure. By analogy,we can suppose
that the stress-strain relationship of the
sand under the cylindrical triaxial c nditi­
ons is governed by the same differential
equation, in terms of the tangent modulus:

2

£7 + 9% + )\2E =o <,\> o) (1)
where), is an intrinsic constant of the ma­terial,likely related to the shape and size
distributi n of the grains.
Let u)=-io/EO, where E0 and E0 are,respecti­

vely,the initial tangent modulus and the ini­
tial value of its first derivative.

Should the parameterxof the d fferential
equation be less or greater'than “J,there
will not be peak strength.



Let r denote the ratio between the initi­
al ° density of the sample (after intro­
ducing the cell pressure 63 ) and the criti­
cal density,whioh determines the existence
o peak strength. Then ro is greater thanone for the dense samples and less than one
for the loose samples.Thsrefore a¢§:J QP>o)is a certain function o the ratio
ro, such that Jg- 1 has the same sign asr -1.
°Assuming that the residual strength is a

material propert ,which does not depend onthe initial conditions of the test (cell
pressure and initial density),and taking in­
to account the condition GFI equals G? for
E equals zero, we can integrate the dfffe­
rential equation (1) obtaining the following
expressions for the tangent modulus and thedeviator stress:

E= -Ag-L 2-§i'n-Q5 e"’\E E+ }\(1-  (2)
(2-Jag) 1-Bild 51'

_ _ _ -if _ 2311> -if E_iH=~.,»
61755 ' [1 ° A2-foes ]1..1. :dr 9)

The initialztaggeat modulus is:
EO: _-A.§...§.. _i._-.r (4)

(2_`?o) 1*Bin ar

Equation (4) shows that E0 is proportional
to the cell pressurecié and increaseswith the increasing in tial density,as ex­
pected. Since E0 has to be positive_,69° 64.

The expression for the deviator stress cor­
responding to the peak strgngth is:

_f-1 'PP ZSL/-»)2f,~_ . 0 > _ (5)
(64 G:»)p H+-2-$2 ;j,_'7,g;

and it follows from equation (5) that:
1-4 - ---­

_ = (14. J):........ 9 ffl ) -Elfl-sin IDP 2'fo 1-Bin Dr
(6)

It may be seen that the peak strength only
depends on the residual strength and the ini­
tial dens ty of the sample,and does not de­
pend on 3, since the Mohr-Coulomb failurecriterion has been assumed.

The necessary strain for the peak strengthis:
_ __l_._EP' A95-1> <7>

which decreases with the increasing initi­
al density and does not depend neither on
63 nor on ¢r.

The suggested semiempirioal approach to theoonetitu ve equation of a granu ar material

is not as simple as it would be desirable,
but reality is more complex. Compared with
other expressions simpler th.an,this one,
such as the well known Kondner s hyperbolic
stress-strain relationship, is has the advan­
tage of being able to account for the exis­
tence of peak and residual strength in the
densest conditions,and it may be useful in
analysing certain problems involving largedefo mations, for nstance the stability of
residual slopes.

Final1y,it is interesting to say that the
volume change during the test may be predic­
ted in a similar way and, even,that this me­

Zn­thod can be extended to any stress path,b
using a more general linear second order
ferential equation with the appropriate coef­
fioients, which depend on the incremental
tendency of the stresses and are invariable
as long as the ratio of the stress increments
remains unchanged.

Vice-Chairman Dr.Ju.K.Zaretsky (USSR)
Thank you very much Mr.Uriel.

At the beginning of this Session we heard
Professor Poorooshasb's report. He suggested
two problems for discussion.Le us formulate them again.

1) What is the nature and the form of the
yield surface of soils? Does a yield surface
traced in a stressed space contain a spacedi onal?

;§ The discrepancy between prediction by
means of the classical Terzaghi theory andprediction by means of exper mental data is
usually explained in the majority of cases
by the inaccuracy of the initial informationregarding the so 1 factors involved rather
than by the inadequacy of the simple classi­
cal theory.I now ask all those interested to take
the floor and express their opinions on these
two problems.Mr. Mustafayev, will you,
please.

Mustafayev A.A. (USSR)
The solution of non-linear problems of soil

mechanics of strained bodies as applied to
foundations on soil is known to involve con­
siderable mathematical difficulties thus Jus­
tifying the development of engineering methodsof their solution using the s plifie foun­
dation models.

In this communication,based on the princi­
pally new method of equivalent transform ti­
o s, the method is reported for\oalculat1on
of foundation setting (according to the se­cond threshold state with consideration of
the real non-linear regularity of soil medi­um strain.

As a basis of the problem formulated ser­
ves a model of a medium consisting of soil
with a hypothetio property convenient for



calculaticn and differing from the real one
by the fact that the regulari ties of linear­
ly-deformable uniform isotropic body are ap­p icable to it in the whole range of stres­
sed state, to each stressed state of the
nonlinearly deformable foundation soil in qu­
estion (Curve 1) corresponding univocall
quite definite hypothetic state (Curve 2§,cua
racterized by linear strain module E and Po­
isson ratio 9 6 (Fig.l). The real soil is

6'an _6
C

_ Q35 K
8= e'

a-ds*
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F1g.l. The calculated diagram of the '!E,qui­valent transmissicms" method
declined from its hypothetical state star­
ting from the limit of proportionality (po­
int K) because of formation of structurallyirreversible strains in it.

The conditions relating the stress-strain
state cf the two foundation soil models un­
der consideration, may be expressed both ac­
cording to strain and stress depending on
the problem in mind. The problem is solved
using a phenomenological method which allowsconstruction of a strain-stress curve for the
foundation soils concerned based on experi­
mental data, and relating it with the linear
behaviour of a hypothetical medium. The
conditi n of soil strain adequacy in its twostressed conditions under study eads to a
formula for distribution of packing stress
alogg the structure axis in the nonlinearlystr ned soil foundation:

<»;.=( ci )”"é-:cz1%/F/Q°<,¢~)ew #ro

Herea( and if are the parameters of ncnl:|.ne­ar strain o 'the foundation soil,determined
by rectification of the experimenital 6- 6'
curve,approximated by the e= °(6" functionon the cgarithmic coordinate grid.

The 6' (z) function determines the verti­cal stress distribution in the foundation in
keeping with the solutions of the theory of
uniform linearly strained body.

In case of unidimensional stressed state
of the foundation the experimentally found
strain-stress relationship for soils is a
compression curve. If in this case the foun­
dation contraction due to compression, is

been as a two-dimensional stressed state
the intensity of the load applied may be
presented in the fem

e“(;)=5=<l‘§;_f/#E
For a three-dimensional stressed state one
has g _ -_s' +6 +61

6d(Z)'€'> '- - "*
where §=  is a coefficient of soil
lateral pressure.

The values of design parameterso( `/Q and1:2 for the case of foundation loading' con­
cerned may be determined from the Q-6' cur­ve constructed based on the data of field
tests which were made using an expgrimental
load of a standard rognd (F=60O cm ) orquadratic (F= 5000 cm ) die. ­

To study the regularities of nonlinearsoil strain under unidimensional and three­
dimensional stressed experimental study was
made in laboratory conditions.Evaluation of data obtained in numerous
experiments with cohesive soils of undistur­bed structure made on the stabilometer show
that the 6-64 curves are similar to eachother over the whole range of variation of
horizontal main stress value (62 = 63)1.6. these curves are obtainable from one
curve, for ezample,for the case of unobstruc­
ted free latera expansion (6'z =6'3 = OZ­by multiplying its ordinates by some va ue
being a function of horizontal main stress.
Therefore the 2-6' relationship for the

special a.:c|.ally synmetrical loading of foun­
dation soil may be presented a product of
two functions of which one )9a?6'4) is afunction of onl vertical main stress, while
the other )L fg'Z=6:',)of only horizontal one:

°= §9(5'f) 7L(5'z=6'3)
For the adopted power a proximation of the
g-5; function graph, 2 is presented as:

e ’O((6lg =6'3)6';/g°
where ,fa is a parameter of experimental
parabolic 6-6; curve ccnstructed usi
the data of soil testing under the ccmgtions
of unobstructed free lateral expansion.

As the€-Gfcurve obtained based on the
compression testing over the whole variationcrosses all the curves of

family for aaclally symmetric
same kind of soil (Fig.2),

range 6; =6’3
the 2"°6'.{
loading of the
it is possible to determine the O( para­

data of two simplest tests­meter from the
compression and crashing at 62 =63 = O

The setting of a separate footing on a
nonlinearly strained soil foundation may be
calculated, on an analog with the formula
accepted, using the expression:
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s= ‘EI nick ln 59-$51 (5)1 1 ° 6°
Imere n is a number of horizontal layers con
stituting the compressed foundation; hl is a
thickness of the I-th soil layer; 6' 0 is a
natural pressu;~_e in the middle part of the
given layer; 6; (z)- vertical normal pressu­
re in the middle part of the given layer,de­
temined from formula (l); dk - relativeo
compression coeffioient,determined for the
i-th layer as an angular coefficient of seni­
logarithmic graph of compression curve.

The proposed method of calculation of
structure foundation strain presents no spe­
cial d.1.ff:Lculties,being very simple and al­
ways giving reliable results.

° ""°'\ W. \=K.Zarets!qr (USSR)
Thank you Very much Mr. Mustafayev. The next
will be llr. Gudehus G. (FRG)
Gudehus G., (F R G)

The questions concerning elastic range
raised by Prof. Poorooshasb can be partly
answered for sand under cuboidal deformati­
ons in our apparatus. Strictly speaking sand
has no elastic range at all: due to the non­
linear behaviour of the individual grains
non-dissipative continuations of strain his­
tories are impossible. However, there are
ranges in stress space that can be reached
with rather small dissipation (below 20%
of the total work, say). The boundary of suda
a range ("yie1d surface") is not very marked.
It is state-dependent and generally non-iso­
tropic. As far as we have made tests it con­
tains the diagonal in stress space. For fur~
ther details see our contribution in Proc.
Symp. on the Role of Plasticity in boil
Mechanics, Cambridge, 1973.

Vice-Chairman Dr. Ju.K.Zaretsky (USSR)
Thank 7°\-1 UI-‘~ GW1°|1\1B- Then I want to iniite
Mr. Rochette (U.K.)

P¢Aa ROCh9ttC (UoKo)



Summary. In addition to the very elaborated ,mat ematical formulations of a non-linear ,'
response, it is proposed that there is room
for progress from approaches using simpler
tensorial models and realistic parametric
representations (including the structural pro
parties). For accurate results,the comple­
xity of the model appears less efficient
than the degree of representativeness of the
test procedure and boundary conditions. This
is illustrated on a simple usual model and
new basic non-linear properties are proposed.

l. Princi lemgf solution for non-linear
materials. £Een tE5'response of the soil or
rccE Is non-linear, i.e.varies with the
strain, all the points of the soil mass give
a different answer,and the principle of su­
perposition does not apply. It is necessary
to integrate compatible stresses and strains
all through the mass in order to satisfy the
laws of motion and the mixed boundary condi­
tions. The steps are the followingz'
°> Q12i2££_a_§§r§§§-steals.sslaalmlsaln
framggorg. A preliminary study of the mate­rIaI sH5u1d enable the choice of one or se­
veral approximate basic behaviours for whichsolutions for stress and strain distribution
in a mass exist; for instance the material
can be tentatively considered as elastic,
viscoplastio,etc.
b) 22EE£EB_¥£2E£§mm° E2_!°a5“P°_Eh2 °°“9E£§B'tive paramg_grs_9§:%§9 ma§§§I§l. UnI§`iHen
tEe'BeEaviour framework has Seen chosen,the
parameters can be separate in special tests,
and measured. A testing programme of measu­
ring typical soil behaviours (shear,triaxial,
consolidation etc) would produce the overall
effect of unknown parameters in unknown pro­
portions, as long as the empirical data are
plotted without the guidance of a framework
model. The relationships empirically fitted
do not represent intrinsic properties; they
depend on the test procedures. Unless a fini­

te strain and stress increment can be divided
into zones of different mechanisms (the same
zones for all the variables chosen, in order
that each zone represents a unique particu­
lar mechanism), the parametric method is
arbitary and would give nonreproductible
results. An approximate, although coherent
and basic approach for parametric re resen­
tation will D6 described in a followgng ps­
P915

4. Account for material anisotropyzandstructural properties. In EDB case o satu­
rated soils and rooEs,a.complex structure c n
be represented at least approximately using
constitutive properties which are directional.
For instance C.R.Calladine l97l,distingui­
shes different ratios of elastic and plastic
deformations according to the direction
around a given location.

5. Repaesentativeness of the model for therealloa in ' condTE\.ons and chan res of"beha­
Flour with %1m . Practically Ehehslmples usu­
aI stress-strEIh relationship assumes a
straight line in the diagram "e-log p" (or
preferably volumetric strain "v"-log p). How­
ever the following comments show that suchs­
line is highly variable with the material and
the engineering problem: a) lntgrpggtgtign

2§.§§2_§2§§.2B£!9i
- The diagram consists of a network of lines

(1) and (s) which each corresponds to a
different age (or history) of the material
(see points a, a', a" in figure la)

- The rebound lines) is not necessarily ho­
rizontal L.Bjerrum, 1967) nor nearly ho­
rizontal L.Bjerrum l975),as shown on a
typical figure la. There is a locus (ql)
for the critical pressures. A slight daange
of histo (change of line a" into a" in
figure li) could affect considerably the
value of the critical pressure.

- Figure lb illustrates how different histo­

\a. E,
(c)1aboratory load curves.
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ries of erosion and deposition from the ,
same state a% produce states which are allsituated in he locus (s") or (1").

- A laboratory test carried out at a certain
rate corresponds to a line (s') and (l'),that is to a certain time rate t'. Differ­
ent curves will be obtained on figure lc
depending whether the history of the mate­rial in Une field has a rate slower than
the test (curve l"), or faster than the
test (curve l"f). The different curves exhibit large variations for the critical pres­
surei

5) B§§l2.B£929£§i9E fr°m §§2sQ2B§ti§Bt1Y°.QEEEE T
- Figure 2a shows how the material may exhi­

bit a consolidation or a heave,depending
on the previous history.

- The intersections of the critical pressure
locus (ql) and (Q ) with the extreme pres­sures determine ghe existence and the va­
lues of the maximum and minimum porosit
of the material for its given historysifhe
line (1 ) and boundary conditions; and even
a corregt integration throughout the mass
would lead to non-representative results,
unless if the sample and the tests excep­
tionally happened to D6 a true scaled­
model of the mass and engineering problem.

°> .__B°h°Vi2l1£;*§._t1..?E mess af 1=l12_111s1=sri=1 ua­
Q£-s`i`xss_9£_sle2Eiss §9aE§==s£z_2°aE!!§?£§'a§_

Since non-linear behaviours lead to relative­
ly complex formulations,the benefit of this
more accurate and realistic method would be
lost if excessive simplifications are used
in the determination of the mass behaviour.
The classical numerical methods should be

(log P) __ P (1oqP) P;__ po (1oq P)( 8' ) _a|  q' ( b ) _( C )
a V.-5-.L..!6b "»"“"" az,” (°n q \f4) qff ew&fL=;i$§>K=L§)_instant 6, Q; --.-.  "?§°??°'°NA \ .__V_.. __ ._ \ ._ B ons  -I (.s\ _ \  'om i \ “ S“"‘P‘°-Q: \_ U) ..__(\\ \\  stopagg  as\2_   \, -_ f` ld '\(r)"-.__  ) (\J\"~.__ islfnple A 56?n ‘=h\{_§?_ 5  ,O f=  \_ __.__ 5  S­*i;--- * I Q \\ \;;:a2 n I

if _~\ tl Instant __\_a; cc fie]d (1 gf) :(s') U, Qs Cc samp1¢;" s g
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FIG2 Computation of:(a) time effects; (b) critical pressures q and extreme densities
(c) sampling effect.

elementconsidered, in particular the finite
techniques for non-linear media. The numeri­
cal methods are summarised and selected for
instance in J.T.Oden,19'72, chapter l7.
a) Pgoseisolutiog for ug}_|g_l__§gils and
rog_Eg. TEE sImp1`§E‘E `mT:~3.eI'assumee t'ITé`t'_Qthe stress increment tensor (cc-rotational
stress rate), is a linear function of thei
strain increment (Q is the stretching),
through the linear operator §(T). This cons­
titutive equation of hy o-elasticity (C.Tru­esdell, 1955) 2=§(_T_) Q? , applies :Ln any
¥ase of anisotropy and non-colinearity of~,_T, and Q, providing that the model is repre­
sentative of the material,in which case §(T)
is found an isotropic function of T. Then the
stress increment can be represented' by a fom
of the second order in _T'(T;To|<uok.a,19'/.L,equ­
ation 4.7). and the function _§(,T,) can be
determined by experiments (the parameters are
geiézsed in T.Tokuoka,l97l, equations 4.10 to

The representation of the equation for the
computation of if :Ln the above tensorial form' u

enables a direct calculation of _T whentél and_Q _are iven,without any assumption on enormality conditions nor on colinearity bet­
ween the principal directions.
e) §i 1if;|._gQ_;glat1.9nsh_:}_.p. The following
oonsHm§T\`t`Ive eqxntlon IB useful for common
soil ani rock engineering problems:
:I;=a {trQ}1+b [tr _p_} T+ e_13+ a(pg'__+@)
a,b,c,d are functions of the principal stressinvariants.
For a preliminary solution d can be neglec­
ted when the history of the soil is not too
complex (e.g. not too overconsolidated ).
2. Ri oroua solution for non-linear soils
a d rocks. The use of a "material element"
wEIcH Is not oversimplified (infinitely small
anisotropic,etc) is necessary to take account
of such phenomena as yield,hysteresis,$ene­ralised plasticity, imperfect memory. heuse of "interineic stresses and deformations"
enable constitutive equations which are fra­
me inde endant automaticall . This a r c
is descgibed in W.Noll,l97ét PP on h



5. Parametric representation of a non-linea1'

behaviour. A parametric represents tion isoften used to sim lif the com utation tech­P I P
niques using finite elements. The accuracy
of the results depend on the convergence
(difficult to appreciate), and practically
on the, physical reality of the simplifying
representations. Represents a closed cycle
(with identical rebound) as would happen af­
ter a very long time,at a geological scale.
-Figure 2o shows the considerable variation
of the critical pressure and amount of volu­
me change,resulting from the history of an
Vundisturbed" sampling.

0) 53%%2_2__21`° 2£§$!§_!l.°E_1'2P2l1_“Q___“Hd_£9£>§Eg_gn3.1. ions
- ’1‘E5`EEnd (s) may vary between

tio and plastic cases (seefigure
- The reload curves produce cycles

figure 3b
A load and reload curve exhibits
slope configuration whenever the
step is large enough (see figure
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pressure
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It is accepted that the curve e-log p isclose to a straight line (fig.4_)
Now it is proposed that the curve e-log t is

approximately a straight line (fig»l+b)
The deformation involves three components as
as illustrated by figure Qc: the histcry
component,the pressure tem,and the timeeffect.
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Vice-Chairman Dr.Ju.K.Zaretslq (USSR)
fc M . Rochette. Mr.Ivash0h°nk°

glial? ybuouplgase, make your contribution?

I . N. Ivashchenko (USSR)

Prcf.H. Poorooshasb has touched on impor­
tant aspects associated with application of
flow theories for soils,

Our communication has dealt upon some spe­
cific features of the loading locus: conve­
xity, smoothness and asymmetry relative to
the space diagnnal. Sand and clay soils test
have shown that drastic change of the loa­
ding direction causes not ml variation of
the shape and dimensions of the loading lo­
cus; but also the displacement of the wholelocus in the space of stresses. And the en­
velope of all possible positions of the
loading locus is the limit surface,charaote­
rising the strength of soil. It has been es­
tablished that limit surface is not a symm­
etric function of three invariants,but it
depends on the principal stress ratio. The
position of limit surface is not significan­
tly influenced by the stress path including
the paths of unproportionate stresses.At all possible displacements of the loa­
ding locus,space diagonal does not go beyondits limits. At the same time the characte­
ristic feature of soils is their plastic
strains due to hgirostatic pressure. As aconsequence of t s loading locus is closed
and convex in the direction of space diago­nal and touches it from within.

The authors express their thanks to Prof.
Poorooshasb and Dr.¥u.Zaretsk',y for their
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attention and cunments to our communicat:Lo.;`

Vice-Chairman Dr,Ju.K.Zaretsky (USSR)
Yu.K.Zaretsky (USSR)

Concluding Remarks

Dear Colleagues,
Our Session has come to an end. We have

heard five planned reports and nineteen pe;-3%
sons took part in the discussion. The aim gi..our Specialty Session was to discuss prob­lems in soil mechanics that deal with the
nonlinear problems of plasticity, creep and
consolidation, and the application of theoryto design. Ne had no intention of covering
the entire scope of existing problems. The`
refore,three problems were proposed for dia*
culssignz ti ri f. omputa on a o thms or a ncnlineadeforming soil base? bl?

2. Analysis of the computation results,
5. Consolidation of nonlinearly compress1b_le water-saturated soils.
The discussion revealed that a great numbglrof investigators are interested in these

problems and we had the opportunity of becc>_
ming acquainted with new solutions in this
field. However, we thought that there would
be a more lively and interesting discussion
on problems concerned with the working out orcomputation algorithms and new research in
the application of numerical methods for so1__
ving problems in nonlinear soil mechanics.
Only Mr.Wroth (Great Britain) and A.L.Go1d_'L;,
(USR) spoke constructively on this problem,
A.L.Go1din's and A.P.Tro1tsky‘s report dealt
with the application of the finite-elements
method to a physically nonlinear elastic me`
dium. The possibility of efficiently apply_
ing the finite-elements method was shown forcases when the stresses and strains are as­
sumed to be expanded in a series with res­
pect to the small parannter.

In the discussion V.I.Solom:1n (USSR) re­
ported cn the solutions of several urgent
problems in soil mechanics making use nf thefinite-differences method. Problems were so.
lved for physically nonlinear media having
substantial nonlinearity. E.F.V1nokur0v
(USSR) reported on the results of calcuhtiomon nonhomogeneous anisotropic bases in the
elastic zone, using the same finite-differen_
ces method. B.R.Thamm illustrated the appl1_cation of the finite-elements method for dei
termining the initial stressed-strained stat,
of a base and the initial excess pore pres­
sure, which is related to the stress devia­
tor and the spherical stress tensor. However
it should be pointed out that many mathematil
cal aspects cf utilizing numerical methods
for problems in the calculation of physicallynonlinear media were not brought up in the
discussion. Such problems as the convergence



of the iterative process to a precise soluti­
on, as the existence and uniqueness of solu­tions were not mentioned at all. To our
regret, the local variations method,worked
out in the USSR, was not m otioned in the dis­

cussion, as well as other variational-diffe­
rences methods.

At the same time,many reports dealt with
the formulation of the physically nonlinear
relationships applicable to soil systems.
Although this problem was not proposed for

this Session, I fully agree with the speakers,
since in the final analysis this is the most
essential problem. Here we can note many in­
teresting reports presented by A.Drescher
(Poland), J.Feda (Czechoslovakia), Prof.K1­
?geli§€o1and), R.Marsal (Mesico), A.0.Uriel

Xgparently, sufficient material has accumu­
lated at the present time to discuss this
problem separately. To our regret,the problem
of equations of state for soil systems is
still far from being solved.

I want to thank Professor L.Sukl,;e (Yugosla­via) and Professor M.Mikasa (Japan for their
very interesting reports on the problem ofnon inear consolidation and Professors
T.Yamanouchi and K.Yasuhara (Japan) for their
remarks on secondary consolidation. Professor
s.s.vya1uv (USSR) presented laboratory test
data on pressing a loading plate into a lay­
er of claygz soil lying on a rigid base.
He agprox tes these test results by a pro­pose relationshi . In his report Professor
A.Mustafaev (USSR) sets forth an engineering
method for determining settlements of a base,
whose soils are subject to nonlinear laws of
deformation.

It is impossible to deal in detail withall the remarks made in our discussion. It
will be expedient only to point out thatthe discussion concentrates our attention in
the future on the following: (5) to expedi­
ently intensify the investigation of actual
mechanical properties of soils with the aim
of obtaining generalized equations of state;
(b) to continue working out computation al­
gorithms on the basis of the finite-elements,the finite-differences and the variational­
differences methods,that have justified our
expectation in practioe;(e) it is essential
to continue the investigation of problems de­
aling with the consolidation of highly comp­ressible soils and to work out methods for
calculating their settlements and the intera­
ction of structures with a base, made up'of
water-saturated soil.

In conclusion it should be emphasized that
the interest exhibited by specialists to the
subject-matter of Specialtiaéession No.2 canbe explained by the fact t t it becomes mo­re and more evident that it is essential in
Munmgmwsmdhmmumsdsumwmsto take into account the actual mechanical
properties of soils,

It is my opinion that this Session was
useful, fruitful and timely,

Allow me to close our Session.Thank youe

I7



C0 BUTIO

H. Aboshi (Japan)

lt is very important to establish the law of similitude in the
consolidation of clay including the secondary or creep settle­
ment, in order to apply consolidation test results in the laboratory
to the settlement prediction of actual foundations. There are
many theories on the secondary consolidation, however experi­
mental endorsement on these theories usually stands on the
oedometer or triaxial test of small size. There seems to be the
lack of data which fill the gap between laboratory test results
and field observations. ln order to make clear the change ot`
settlement characteristics with the thickness of clay layers, in­
cluding the effect of secondary consolidation, a series of oedo­
meter tests using different specimen sizes were carried out. The
ratio of the diamotor to the thickness of each specimen is kept
constant, to avoid the different effect of friction and stress
distribution on the side wall. The oedometers used and the
method of loading are tabulated below,

No. l 2 3 4 5
D cm 6.0 14./I 60. l20. 300.
H cm 2.0 K 4.8 20. 40. l00.
Load Loading Lever Hydraulic Pressure Direct

Loading

Place Laboratory In-situ

Careful and long time preparations have been performed to
obtain homogeneous thick clay specimens for the present inves­
tigation. A trench of lOm x l5m with l.5m of depth was
cut in the surface sand layer in our University and filled with
a sedimentary marine clay from Hiroshima Bay, in perfectly
slurry condition. This artilicial clay layer was consolidated more
than 6 years with a thin sand layer on it, to make this test flll
homogeneous and to recover the stnietural strength among soil
grains to a certain degree. Average physical and mechanical
properties are as followed,

Clay Silt Sand LL PL Pl G - wn qu
27% 68% 5% 100.2% 58.2% 42.0% 2.65 80.0% l.5t/m’

There are many factors which influcncc the rate of secondary
consolidation, the consolidation pressure, preconsolidation, sus­
tained loading, temperature, rate of increase in effective stress,
sample thickness, side friction, etc."
Care has been paid on these factors, to clarify only the effect
of sample thickness on the settlement characteristics.
Loading steps were kept perfectly same in each test. After
preliminary consolidation, which is necessary to perform the
comparison test in a nomially-consolidated region, settlements
of long duration by one loading step from 0.2 to 0.8 kg/cm’
for each specimen are measured and compared. Tu avoid the
effect of sustained loading, preliminary stage was limited up
to the end of primary or l00% consolidation, and to decrease
side friction, silicone oil was used. To keep the temperature
during the experiment constant was impossible because larger
ones were performed ln-situ. However, it was the season of­
the year that the temperature change was very small, at least
during the primary stage.
Settlement curves are shown in the Figure and the main con­
clusions obtained are as followed, ,
l. The value of Cy obtained from the consolidation curves
somewhat increases with the thickness of the specimens. So
the prediction of consolidation of an actual clay layer from the
standard oedometer test may underestimate its .settlement rate.
2. The final settlement at the l00% primary consolidation
increases with the thickness, owing to the secondary consolida­
tion contained in the primary stage.
3. de /d logt or the gradient of the creep strain in each test,
gradually decreases to a constant value, so the creep settlement
cuwes of every tests become almost parallel in their final stages.
4. However these creep settlement curves do not coincide in
one line on the creep curve of standard oedometer lest, as shown
in Suldje’s lsotaches theory.”
5. This seems to mean that the state of clay stmcture at the
end of hydraulic retardation may be affected by the effective
stress history or the duration of primary stage, and on the ot.her
hand, the rate of creep settlement may not be affected by it.

REFERENCES:
|> MESRI, G. (I973), “Coefficient of secondary compression."

Jour. SM. ASCE.
2) SUi(i...ii:`., L. 0969), “Rhec-togi­

cal aspect of soil mechanics."
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VOLUNBTRIC FHACTURE OF SOILS - AN EI IRICAL

APPROACH. A. P. Alsxiev (Bulgaria)

A physical theory of soil strength was ex­
posed in brief recently (Alex1ev,1970). Its
basic concept has been that a"fracture sur­
face" defined by ratios of gaseous, liquid
and solid areal contents begins to develop
long before the occurrence cf soil failure.
A fracure governing relation was obtained:

sgl~_u_;°i2_ <1>
(W1 /We )”(t) Temperature

where Wg,W1,W¢ are soil phases contents onthe fracture surface,-1sd(t)s1,-1>A(t)>»1
are composite time functions determining in
fracture surface topography in dependence cn
solid particle size and shape, solid-liquid
and liquid-gas interactions (bcnds).On this
basis was shown that only four structural
states are possib1e.Chang1ng properties independence on these states s illustrated
by Smalley (1972) for flowslide systems.
In fact(1) is not uniquely defined so itdetermines a volumetric fracture zone ins­

tead of a surface cne,which is well in ac­
cord with scme recent general views on mate­
rial fracture(G11man,1969;HcC11ntock,1971).
The coincidance of rupture surfaces with the
directions of zero-extension found by James
in sand(Rcscoe,1970) may be an evidence for
the mechanism suggested. .
An attempt was made to check experimentallysome cf these conclusions in the case of a

three-phase silty so1l(loees) representing
the"quasi-stsble"structural state for which:

wg/w1>1|w1/wg(1§ 0<d(t)<1»P(t)<-1 (2)
A relative non-sensitivity of soil strength
to water content change in this material has
been expected, and to be followed by a plas­
ticity flow when the structural state of the
soil transforms into "quasi-liquid" one:

wg/w1<1,w1/w,>1;-1<¢(t><o,p(t)> 1 (3)
as well as a return back to” uasi-stable"
state when the conditions (2) are restored.
A cylindrical loess specimen posed on a po­

rous disc and surrounded by mercury in a per­
spex tube has been stressed axial1y,in planes rain cond1t1onsGmercury level maintained
constant by means of air pressure change in
the triaxial cell shown in Fig.1),until the_vertical stress in situ for this soil was
atta1ned.It is allowed then pressurized wa­
ter to enter the cell wetting the specimen,
and a gradual transition to"quas1-liquid?but
not collapsible behaviour has been observed:
a slow and almost constant rate axial stress
relaxation has been occurring.This strain
behaviour ls similar to the second stage of
a"natural"loess collapse phenomenon,but here
the whole process has occurred by this way.
The common manner to return to(2)is to ex­

pel some water from the soil,yet an alterna­ive technics has been applied.The cell pre­
ssure was decreased and the specimen allowed
to expand under the action of pressurized
air entrapped in soil vc1ds.A sponge struc­
ture(olear1y seen in the upper part of the

specimen in Fig.2)has been obtained and e
plasticity flow reduction has occurred si­
multanecusly.

O\ ¢ _‘ .N _ ,.7.
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Fig.1 (on the left). General view of appa­ratus utilized.
F1g.2 (on the r1ght).Spec1men after testing.
Sc it is found agein(for previous data see:

Alex1ev,A.P.,1969,Com.ren.Acad.bul.Boi.T.22,
805 et 806)that a presumed typical brittle­
bcnd soil may restore its"quasi-stable"as­
pect,after being in"quasi-liquid"state}with­
out reducing of water content.Consoquences
of the technios applied will be discussed
in more detail elsewhere(Alexiev,1973) but
not in purpose to obtain strong quantitative
conclusione.This is not possible to achive
by the techlcs described nor by any other
if a sufficiently rigorous control of ther­
mal conditions is not assured.But a more ge­
neral and detailed proving is quite feasib­
le having in mind some sophisticated tech­
nice exist1ng,in paricular the last models
of the Cambridge simple shear(blaxlal) ap­
paratus and any true triaxial apparatus.
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CONTINUUM THEDRY FOR PLASTIC DEFORMNPION OF
GRANULAR MEDIA /G.Agu.1.rre-Ramirez/ (USA)
Problems of mechanics of continua associated
with the constitutive relationships for
plastic deformation of granular media havereceived considerable attention. Some of the
earlier suggestions to use the Mohr-Coulombfailure criteria as a yield criteria
(Drucker and Prager 1952) have not lead to
acceptable models because predictions are
not in agreement with experimental results.
However, results of a remarkably intensive
experimental and theoretical program haveshown that the deformation of certain soils
can be described remarkably well by a simple
isotropic work-hardening idealization
(Roscoe and Burland 1968). The complex
rheological behavior of sands was also
compared with existing theories and it was
shown (Roscoe 1970) that the well known
methods of plasticity and physical interpre­
tation of the Mohr-Coulomb limit states have
to be modified.

This report deals with a phenomenological
theory for the mechanical behavior of gran­
ular media which shows stress-strain behav­
ior similar to that of an elastic work­
hardening plastic metal. The theory is a
mathematical generalization of the critical
state theory (Roscoe and Burland 1968,
Schoffield and Wroth 1968); In the theory
it is conjectured that the irrecoverable
deformation of the granular mass is ,
described by the plastic component Q' of the
linear strain tensor and the plastic compo­
nent |“ of void ratio. In soil mechanics
the strain tenamrg is related tc the void
ration ¢ by making use of the observation
that for most granular masses of interest
the compressibility of the solid skelton is
several orders of magnitude smaller than the
compressibility of the bulk material.
The theory is wholly dependent on the con­
cept of a critical state for the granular
mass. This concept (Rendulic 1936) is
equivalent to the assertion that there
exists a unique scalar valued function A/ of
the effective stressr such that

i.e., void ration is a function of stress.
In the report, instead of (1), the existence
of a unique scalar valued function!! of the
effective stress Z'such thate"= MII) (2)
is postulated, i.e., Lhe plastic componentof void ratio is a function of stress. It is
then shown how to interpret (2) in order to
obtain a yield criterion of the form

.=r;°¢:=a <31
where F is the yield function and* is the
strain hardening parameter which is such
that

4- -¢r9"J <4>

I .
£7 being the irrecoverable volumetric
strain.
The theory is also put in terms of triaxial
stress parameters 3.) defined by

f=_f1‘fZ', [‘~ ft-"‘1"f:;r°.T'f.f (5)

with g the.unit tensor. Given a yield func­tion G(f,-QAJ in,,) space the following
expression is obtained:

0§"= Afm,¢»;f 5 “ <°>

/sm-40 -/2 4 femff-.~)rq. f-°¢.;~»,¢U"<1>
for the increment of the plastic component
of the deviatoric strain §'. The yield func­
tion JP( J and yield criterion Quo togetherwith a strain hardening function -ff(9" are
used to obtain an expression for 9'2

,9’£= 6"(~4/) ‘°’
As examples it is shown how to generalize
the Cam-Clay model (Schoffield and Wroth
1968) and modified Cam-Clay model (Roscoe
andwburland 1968).
Finally as part of the report it is shown
how the resulting theory can be adapted for
Lhe use of the finite element method in the
solution of boundary value problems.
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The design of offshore structures or bridge bents
on battered piles involves the analysis of highly non­
linear soil-pile interaction system. The proposed
method of analysis assumes that the linearly elastic
structure is two dimensional and supported by inter­
dependent nonlinear spring supports.

At present analytical prediction of the axial pile
displacement curve is difficult.“ Often loading tests
have to be performed on full-sized piles at the site
to ensure the reliable curves before designing import­
ant structures. On the other hand analytical treatment
of the lateral pile behavior is regarded appropriate.
A finite difference scheme for a beanhcolu n (Fig. 1)
can solve for the transverse and rotational reactions
of a pile which is connected to the pile cap with
arbitrary degree of fixity (Awoshika and Reese, 1971).
In solving the lateral behavior transverse subgrade
reaction curves which vary along a pile at different
levels have to be generated from proper soil criteria.

_. r .,. .° .'e Y .=!==°'.=­
.;\ 5~° In'  (IN M)o. ' _ _ \ \2 E 5 _ VERY SOFT‘N -4. 3 = =  cuw_\ _ Msouum
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_ :`!f"_` -,  ff'X I 2 3 4 5 5' 'E

Fig. 1 Laterally Loaded Fig. 2 Numerical Example
Pile

The algorithm developed herein consists of a suc­
cessive displacement correction method or a tangent
modulus method to find the equilibrium conditions at
all the joints where piles are connected to the struc­
ture. A computer program was developed for the itera­
tive solution of the problem.

Given any set of static loadings, a spring supported
structure is solved for displacement by the stiffness
matrix method;

- rs + K]'1(F) <1>
where (U)
stiffness matrix, [K] is the initial tangent modulus

pile reaction calculated by giving arbitrary

is the load vector, [S] is the structural
matrix of
small displacement to pile top in each direction one at
a time, and (F) is the load vector. The unbalanced
joint forces are calculated for the initial displace­
ment obtained from Eq. l.

(dF) ' (F) - [K](U) - (R) (2)
where (dF) is the vector of the unbalanced joint forces
and (R) is the pile reaction vector. The unbalanced
forces are induced because of the nonlinearity of the
pile reaction and the superposition of different modes
of pile deflection to get the resultant pile action.
The displacement correction, (dU), necessary to dis­

wwememMmmmdpmthmu1s®mmmtMw¢
Eq. 3.

‘ - [S + |<1'1<d1=> cn
The displace ent is corrected by adding (dU) to (U).
The process represented by Eqs. 2 and 3 is repeated
until enough cmrvergence is observed for (dU).

Assuming that the axial pile response is independent
of the lateral response, the tangent modulus matrix of
each pile is expressed by Eq. 4.

_ px 0 0' lk] = 0 qy qz (lb)
0 my mz

where px_is the tangent modulus of axial reaction, and
qy, qz, my, and mz are the partial derivatives of the
transverse and rotational reactions with respect to the
y and z axes. These partial derivatives are calculated

arbitrary small interval.
grouped pile foundation is illus­
A beam with flexural rigidity three
pile is used for footing. Piles are
different ways,-pinned, fixed and

numerically for an
An example of a

trated in Fig. Z.
times as that of a
connected in three
rotationally restrained. Curvilinear axial pile top
displacement curves are employed. A set of bilinear or
curvilinear trmxsverse subgrade reaction curves used
for the computation are generated based on the soil
criteria (Awoshika and Reese, 1971).

Computation results for the varying horizontal load
with a constant vertical load are shown in Fig. 3.nu , _,; p .,
H (G) tb) H (c)-gan . W,

»- in 5. . if--O .ex
~* "fro" § H, TON

Fig. 3 Computation Results. (a) Distribution of Axial
Pile Reaction, (b) Lateral Displacement of
Footing, (c) Deflection.

Fast convergence was observed for the entire range
of loading. Eguilibrim_check between the external
loads and the total pile reaction was always provedexact. _ '

The method which is presented for the analysis of
elastic structures supported by battered piles is ra­
tional and efficient for use in designing. This method
accounts for the'nonlihe§rlty of soil-pile interaction
system in a rigorous manner\"Since this method can
predict the exact behavior of grouped pile foundation
for the com lete range of loading, it can distinguish
the most critical condition of the foundation.
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THE FINITE ELEMENT SOLUTION OF CONSOLIDATION
IEUDBIEDIB IH ING UEUE IJ\FUJ\CE2 TRAJE5FOFUl»
I .R.Booker (Austra lie)

Previous investigations of the finite elemnt
solution of consolidation problems Christian and
Boehner 1970, Yokoo et al (1971) have used a ‘
"marching" technique to obtain solutions. Such
techniques although suited for calculations at small
times are not efficient for large time calculations.
The author Booker (1973) has devised a method, based
on the Laplace transform, which overcomes this
difficulty.

For simplicity consider a porous elastic soil
occupying a volume V, tractions T act on portion of
the surface ST while the remainder SD is fixed;
portion of the surface Sp is free to drain the re­
mainder being impermeable. If Q' is the vector of
effective stress components (tension positive), 5 is
the vector of strain components, 2 is the displace­
ment vector, p is the excess pore pressure and 6 the
volume strain, then Booker (1973) has shown that the
correct solution (2,P) to the problem outlined above
is that which satisfies the boundary conditions on
SP. and SD and minimises:

TRI( ZE7-0 -/35+ dY-£r(I.gys 0/5 (4)
where k is the permeability of the soil YV is the
density of water and a bar denotes a Laplace trans­
form, viz: - Clq -si ­-:js ¢ gif,
This minimisation problem may be solved by the

finite element techn:Lq_ue,1et é`,g be the vect­
ors.of nodal displacements and pore pressures,
then the following approximations may be made:

\_4=Ci` spa Q1
and 5 = B Q ,Vp = Eq ; 6 = QTQ.

where 5,B,C,d,E are all known and depend on the
particular type of element used. ® may then be
approximated and the minimisation leads to the
equations:

-§+,<.</Qs] [5] = [“‘£”] <2>
where K = f(BTDB)dV, LT = faa'I`av, o = fETEdv,

Ln_ = é CTTdS and D is the matrix of elastic constants.'1'

Equation (2) may be solved by eigenvalue techniques.
If the determinant of equations (2) has zeros s=-anand if

T T T
gh - [An, Qn]

are non-trivial solutions of (2), with s=-an and mf0,then it is easily shown that:

2 = go/S + E an gn/(s+Gn) (3)
where §T= (§T,§T); go = o K§o = m

and an = (gf LT 50)/(gf LT gnu

Equation (3) is easily inverted to give the
expression:

r = r + X a e-ant.- -o n
For numerical evaluations it is sufficient to calcu­
late only a few eigenvalues, this is illustrated in
F1g.l, the marching technique together with the
author's technique (3 eigenvalues, 10 finite elements)
have been used to obtain accurate values of the cen­
tral pore pressure for Nhndel's problem of a slab of
soil compressed between impervious plates by a con­
stant load (average stress q).

7|\0|l um¢_ solution (n |103
F

0.5 LBIQC time solullon (n=\0)

0 4'

94
0 3­

0 2­

0 1 ­ , G° fd’ 151 gi' a-g-(l02|\)“|f||

FIG. 1.
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PROBLIMS OF NON-LDQEAR SOIL MECHANICS.
`STKmhakraborty /Izila/.

Even though the abstract theoretical measu­
re theory has been highly developed,it has
not been suitably exploited in the domain of
non-linear mechanics, and as because soils
are granular unaggregated solid particlesthere are a number of familiar difficulties
associated with the treatment of soils as
engineering materials. In fact,soils are to
be treated as having non-linear material pro­
perties in which are involved stress-strain
history and temperature-time dependent phe­
nomena. If in a very small interval, the
number of fluctuations is very large the
ordinary measure based on Riemannian integral
concept fails, and measures like that of Le­
besgue have to be used (Beth...l966). In
like manner, generalised measures given by
weighted integral representations render very
satisfactory results in problems like that
of plasticity and creep. An obvious genera­l sation of these measures is

1 (1°/1)n+1dl/lo = 1/n /1-<1°/1)”/ -(1)0

based on uniaxial measure (3eth...l96§). Theweighting function in (l) is (lo/1)n+ .Sub­
stituting n=O,l,2...-l,-2 etc known measurescan be obtained.

Again, since Norton's law deals with only

activated through acquisition of sufficient
energy AF to surmount the energy barriers.
The value of AF is commonly known as free
energy of activation.From statistical me­chanics it is lmovm that flow units are in
fact not at rest but vibrate with a frequ­
ency of KT/h as a consequence of their ther­
mal energy (Eyring...l956),where K=Boltz­
mann's constant. T=absolute temperature and
h=Plank's constant. In fact,creep can be
treated as a thermally activated process.

The author is proposing a hyperha lic
strain-time dependent relationship valid for
cohesive soils in the following fem:(Cn8liI'Bb01‘tye e   e ewhere a and b are soil constants and t is
the time causing the creep strain (volumet­ric cr uniaxial strain) under the sustained
stress. The e uation (4) can be obtained
from the t/€ gb versus time plot in which b
is the slope.

5m1%=P‘Lm (E%)=l/b... (5) _
The author has replotted the results obtai­
ned by Bishop and Lovenbury on drained creep
tests in London clay continued upto 5 1/2
years (Bishop and Lovenbury...l969)and ob­served thaté can be predicted by ming
the equation %e fo1'mEm_-,5=C.1/b .. (6)
where C varies within narrow range from 0.55
to 0.65 valid' under low to high level orsustained stresses. It is possible to I1-edict

secondary creep, one dimensionalmeasures gm# even by observing results of creepare taken as
¢-:n=l/n /-(10/1-)”/= o(t(say)

where ea( is the average rate of measure with
respect to time. Differentiating with respect
to t, creep strain rate is

f=1/l(dl/dt)so((1/1o)n
but the constancy of applied load and the in­
compressibiliqf condition give 'l,'A= ZA, ,lA=
loAo where 't.',1Z, =effective loads; A,Ac=cross-s
sections of the test specimen, l,lo=deformed
and undeformed iengnts. Thus, 3' =d.(T/mf (2)which is Norton'e law. For Andrad.e's law,
transient creep is also taken into conside­
ration and Green measure is used.

Th\15| e m=1/nm/(1/10)n'1/mx d t
so that f=l/l(dl/dt)= “(/m. -L'iE2<----­

1+n( oLt)1/m

Substituting m=l, n=0 (I-[encky's 35%  andfor m=5 n=l . + vd +l/ -L 35’ ’ X % f '
which is Imdrade's law (Andrade's...l948).In
like manner,any kind of creep behaviour can
be visualised by suitably substituting dif­ferent values of m and n.

Moreover,the derivation of the basic rate
process equation is already done (Glasstone,
Laidler and Eyring...l94l).‘1‘he basis or the
relationship is that atoms a.nd molecules pa­
rticipatin in a deformation process (termed
flow u.nits§ are constrained from movements
relative to each other by virtue of their
energy barriers separating adjacent equilib­
riu.m positions. The displacement of flow
units to positions requires that they become

tests only for a period of 10 days. The equa­
tions (5)8.(6) are more general than the one
proposed _by Singh and Mitchell,wh.ich is va­lid for triaxial testing conditions (Singh& uitchelleee

Based on experimental investigations the
author developed a graphical method of pre­
dicting secondary consolidation as discussedbelow,let Y=log10(So) /Sr+l,r=O ton where
n¢no.of° plotted points,So=observed consoli­
dation ,(primary) at me beginning of the
straight line portion of the consolidation
V's.log(time)at time t,Sr+l at r=O at 2t and
so on.'l‘he amount of secondary consolidation
can be obtained corresponding to the inter­
section of the tangent from a plot Y Vs.t _
exactly under So at t(Chakraborty. ..196B).
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DEVELOPMENT OF GENERAL FINITE ELEMENT cowmuran Pao­
GRAM Fon rua ANALYSIS on NON-LINEAR PROBLEMS IN
§5lL MECHANICS. c-Y Chang and K. Nair (usA}

A single general finite element computer program
which includes the following non-linear character­
istics has been developed to conduct incremental
analysis of plane problems in soil and rock mecha­
nics:(i) stress dependent modulus,(ii) presence of
joints and other discontinuities,(iii) inability of
material to sustain tension,(iv) elasto-plastic be­
havior, and (v) non-linear behavior of the soil
structure interface. Details of this program are
given by Chang and Nair (1).

Various investigators have developed techniques for
analyzing each of the above soil characterlstics(2,
3,4,5,6,7,8). The development of the general pro­
gram reported here can analyze a heterogeneous soil
masswhich has all the above mentioned characteris­
tics. This required utilizing a consistent computa­
tional technique to include all the above methods
of analysis. The stress transfer technique was
utilized.

There are many design associated problems where such
non-linear considerations are present. It has been
found that soil behavior over a wide range of stress
is non-linear,inelastic,and dependent on the magni­
tude of the stress; this has been most often ex­
pressed in terms of the influence df confining pres­
sure on the stress strain behavior(9). A soil mass
is generally much weaker in tension than in compres­
sion and in most design situations is not considered
capable of sustaining any tension. This "no tension"
behavior is manifested by numerous field observa­
tions of tension cracks near the crest of an excava­
tion and the cracking in a composite embankment dam
(10). The plastic behavior of soils under high
stresses that can occur under foundation slabs.has
long been recognized and has been the basis of the
classical bearing capacity formulae. In problems of
soil-structure interaction where a soft soil lies
against a stiff material the non-linear behavior of
the soil-structure interface may be importaht in de­
termination of stress transfer or displacement in­
compatibility between two nateria1s(ll). The non­
linear behavior of discontinuities is known to be
important in stress analysis of a soil and rock mass
because of natural or induced discontinuities such
as joints, bedding planes,foliations,shear zones,
faults and other geologic discontinuities commonly
prevalent under such conditions. The program develqm
ed can be utilized to assist in solving the design
associated problems mentioned above.

The program has been verified by solving various il­
lustrative examples and comparing the results with
those obtained from closed form solutions and other
numerical techniques(l). The application of the pro­
gram to the solution of various practical problems
is also presented in (1). It is the opinion of the
authors that the program provides a powerful analyt­
ical tool for solving pertinent design boundary val­
ue problems in soil mechanics and foundation engi­
neering.
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iurtuzncs or Nou-L|usAn so|L Paorenries on
TOUN5ATl0N sTAa|L|Tv
C. Dlnls da Gama (Angola, Portugal)

SUMHARY

Foundation analysls and deslgn are dependent upon
the perfect knowledge of the mechanical properties
of the soil underlaylng every engineering struc­
ture.
A common approach, after conducting site Investi­
gation, ls to consider linear propertles for the
soll material, like a constant elastic modulus. It
ls shown In this paper that such an approach ls
conservative, because non-llnear propertles and
perfectly plastic soll behavlor lead to less stable
condltlons, as well as to larger displacements in
the structures.
Using the flnlte element analysis, examples of a
building footlng and a dam foundation constructed
on non-llnear soll illustrate that conclusion.

INTRODUCTION

PROPERTIES coucmzrs sol L
Elastic mc:\dulus (kg/¢|n2) 2||g5 1,90
Poisson's ratio 0_25 0_20
Specific gravity (g/cm3) 2_0 |_5

After the comp9tJtation, a full description of dis­
placements and stresses wlthln the structure ls
obtained. ln c::rder to assess stability condltlons,
the Mohr-Coulomb criterion of soll failure was
applied, using a cohesion of 0.2 kg/¢m2 and an
angle of internal friction of 300. The applied load
was 50 ton, and the dead loads of both concrete
footing and sc>i l were incorporated ln the state of
stress calculations. The elastic llmlt for the non­
-linear soil was fixed at I kg/cmz,
F"°"‘ the k"'°W`|ed9¢ Of Pl’iI‘lClpal stress dlstributlon
that criterion was applied in each element,_provld­
ing the definition of failure zones, which slee­
changes with the non-llnear soil properties (Flg.l)

The mechanical propertles of soll, represented by  3.- -_};___,, __ _ _ A `­lts stress-strain characterlstlc, are of great lm- ,T'iQff \-'» -' 3 My » agil­
portance for the design of soil structures. Com-  . _,4;lg» "1  ' I:monly, laboratory and in situ determination of soll  ~~;__; QQ,  .
propertles are conducted to obtain the experimental  W, 1;;~f-.5-.~,; ____
parameters Included ln the equations of strength fl; T un  nand deformation taken from the Theory of Elastlclty.  “ 'y‘”,_:,,;_L --­Hith the continuous progress of experimental techni '“*§§f» ` {f’»ques for accurate measurement of soil characterls- '
tis and the advance of computational methods instructural analysis, design ln the fleld of Soil  -l- pig _._
Meohanlcs ls improving both on the realllstlc and """,; ii}:§ `"" 'T /Z§q]{%ythe safety vlew points. because actual properties  ;;.Q_§,;- ._ ,  fi, 1:of soll can be considered for the analysis. ` ~_ ~»-#1 ‘  "    |5Although lt ls a well known fact that soils are not   ` -_~__ 1' "perfectly elastic materials, there is not a correct  ' --~  `evaluation on the consequences that deviations  if -uv "‘:f"" vm-um
from such elastlc behavior will introduce In Soil  ____":___ ~ ~» ":'Mechanics deslgn.  'The purpose of this study is to assess the stabll­
lty condltlons in structures founded over soilshaving different types of mechanical behavior: |:;g_|
a) Llnear elastic soil.
b) Bllinear soil, with a 0.50 ratio between plastlc

and elastic modull.
c) Billnear soil, with a 0.20 ratio between plastic

and elastic modull.
d) Perfectly plastlc soll.
Throughout the analysis, other soil propertles were
kept constant, namely speclfic gravity and the two
parameters of strength (cohesion and angle on ln­
ternal frlctlon). Two concrete structures, a spread
footing and a gravlty dam, are considered to
illustrate the analysis.

§PREAD CONCRETE FOOT l NG

The flnlte element method, with a version for non­
°homogeneous structures ls utlllzed to study this
problem(l)»(2). The material properties had the
following typical values:

It can be observed that the dimensions of the
rupture zones ln the soll material increase as the
ratlo of plastic to elastic moduli decreases.
Furthermore, displacements ln the structure are
also successively rlslng under such condit|o|-|5_

CONCRETE GRAVITY DAM

with thls type of structure, and using ldentieal
material propertles as before, a study of settle­
ments and displacements was`conducted. The acting
forces for the computation were the dead load of
both concrete and soil, and the water pressure in
the reservoir. Plane stress analysis was achieved,using a flnlte lement mesh such 'asith ­sented In Flg.2?3). e one repre
Results of the computation are depicted In Flg.3,
considering the four types of soil behavior,



¢vi¢rvAka;ON ¢ "N We
Motlng that the scale of dlsplacements ls the same
as the whole dam, lt can be concluded that as the
elastlc behavlor Is substituted for blllnear and
plastlc properties, the stablllty of the structure
ls»drastIcly reduced.

.____i__>_ __7V _f,,W_

Flg.3

Because the conputed settlements and displacements
have quantltatlve meanlng, englneerlng judgment ls
called to dlctate what settlements are too large to
be tolerated, using the results-of the non-llnear
analysls.

CONCLUSIONS

The two examples have shown that non-llnear soll
propertles conslderably changes the sltuatlon
expected In llnear elastlc soll behavlor.
Because structures become less stable, it'ls
recommended that correct determlnatlon of in situ
soll parameters should always take ln account non­
llnear properties, so that design can be properly
and safety conducted, with soll-foundatlon Inter­
actlon correctly evaluated.
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PROFONDEUR CRITIQUB D'BBOULEMENT D'UN SOUTERRAIN.
Y. d'Eseaths et J. Mandel (France).

Les auteurs utilisent la méthode des lignes carac­
téristiquea pour déterminer la pression de souténenent
nécessaire 5 la tenue d'une csvité cylindrique peu
profonde.

Le sol supposé homogéne, iaotrope, de poids volumi­
que Y, contient une cavité cylindrique de rayon s, dont
l'axe est A la profondeur h. Il obéit au critere de
Coulomb (angle de'frottement interns ¢, cohésion
C I H tg¢ ; cas psrticulier ¢I0, CIR : eritére de
Tresca). On envisage deux types de conditions B la
limite sur le contour du souterrain : `
I : pression normale uniforme pe ( la galerie contient

un gaz)3
2 : pression d'un fluide de mEme densité que le sol :

p(a,6) = ps + Ys(I-cos8), oi 0 est 1'ang1e polai­
re i partir de la verticale ascendante.

On cherche la relation entre la profohdeur relati­
ve Y I h/a, la pression réduite P. I pi/Ya at les ca­
ractéristiques réduites du sol : ¢ et H I H/Ya, dana
le cas de 1'éboulement du terrain de la surface libre
vers la csvité. On utilise 5 cet effet une solution
"atatique" qui_fournit une approximation par excés de
Pg pour Y, ¢, H donnés.

A. Caquot (l93h) a donné pour le cas 2 une solution
atatique explicite, en suppossnt l‘équilibre limite
atteint sur la verticale ascendante OI0, mais non at­
teint (sauf lorsque ¢I0) pour 010. Ici nous supposons
1'équilibre limite atteint dans un- domaine entourant
completement la cavité, ce qui conduit A une pression
Pg inférieure (égale pour ¢I0) B celle calculée par
Caquot.

A partir des données sur la cavité nous déterminons
le réséau des lignes de glissement et calculons de pro
che en proche les contraintea le long de la ligne BIO.
Le calcul est arrété lorsqu'on obtient pour BIO une
contrainte verticsle nu11e correspondent A la surface
du sol (non chargée).

Les résultsts du calcul, exécuté sur ordinateur,
sont donnés par lea figures ci-contre pour ¢II0°, 20°
30°, 4O°. Pour ¢I0, on a la relation explicite (Caquot,
I934) : P. I Y - I - 2(k/Ya)log Y dans le css 2,et
des résultats trés voisins dans le cas I. On note lea
points suivants :

l°{ Dana la solution explicite de Caquot, loraque¢>I9° /2,Pg tend vers une limite finie quand Y tend vers
1'infini. Ce résultat tres important est confirmé par
notre calcul.

2°) L'écart entre la vsleur de Po calculée par
Caquot et celle que nous obtenons dans le cas 2 est
important (aauf pour les fsibles valeurs de ¢). De méme
1'écart entre les valeura pour le cas I et le cas 2.

3°) Dans le css I on 5 constaté pour des vsleurs
suffisamment petites de H et Y la formation de lignes
enveloppes des lignes csractéristiques. Pour ces va­
leurs le mode d'écoulement envisagé, dans lequel la
preasion p(s,0) est supposée mineure quel que soit 6 ,
n'est pas valable. Mais seul le voisinage du point de
départ de certaines des courbes en trait plein s'entrouve affecté. ’
EEFERENCE 3
CAQUOT A., (I934), "Equilibre des massifs E frottement
interne", Gauthier-Villars, Paris.
LEGENDE DES FIGURES : _
-1- --Solution de Caquot H=0.
------Pression uniforme.
- ---- ---Pression d'un fluide de mime densité.
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INFLUENCE DU GLISSEJMENP ET DU CONTBNU DE
GAZ SLR LE PROCESSUS DE CONSOLIDATlON_

DES SOLS.
A.L.Goldine, L.V.Grorellk, B.M.Nu.Ller, U.R.S.S.

C'est la nécessité de tenir compte des parametres
sulvuntsr comprcsslbllité at soluhilité de la phme ga­
zeuse du sol, relations entre le coetliclent de conso­
lidation et les contraintes dans le squelette du sol,
entre le coefficient de perméabllité et la porosité,
ainsl qu'entr-e les perméabilités de ditférentes phases
et l'indice de saturation d'eau, qui exlge un systeme
de deux équations ditférentielles non-linéaires de con­
solidation du sol trlphasique par rapport ia deux fonc­
tions inconnues des coordonnées et du temps-charge

H et volume relatif de 1'air dans le sol S . Pour une
couche de sol le systeme de ces equations a la
forme: ‘nl 1 ‘a 7: `a Q!

A|_§'a|b +o|__£*`B¢_;%'fC|,'&(D| b2)' (1)

M- `£» H) ls 2 Ml ug’ 2*wt 'N‘°"at"°*'»t "But +c=zz[D=l‘oe ')]*E{%z' ( )
(ou wh- vitesse de la mise en place de la couche;

.1 R- vitsse de Uelevntion de la charge;A 'B C
D,,'D,, ,E,- foiickti16ris"cl&;'g‘ft,t|.' et S ).
On a déja donné la resolution numerique du probleme
de la consolidation du sol triphasique sur la base
d'une seule equation différentielle de consolidation.
Pour fermer cette equation on avalt recours B une
relation approchée entre le volume d'a.tr relntlt et la
pression, obtenue a condition du systeme ferme. La
solution du systeme (1) -( 2) est obtenue a l'r.\icle de
la rréthode des differences times. ta fLg..t donne les
resultats du calcul de la consolidation d'une couche
de sol triphasique prugressivement mise en place.
Dans ce cas Ct, nl'/-ru; Q.,-O. Les condiqons aux
llmitbes du probleme sont les sulvantes: a E -O 1% -0
el 5%-0, E 1-|1,,\~|:|) . A O4|:|T,la courbe de lamise en place de la couche est approximativement
exprimée par Uexpression \'|-M7 , :J t>To PBI' |'\'vr0
La Vitesse de l'élévation de la couche est égale A
50 m par an. Les courbes 1,2 correspondent au mo­
ment de temps ‘t -2 ans et aux dilférentes vale-urs
initiates des coeticients de saturation d'eau Sr .
A St -0.95 les surcharges H;-It-|\ sont positives et
voisines de la valeur (T/ru - 1)|\ . A mesure de la
dlminution de $1 dans la partie supérleure de la
cou,|rrh»= nppnrnissent les valeurs négativent de 'Hg
(cw,-bc 3, $3-o_ao)_ La fnmimninn ultérleure deUhumldlté du sol mene a ce que le clomaine des
valeurs negatives de "5 embrasse toute la couche
(courbe 3, QV-0.68).
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lg. 1 fig. 2

L'inf1uence du glissement du squelette sur la répar­
litlon des pressions interstltielles dons la couche
croissante est détermlnée par l'analyse des equa­
uons du pmbléme mlxte de la théorie de consolida­
tlon. Ce probleme est déjé examine dans le cadre
de la théorle de consolidation clue in filtration sans
tcnir compte du glissemant pour les carncréristiqums
constantes du sol. Dans le cas de la hauteur de la
couche variable dans le temps l'équation de conso­
Lidation peut etre écrite sous forme

Ill
_ Q,T_§-_ti-¥¥u(0°+A,)Q$ »T_[a,+r24+e,,)] -;Tg + XNK. [o.+ Q. +, z 5 ( 3)

+P2|+9....)]`% = \<(4+€,..,)lI,`9_£§ + %%;,)
L'équatlon (3) est resolue pour les conditions initi­
ales:

H,(a,a)- 0 et -a.,x'%|% -a.].8h +

+.¥a[ao'fr*Ia'*Q|nn\] % 4' allxfxuub 2 “U4'Q4I\n) | ( 4)
el pour- les conditions aux limites H,-o a 1r'|'|(t-X

*lu* ¢ D av I 2 D ( 5)
Dans le cubs? |\(‘H=d.t+|'l» ix conditions (4) et (5) la
solution agprechee donne pour Hs Hexpression:

nszail- 2§°_§e=p[].(1-f)]Mne1p[-8:%(2n+a)`_\ _ (
_L_ :n 1 JT d cn (2n+4)J|P

6)

`°g~‘].°"P[3(r+m'§5)(2"+‘5l il' $555
ou1n,8 , A, et sn dependent des parametres de gllsse­
ment, de compactiblllté et de perrnéabilité. Les cal­
culs effectués ont démontré que In diminution de la
presslon interstitielle imputable aux détormauons
visqueses du squelette du sol n'a lieu qu'aux tres
petites viiesses du _gljssemea'.t. Ce sont la presence
de la phase gazeuse et la valeur du coefficient de
perméabillté qui exencent une influence notable sur
le processus de consolichstion. Dans le cas de dimi­
rmution de la vitesse de mise en place d'une couchea petite vitesse de glissement la pression interstiti­
elle dans la base de la couche devient plus grande,
ce fait étant du Ia la compression du sol A la suite
d'une deformation visqueuse supplémentalre qui dé­
pende du temps. Le glissement influence aussi le
caractere de la variation de la pression interstitielle
apres la lin de la rnlse en place. A petit coefficients
de perméabtlité la pression lnterstitielle continue a L
s'augmenter durant un certain temps Iaprbs la mise 

)̀~en place cle la collrrhe. In 65.2 repmsente les cour­
bes de variation de la surcharge in la bme d'une
couche qui croisse durant 36 mois, et ensuite lorsque
sa hauteur rests constnnte. Les panambtres de calcul
sont les sulvants: Q.,-5 1O'3cm2/IQ, P’-5 10'3crn2/kg,

, - 10'4 Z, ,@,,,- 0.54 1 - 2 t/m3, h, - 1 m,.L -0.275m/'our.
our la courbe 1: Qu-2 - 10'3 crn2/l@,|g -1O'7c sec

pour la courbe 2: Q, -2 - 10'5cm2/kg, K -10'7c sec; ’
pour la courbe 3: 4, -2 - 10'3cm2/kg K »10'5cm sec.



QQWTION g{AA COMBINED PROB_»Lb`M OF Tl-LE ELASTI­. AND STICITY THNORITS OF SOILS.
M.I . Gorbunov-Possadov. (USSR)

The application of the theory of elasticity
in calculating settlements and reaction pres­sures under a structure erected on an elastic
base (foundation bed) proves difficult beca­
use in calculating the stresses in the soil
under the edges of the foundation according
to this theory, regions are found in which
the foélowiné, condition is not complied with:]_ _

< -6.-2--->2 < S1112 <1>€;+ 2- 2c cotyv \ Sp
where G 1 and G2 :principal normal stresses

c = cohesion
5p= angle of internal friction

Consequently, in these regions, the soil must
pass over to the plastic state. This raises
the necessity of solving a combined problem,
assmning that both elastic and plastic regio­
ns erist simultaneously in the soil. Here
the sign~<is taken in equation (1) for the
elastic regions and the sing = inside the
plastic regions. The bounds-:ies between the
regions are determined in such a way that all
the stress components remain continuous in pas­
sing through a boundary.
_ So far we have obtained an approximate solu­tion of this problem for the simplest case of
a strip load (Fig.1). The whole half-plane is
divided up into elementary squares with sides
equal to l/10 of the halfwidth of a loud strip
As a first approximation, the boundary of the
plastic rggions was taken as the locus of po­nts at w ch relationship (1) with an equal
sign is complied with in determining the
stress according to the theory of elasticity.
Then, a fictitious self-balanced load made up
of combinations of two mutually perpendicular
double forces is uniformly distributed among
the areas of the elementary squares whosecentres are within a plast c zone of the
first approximation. The intensity of the
loads in each square was determined on the
basis of the requirement that equation (1)
is exactly complied with at the centre of the
square, neglecting the action of the loads
distributed over the remaining squares. The
total action of the loads violates equation
(1), and some of the squares that were previ­ously elastic become plastic.The operat on is
repeated until the mean error in complying
with equation (1) becomes sufficiently small.

If the fictitious load diagrams al ng the
boundaries of the elementary squares are of a
stepwise nature,the condition of continuity is
violated. A rigorous solution can be obtained
only at the limit upon reducing the size of
the elementary squares, when the curve of fic­
titious loads beco es smooth at zero intensity
on the boundary. The combinations of two mu­
tually perpendicular double forces are insuf­ficient to achieve conver ence of the soluti­
on. It is necessary to additionally employ
double forces with moments.

Shown in Fig.l are the results of calcula­
tions for a strip load distributed along a
strip of a width 2a=2M for a sand base with
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the characteristics: '/=§6°, c=9.01 kg/cm2 anda unit weight of J' =1.8 tons/m .The intensi­
ty of the load is p=O.56 kg/cm2. The calcula­
tions were completed at we seventh iterati­
on. 'Do evaluate thierror cf the solutionthe quantity 5'k= - Z (Tik - sin2§P) was
used. Here T§k dengtes the value of the left­
hand side of equation (l) at the centre of
square i for the lc-th iteration; n- is the
number of plastic squares considered in the
given iteration. If lnnitiallyé' 1=O.0%0,then after the seventh iteration it is
5' = 0.0065. The boundary conditions at x=O
£1-e always rigorously complied with. With

the aid of programs for an electronic compu­
ter, the calculations were rapidly done.

The solution enables the additional displa­
cements of the middle or edges of the strips,
due to fictitious loads, to be determined
using formulas of the theory cf elastici ty.
In our example they were negligible. Upon an
increase in load, the additional displace­
ments increase sharply. Evidaltly, however,
the main role in the nonlinear dependence of
settlements on pressure is played by gravi­tation.

The solution is generalized for the case
of a rigid test plate where, instead of the
lcnown Sadovsky diagram, a diagram is obtainedwith finite values of the stresses under the
edges of the plate.

The author wishes to thank ‘J.F.Alexandro­
vich and N.S.Rivkin for their aid :Ln carrying
out the calculazions»

Boundaries of the region of plastic de_o1\­
mation: the solid line was obtained according
to the theory of elasticity; the dash linewas obtained fran the solution of the combi­
ned problem.

p = 0. 3603 Kg/cm¢ly ,_yO \ "5\E
0.1o
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NONLINEAR RESPONSE ANALYSIS OF SOIL
5EF5SITS. H. Dezfulian (Iran)

Response of soil deposits which is non­
linear during strong-motion excitations may
be analyzed by employing either the lumped
mass or wave propagation procedures for
profiles with horizontal boundaries and the
finite element method for profiles with
irregular boundaries. This paper presents
a general discussion and some results
obtained on the nonlinear aspects of these
methods.

For analysis purposes, the nonlinear stress
strain characteristics of soils may be
represented by bilinear or mnltilinenr
relationships. Alternatively, an equiva­
lent linear visco-elastic procedure might
be employed in which the soil moduli and
damping characteristics are selected to
be compatible withetheestrainsedeveloped
in the deposit. In this procedure modal
superposition is utilized for the solution
of the equations of motion which require
the use of a single damping value for all
segments of the deposit. In the lumped
mass method, the uniform damping is
usually the weighted average of the danp­
ing ratios along the depth of the deposit.
This can lead to significant errors which
can be reduced by utilizing some form of
weighted modal damping.

A linear viscn-elastic modal has been
proposed by Dobry\et al (1971) in which
viscosity is chosen in such a wav as to
simulate the nonlinear hysteretic behavior
of soils. Lysmer et al (1971) have used
the wave propagation method to study res­
ponse of soil deposits subjected to seis­
mic deformations. In this study, the non­
linear characteristics of the deposits
were taken into account by using an
iterative procedure to ensure that the
moduli and damping factors of the soils
at different depths would be compatiblewith the strains induced in the soils at
those depths.

In the finite element analysis, in order
to take the sLrain dependency of damping
in soils into consideration, Dezfulian
and Seed (1970) have proposed a correction
procedure to account for variation of
damping in different parts of a soil
deposit underlain by an inclined rock sur­
face. The computed response values using
the constant damping finite element solu­
tion and the corresponding nnrren+ed
values are presented in Fig. 1.

More recently, Idriss and Seed (1973)
utilizing a step-by-step integration
method have deS¢ribed an analystical pro­
cedure that permits the use of a different
damping ratio for each individual element
based on the strain developed in the
element. This procedure was used to

evaluate the response of the soil depositshown in Fig. l. The results in this
figure show that the values obtained by the
above correction method are in good accord
with the response values computed by the
variable damping solution and the two
solutions have been found to be in somewhat
better agreement with recorded values than
those obtained by a constant dampingsolution.

The step-by-step integration method has
been employed for the analysis of non­
linear systems in which linear behavior is
assumed throughout each successive time
step and proper modifications to the linear
properties of the system are made prior to
each step. Tn such cases Ra1oigh's damp­ing is generally utilized for the entire
finite element representation and thus the
same damping is assigned to all elem nts.
,Thestheoryeof»plastioity~has-been-used to
describe criteria which include the
hysteretic characteristics of the stress­
strain relationships of soils. Results
of several such nonlinear analyses have
indicated that the dynamic response of
earth structures are significantly affected
by the nonlinear properties of the materials
distributed within the structure and that
realistic response predictions of dynamic
deformations can be achieved only by non­
linear analysis procedures.

R E F E R E N C E S :

DEZFULIAN, H. and SEED, H.B. (l970),"Seismic
Response of Soil Deposits Undeilaln by
Sloping Rock Boundaries,” Journ. Soil Mech.
Found. Div., Ascs, Vol. 96T_N5T_§HFT_N5VT_
DOBRY, R., WHITMAN, R.V. and ROESSET, J.M.
(1971), "Soil Properties and the One-Dimen~
sional Theory of Earthquake Amplification,"

ort, R 71-18, Dept. Civil Eng.,ri ge, Mass.
and SEED, H.B. (1973), "Seismic

Variable Damping Finite Elements
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M. .T., Ca
IDRISS, I.M.
Response by
Journ. Soil Mech. Found. Div., ASCE, inprint.
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"Influence of Base Rock Characteristics on
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C NSTITUTIVE RELATIONS FOR SOILS¢
U. F5da (Uzechos1ovaE1a)

Owing to the recent progress of numericalmethods more complicate constitutive rela­
tions (i.e. relations between the stress
and strain tensors and their increments or
derivations) can be used for the descriptiai
of the mechanical behaviour of soils. It
seems therefore useful to investigate the
nature of those relations which are accepta­
ble for soils on a larger basis than the one
formed by the special case of nonlinear me­chanics; .

Every constitutive relation analyticallydescribes the mechanical behaviour of an
ideal material where some aspects of the
actual behaviour were suppressed in order
to enable the appropriate mathematization»The author holds for mistaken the conside­
rations of the nature of soils being elas­
tic,p1astic,isotropic etc.0ne may only dis­
criminate the reliability of the mechanical
description of the soil behaviour inside so­me of ts state intervals by the constituti­
ve relations of one or another ideal mate­
rial.Every extrapolation beyond the experi­
mentally verified limits may be and often
is considerably unreliable;To derive the constitutive relations one
may apply either structural or phenomenolo­
gical approach.The existing evidence seems
to the author to prove that the constituti­
ve relations of soils should basically be
constructed phenomenologically,with a nece­
ssary and plausible structural interpreta­‘U One

There are time-independent and t1me-de­
pendant krheological) constitutive rela­
tions,the first one being much more workedout.From the formally ma hematical stand­
point the actual soil behaviour may be de­
scribed by almost any constitutive rela­
tion.The only difference between individual
relations would be the size of the range of
stress and the type of stress and state
paths where the description of the actual
behaviour will be satisfactory.

To achieve the maximum generality,i.e.
the widest ragga of applicability,the Eure­ly mathematic view must be narrowed y tho
requirement of the physical match and inter­
pretation.This will for soils doubtless m an
that the ideal material of any acceptable
constitutive relation should be dilatant
and prevalently plastic.

Among time-independent finite constituti­
ve relations at least partially suitable are
those of isotropic physically and/or ten­
sorially nonlinear materials and linear ani­
sotropic materials.These materials are elas­
tic (dilatanc is therefore elastic too,e.g.
Kelvin effect§.Since actual behaviour is
p1astic,only monotonous loading is admissib­e

On contrary to the above relations,ther­
modynamically correct are incremental theo­
ries of plast1c1ty,state equations of soils
(theories of Roscoe,Rowe etc.) being there­
fore the most porfemttime-independent con­
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stitutive relations for soils st present
availab1e.Their reliability may be further
improved introducing the anisotropic strain­
hardening.The suitability of those rela­tions is reflected in the number of neces­
sary mechanical parameters,highly reduced
in comparison with the finite constitutiverelations;

The most perfect of rheological relations
in use in soil mechanics is at present tho
nonlinear visco-elastic theory of Green
and Rivlin.Being nonspecific for soils its
application in soil mechsnics'is not fully
'satisfactory.It seems appropriate to divide
the creep deformation into immediate (time­
independent) and time-dependent.The author
feels to be promising to try the application
of the state equation of soils where the
strain-hardening parameter would be time­
dependent.Such a formulation of the rheo­
logical equation of the solid skeletoncould form a base for a more reliable theo­
ry of (primary, filtration) consolidation;
The solution.has to be certainly a numeri­
cal one only.

Selecting the approggiate constitutiverelation one must furt r account for two
important criteria! how accurate ro osis
is required and what is the reliagility of
the mechanical parameter measurements.Ai­ming to the qua itative forecast only ormeasuring soil parameters in the field one
is fully authorized to use even very simple
§on§t;tutive relations,e.g. nonlinear elas­10 Q
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NON-LDIEAR ANALYSIS OF FOUNDATIONS. V.G.Fe-1 -"
dorovsky, S.E.Kaganovskaya, \r.A.Barvashov,_
(USSR)

In the recent time some problems of soil
mechanics have been solved with the help of
electronic computers in which rather complex
experimental stress-strain relations / 1, 3 /
have been used. The complexity of such rela­
tions makes it impossible to obtain analyti­
cal solutions even for the simplest problems.As a result of this fact the role of numeri­
cal solutions increases. Usually non-linear
problems are solved on the base of finite
element or finite difference approximation
by one cf_the three methods: :Lncremental,ite­rational or combined one. In the realm of
small deformations all these methods give
about the same results, but for large defor­
mations they often become unstable. At thesame time variation methods of direct minimi­
zation of energy functionals are more cumber­some but more stable. Here below a variant
of a combined incremental- iterational me­
thod of solution of non-linear problems is
given which posesses increased stability.

Let us consider this method as applied to
the problem of a rigid plate on the non-line­
ar base. The problem is solved for displace­
ments and so the Euler's equations for varia­
tion problem as usually correspcnd to the
equilibrium equations expressed in displace­
ments considering a given relation £ = £(_0'
(for example a hyperbolic or a spline one .
Let us assume a small fired increment All for
the settlanent of the plate. The fact that
the :Lncrement of the settlement has been as­
sumed and not of the load applied to the
plate ( AP) :Ln other words the inverted prob­
lem has been solved increases stability of
the method. At the every step values of dis­
placements are variated to satisfy the equi­librium equations inside of the considered
region. At the same time finite difference
equilibrium equations are linearized in re­
gard to the increments of displacements in
the node and corresponding increments are
found. To increase stability of computationprocess the absolute value of the increments
are limited as :Lt is made in the method of
local variations /2/. Modified values of dis­
placements in a given node are considered :Ln
the equations for subsequent neighbouring
nodes. This accelerates in the large extent
the convergencecf :Lterational process. Nhen
a necessary accuracy is achieved the processis stopped ani the next :Lncrement of the
plate settlement is assumed or more fine net
is adopsted for a chosen sub-region of thebase. t appears that for a certain value of
increments of the plate settlement and Jimi­
tations on displacements of internal nodes
the :Lterational process converges even forlarge values of plate settlements i.e. in
the phase when stability is going to be lost,

which fact permits to estimate rather accu­
rately the 'critical load. The method may be
applied to the case cf finite stress-strainrelations and also for differential (non­
holonomic) relations.
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ON APPLICATION OF FLOW THEORIES FOR SOUS
I.N.Ivastchenko, M.N.Zakharov' (USSR)

Investigations of soils under three-dimen­
sional states of stress have shown that app­lications of deformation theories of plast ci
ty for an evalution of strain-stress states
of soil massifs are often invalid (Lomize,
G.\l., Ivastchenko,I.N.,Zakharov, l|.N.,l970).
In continuum mechanics there were suggestedflow theories in which the relationsh p bet­
ween plastic strain increments and stresses
was established (Sedov,L.I.,l970):

P zdei! G[-af/35ij]a'f (1)
Where def; the tensor of the plastic
strain increment; f-the function of loading
that is the equation of loading locus sepa­
rating an elastic domain from a plastic one
in the space of stresses; Gb' -the tensor ofstress; G-the strain-hardening function.

According to (I), the vector of uae plas­
tic strain increment is orthogonal to the
loading locus. The loading locus is usually
postulated to be clcsed,convex,with the ori­
gin of coordinates being within the locus.ecently,the flow theory has been appusd to
the investigations of soil massifs with limit
analysis (for evaluting "upper bound"). In
this case the loading locus was assumed to
be fixed together with the aforementioned
properties of one. There are few investigatic
ons which are necessarg for checking the ba­sic principles of the low theory and formaking one s equations more concrete (Druck­
nT‘~Doc||GibBo¢n| R Es’Henke1| DoJeo

The experimental program presented in the
report deals with the following problems:
the plastic deformation of
l) tne research of a loading locus shape and

evolution when the process of the plastic
deformation o clay or sand is taking place;
2) the investigat on of orientation of theplastic strain ncrement vector deiThe conditions of the three-dimensional

stress-controlled states were due to loading
a hollow cylindrical soil specimen (80 mm in
high, 35 m and 60 mm in diameter) with axi­
al and hydrostatic pressures. The experiments
have been carried out in the special appara­
tus permitting the three principal stresses
ei ,GY , 63 to be applied with negligibledeviations and the stabilized principal stra­
ins e, , e , Q5 to be measured.Remoulded kaolinitic loam and sand were
tested. The loam had water content 12,5%,
void ratio 0.76, plastic limits 20% and 30%
and degree of saturation 0.44. The sand was
medium-grained, uniform and of medium densi­
ty corresponding to void ratio 0.57.

In the testszthe hydrostatic pressure, upto ef =5 kg/om , was applied to the specimen
and only then was varied the stress inten­sity: 2'

611 = 'gr \/fG'1'5a_)21"f6,_"5';)2""(6s 'GJ (2)
In the process of the primary loading with a
fixed value of the Lode's parameter (w thegiven magnitude of plastic strain eg ;

Q' = if V (24 -<’=>2+(@. -€=)2*(@» -ef cn
N4

was reached. Then the specimen was unloaded
(62 =0, 6'=const) and loaded again but with
other M . The increment of the axial plas­
tic strain of the specimen 0.1% was conside­

red to be the condition of reaching the loa­ding locus.
In fig.l one of the investigated loading

de 1/02 0/6,
dfé

d deg fa C16-5
oldé d6’l
65 0,63 dQ3 des

fu, ’. 5“ lQ2 _ -_ » 'Ig °
3

L2of ._ 92° 5 :"  as0 Qi 82 Q3
Pig.l. The loading locus (the trace of the

loading surface on the plane »5kg/cm
1-for the loam =B,5% 52-for the sand é :2.1%

locus trace; (with M =-1) on the plane6 =5 kg/cm are presented for the loam
(Qi =B.5%) and for the sand ( eg =2.1%).Do1;..
ted lines represent the stress paths along
which values 2[5€Q corresponding to the gi­
zeg values of the plastic strains are plot­9 o

The essential features of the obtained loa­
ding locus involved in convexity,smooth
(regularity)and stretch in the primar lo­
ading direction.The shape of the load¥n lo­
cus oiffers significantly from the roung one
especially for the loam and unsymmetrio to
12119 B11-B 64 = 6; = G, .The experiments have
shown that the locus expends as the strain
is increasing in all directions and the lo­
cus doesn't translocate as a whole.

The results of the investigation concerningto the orientation of the vector fr/2' are
presented in fig.2 as a family of the vectors
de’ . d6 which proceed from the points a,b
of the loading locus. The direction of thevector de coincides rather exactl with the
normal one to the loading locus. The relati­
on between modulus of the de’ and the normal

2



cdnponent of the stressincrement vector a/6
also shown for the same points in the f1g.2
may be approximated with a linear function:d€’=?d6' (4)
Component of the 46 tangential to the loa­
ding locus dcesn't cause the plastic strain
(neutral loading). The practical -applica­
tion of the relationship (4) demands the con­
cretization of the function F along the 5,stress path.

Thus the results presented in the report
have confirmed the principal hypothesis of
the flow theory and the vjalidity of the
basic relationship in the form (I) for soils,

61
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Fig.2 The modification of the plasticstrain increment vector deP

with the loading increment
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NON-LINEAR ANALYSIS FOR RIGID POLES

Dr. R.Kapur (India)

Since Winkler (1867) presented the concent
of subgrade modulus, it has been used exten­
eively in the field of aoll mechanics. A
linear variation of subgrade modulus with
depth has been found to fit well for sandy
soils. Although it is understood that the
subgrade modulus is not a linear function
of strain or displacement, this simplifying
assumption continues to be made. Recently,
€XP°H€Uti0n8l and hyperbolic variation of
subgrade modulus with strain or displacement
has been found to fit experimental results.

The author has used a linear variation with
depth and a rectangular hyperbolic relation­
ship with respect to displacement to solve
the problem of s rigid pole subjected tolateral loads.
The equation of the rectangular hyperbole is:_L.l.=1 L_ __ _ __P Ku KI- + pf y ._ .... ... (1)
where y is the horizontal displacement

at any depth z.
p is the soil pressure mobilized at
fdepth z.

Kb is Coefficient of horizontal sub­grade reaction.
K1 is the tangent modulus at smalldisplacement.
pf Value of pressure p at failure.

A linear variation with depth is assumed.

Therefore, equation (1) becomes:

K2z+K3

Where5K2=‘1°¥g/“°D (.... ...(s)
K3=31+A1.yg 5
The horizontal soll pressure, p, at any
depth, i. is given by
P = Kh-Y

Substituting for y and Kh from eqns.(3)&(4)we getx K YD =;z'yg- ._;- »Z~ZJ-_ on-(6)K?z+K3 K?z+K3 n.D
The resultant of the soil pressures acting
above and below the point of rotation can
be obtained by integrating expression for p
as'glven in eqn.(6), from O to nD and nD
to D respectively. Once the two resultants
and the external lateral load is known, the
conditions of statical equilibrium, viz.
sum of horizontal forces equal to zero and
sum of moments about the point of rotation
equal to zero, can be applied. Finally two
equations’would result which have lu besatisfied simultaneously to arrive nt the
required solution.
The two equations are:

Qh- (cp1- cp2).n2 = o ...(7)Rnd ,_ 1 3
Qh.nD -(cp1+cp2) .D = O _ ___(g)
where

1 (B +/.,.y )2 1
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E EZPERIIENTAL INVETIGATION OF A JIEAK
B011 NONLINEAR CDNSOIIDATION .Konovalov (USED

_Experiments accomplished by authors on buil­
ding sites were aimed to the investigationof the deformation nature and its dimensions
of an unconsolidated peat soil after its loa­
din by a layer of sand (one-dimension proh­
lem§ and of a two-layered (sand and peat)soil
after its loading by a round rigid plate
(symmetrical to an axe problem).For the expe­rimental needs four sites were chosen with
almost complex geological conditions and be­
fore the hydrofill depth marks were installed.

For the determination of overall defonmati­
ons developed at the time of loading and af­
ter it the movements of the surface of the hy­
d.rofill,on the contact zone with the layer of
peat,by the depth of the peat layer the sur­
veying was carried out by gecdezical method.
The deformations of the peat layer of one ofsites is shown on fig.l.9 I'_.ii Wil/r 1 J 1

‘ '¢'.'»4>'w<.<w»'~'= if'
gl by 5% %°5  `§ 1, q,4 emu Q
:fax-§:§a~=:=% .E>QPnqfe§9a°¢\!0! 1 I' 9 ” ti”a ,z - - __qw, ® _. . . N" ' ' ` \ _­\ ~ »- ‘° E 2§ S ‘~g u `K \.

'31_® a l
/ly! 501]

The deformations of the sublaying (cohesive
soil :Lncplastic condition) of lm thickgessand init al modulus from 5 to 50 kg/cm gave
the amount of 10 to 15% of the deformation
for the same period of time.The general value
of the settlement of the peat and cohesive
soil layers (the overall thickness is of j,Om)
under the load of the hydrofill 2.7m layer in
gotime of 4 months was a little more thanGmc .

For the calculation of design deformations
of the weak sublayer the Zareteki nonlinear
theory was used.H’ =°IP (-aq) (1)
where "_,°=(E_ 61)/(£“’£_

E(°)and éck) - the enitial and the end
value of the porosity coefficient,

a - parametre of the compres­
sion curve,

q - unit pressure (Q/GIII2)
The overall compressibiliw of the peat under
the load of 0.gkg/cm2 calculated by means ofthe formula (2( were near to the re 1 defor­I

mations. 8_6:_£{-if., _ 5=Z}»li§where i"7T“(§f5} gl (2)
The investigations of v ti 1 d f

Gina two-layered subsoil gystga "s§n3r2:3iggsll under loaded rigid plate were done for

plates of 1000, 5000, 10000 sq.cm area.The
thickness of the sand hydrofill on peat stra­
tum was from 1 to 5d (where "d" plate diame­
treg. The peat stratum thickness was of 1.5to poems

The plate investigations were done in 6-15
months time after the sand hydrofill.So the
two-layered soil was taken in account as a
fully consolidated.

An example of a curve of the vertical move­
ments of a two-layered subsoil unler loaded
plate is given on f:l.g.2.ffrtfe/nr/If M' _V _ J yv - _ : vu-1--:jj F.,

"5\ \ -1 i gg;gm­` an 5,K -1| E . ."\ 5 E '_5 H -H ` `
.jg fkgl

Ay.;

The analyse of investigations permits ut toresult:
l.The settlement of the plate increases upfrom 5 to 2.5 times as the thickness of the

upper sand layer decreases from 5 to l diamet­
re of the loaded plate.The defornntions at
the contact zone increases up to 7-to 10times.

2.The deformation at the contact zone in re
lation to the settlement of the plate is of _
50% for the thickness of the send hydrofillequal and is of 10-20% for thickness of three
diametres.

5.For small thickness of the upper dmse
sand hydrofill (equal to l diametre of the
plate)as the pressure increases 'the deformati­
ons concentrate in the weak stratum in the _zone little bigger than the surface of the
plate in plan.In this zone the vertical defor­
mations of the soil are 10 times bigger then
the some deformations at the distance of 1-1.5
diametre from the edge of the plate.
Fig.1. A geological cut with depth marks (a')

Legend: 1-sand-hydrofill, 2-peat, 5-co­
hesive soil in plastic condition,4- sand.

Curves of sand kvdrofill and soil layer de­
formation under load (b'): The Nos. of curves
(on the right correspond to the Nos. of the
depth marks (on the right).
F1g.2. Curves of vertical deformations under

the plate and at the contact zone
(sand and peat).
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5TRESS'STRAIN BEHAVIOUR OF COHESIVE SOIIS.
B. LeLievre, E.L. Matvas, B. Wang, (Canada)
Introduction
The rapid increase in the capac1ty_of computers has
emphasized the desirability of determining better
constitutive models for soils. Consequently, a
considerable amount of testing has been done in the
hope of producing a relatively simple constitutive
relationship capable of modelling soil behaviour
quite closely. Unfortunately, the behaviour of
soils has so far proved too complex to achieve this
aim.

This paper presents the principal observations from
an extensive testing programme on saturated cohe­
sive soil.
Limitations of space do not permit a complete
review of work in this area and a significant know­
ledge of previously published material has
necessarily been assumed.
Stress and Strain Parameters
The stress parameters used under 'tr1axia1'condi­
tions are the hydrostatic stress component

o = éggi + 205) and the deviatoric stress compon­
ent q I (gi - qs), where qi and U5 are the
principal effective axial and radial stresses res­
pectively. The associated volumetric and distor­
tional strain increments ore rcopcctlvoly dofinedss
Sv ' (5811 + 25633) and 56 ' (6811 ' 1/36v)
when 5811 and 5¢33 are the natural axial and radial
strains respectively. Compressive strains are con­
sidered positive.
Representation of State
According to the hypothesis regarding the existence
of a unique (p, q, w) 'state' domain bounded by
surfaces of limiting state which has been developed
in successive works by Roscoe, Schofield and Wroth
(1958), Roscoe and Poorooshasb (1963) and Roscoe
and Burland (1968), the successive changes in state
of a soil element which continues to yield volume­
trically when loaded from an initial state on the
virgin isotropic consolidation curve will trace out
s path on the surface EFCD shown in Fig.(l). State
paths of drained tests which remain on the surface
EFCD will be consequently associated with large
irrecoverable volumetric strains. The volumetric
strains associated with state paths within the
state domain are largely recoverable.
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The three-dimensional representation shown in Fig.
(1) may be transfonned to the more convenient two­
dimensional form shown in Fig.(2) as described_by
Roscoe and Burland (1968). In Fig.(2), pe is the
particular stress on the virgin isotropic consolid­
ation curve corresponding to the current water
content of the soil element; the curve AB repre­
sents the surface EFCD of Fig.(l) and the line BC
represents the surface DCBA. The surface repre­
sented by the curve AB of Fig.(2) will be termed
the Normally Consolidated State Surface.
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Sample Preparation and Test Procedures
Powdered kaolin (LL = 702, PL = 381, Z clay < .002
m = 65%. Activity = 0.5) and deaired water were
mixed under vacuum to give a slurry with a water
content approximately twicb the liquid limit. The
slurry was then consolidated one-dimensionally to a
water content just below the liquid limit. The
detailed testing procedures have been described by
Wang (1972). An important feature of the programme
was that most drained tests were performed in a
load-controlled manner in which load increments of
about 5 psi were applied sufficiently slowly to
restrict the rise in pore pressure at the centre of
the sample to about 1.0 psi and then each increment
was maintained at a constant value for more than
25 hours until the creep rate was very low. In this
way, all measured deformations referred essentially
to equilibrium states.
Strain-controlled tests were tested at a deformation
rate of .000l2 in/min which was found to be suffi­
ciently slow to provide results comparable to those
from load-controlled tests though some slight
deviation could be noted,
Tests Results

(1) Uniqueness of the Normally Consolidated State
Surface: The existence of the Normally Consolidated
State Surface was demonstrated by a variety of com­
pression and extension tests with different stress
paths. The stress path for a typical test is shown
in Fig.(3). The associated volumetric strains and
state path are shown in Figs.(&)‘and (5) respective­
ly. It can be oecn that thc state path remained
on the state surface during the entire test fran
the compression zone to the extension zone.
Space does not permit other tests to be described;
however, the results of all tests performed, inclu­
ding those in which a reversal of the stress system
was involved, indicate that the shape and location
of the Normally Consolidated State Surface was
remarkably consistent.
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-so- _ sample was first isotropically consolidated to
“G-3 STRESS "T" point 2 of Fig. (7) and then loaded along the pathoe, 2-3. The distortional strains observed for these, , standard compression tests are also given ln Fig.06- (8) for purposes of comparison.

"*%°4; The result of other tests also confirmed that_ volumetric and distortional strain yielding can02- occur independently but space limitations prevent0 their inclusion.
4 '°e§f 4 2 2°_%° A second conclusion which has been tentativelymade-01 regarding the observed distortlonal strains is that

Q - the soil's memory of it's previous loading historyW~;04 is effectively erased as soon as the stress system
is reversed from a compression state to an exten­'° sion state and vice-versa. This phenomenon is

3 _°e; illustrated dtagrammatically in Fig.(l0), where the
F|G,6. DISTORTIONAL STRAIN

Some inconsistency occurred, however, in the
results of tests with stress paths in which stress­
reversal was simultaneously combined with increas­
ing values of the mesn normal stress as discussed
by Lellevre, Matyas and Wang (1972).
(11) Volumetric and Distortional Strain Yielding:
The test results appear to indicate that volumetric
strain yielding and distortional strain yielding
are governed by different criteria. As notedabove,
the state boundary surface appears`to define the
(p, q, w) condition for volumetric straining to
occur for most of the stress paths studied. How­
ever, referring to Fig.(6) which shows the distor­
tional strains associated with the stress paths
given in Fig.(3), it can be seen that yielding
is occurring during the stress path portions 0-l
and 2-3 but yielding does not occur over the stress
path portion 1-2. Furthermore, the magnitude of
the distortional strains which occur during the
stress path portion 2-3 are almost identical to
those which would be obtained from the sample had
it been first isotropically consolidated to point
2 of Fig.(3) before being loaded in extensionalong
the path 2-3."
To illustrate this behaviour, Fig.(7) provides the
stress path for s test which was loaded along the
path 0-l-2-3. The associated distortional-strains
are shown in Fig.(B) and the observed state path
for this test is given in F1g.(9). The distor­
tional strains'for the path 0-1 (Fig.(8)) agree
closely with those for the path 2-3 of Fig.(3).
_Also the distortional strains for path 2-3 of Fig.
§7) agree closely with the distortional strains
which would be obtained from tests in which the

actual stress paths followed by typical tests are
shown on the left hand side of the figure with the
final stress path portion being indicated by the
continuous line. The distortional strains_associa­
ted with these final stress path portions were
observed to be respectively similar to tests with
the stress paths shown on the right hand side of
Fig.(l0)
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Stress-Strain Models
The soil behaviour which has been briefly discussed
lu Lhls paper has so fur proved too complex rn
model ln any simple form. Investigations at the
University of Waterloo are in progress using finite­
element analyses and a modified 'Cam-Clay' model
of the soil behaviour (Roscoe and Burland (1968))
with the aim nf investigating field stress paths
to determine what degree of complexity of constit­
ive relationships is actually required for practical
application.
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EARTH PRESSURE ON TIED QUAYHALLS. A.A. Loizoz
(Greece) J. Forati (Iran). H.B. Poorooshasb (Iran).

Development of pressure acting on smooth vertical
faces of the earth retaining flexible walls of a
quaywall tied at the top is discussed taking into
consideration non linear soil deformation, wall
deformation and their compatibility.
In figure 1 flexible wall AB of height H is shown
and is assumed to be firmly embede in the under­
lying strate i.e. at point A both deflexions and
votations are assume to be zero. At point B the
wall is assume to be tied (say by non yeiiding tie
bars) so that at this point only deflexion is zero.

s
F’

_m

. N
-.-I “

4 fy/
Three space variables are employed. Parameter h'
representing the height of filling assumed to be a
non decreasing function of time, variable x' repre­
senting a typical point on the wall and variable
z' such that z'<x'. It is convenient to use nor­
malized space parameters h=h'/H‘, x~x‘/H and z=z'/H.
(i) Compatibility- Let w' represent deflexion of
wall at point x' at the time when height of filling
is h'. Also let s' represent the corresponding
extension of the soil layer in the horizantal dire­
ction. Since these deformations must be compatible.

QQ = bsSh 5F
or w(h,x) = s(h,x) + f(x)
where again w = w'/H and s = s'/H have been used
for convenience. Obviously f(x) represents the
normalized wall deflexion at the time when h was
equal to x. In other words the above equation maybe written as 1
w(h,x) = s(h,x) + Nfp(x,z)i(x,z)dz 1
where p(x,z) represents the pressure distribution
on the wall at the time that height of filling had
reached level x. Parameter i is the deflexion in­
fluence value (also normalized) at point x of a
unit horizantal knif edge load acting at point z.
Its value is obtained froma 2
waz) ={(1-1) [(1+z-z2/2)x _ 3(1-z/2)zx J_- (x-z):?
(H2/6EI)
where El is the flexural rigidity per unit lenght
of the wall.
(ii) Soil Deformation- Assuming the soil to be rigid
strain hardening plastic and following a stress­
strain law as proposed by Poorooshasb et all (1966­
1967), Forati (1971) has demonstrated that the
relationship between the total lateral principle

strain 6 and the ratio of U;/f,1s unique provided
that unlgading does not take place and also that no
rotation of the principle stress ales are encountered.
Thus according to Forati 63 = e3(vg/61). In this
analysis this functional dependency is assumed to be
linear for simplicity. Thus if the distance between
the two supporting walls of the structure is assumed
to be 2b the extension is the horizantal direction
of the soil layer may be obtained from the relation­
ship
s = s'/H=(xb/H)[ko-p(h,x)/H‘J(h-x)] 2
where Xand kg are soil constants, #its density and
p(h,x) the horizantal pressure at point x when the
height of filling is equal to h.
(iii) Nall Deformation- Assuming the supporting walls
to be constructed of linearly elastic material, then
deflexion at any point x may be related to pressure
p by equationJ4w(h,x)/8x4 + H3p(h,X)/EI if o 3
Thus the solution to the problem cited may Ee obtained
through the solution of the set of equations statedbelow: 1
w<»=.><> = s<h.»<> + Hfp<»<.z>i<»<.z>dz

s£`h,x) - '05/H)[k0 = p<>/Huh-xi] ___1z /ax4 + H p/E1 =o
Solution of Set I. The method of solution adapted
by the Authors uses a process in which the rigidity
of wall is "relaxed" in stages. Thus starting from
a rigid wall p(x,z) is evaluated and the integral in
in first equation of set I obtained. Now using the
value thus obtained and employing a flexural rigidity
value corresponding to a semi rigid wall w is obtain­
ed from the first and second equations by ellimina­
UOI1 of Vaflable S- The resulting expression is in­
serted in third equation to obtain a differential
equation in terms of p the pressure distribution.
The process may be repeated if need be. The first
step of this analysis is described here for clarity.
F°" 3 l"|9'id Wil`|_U = °°. w = S = 0 and hence from
the Se<=°f\d equwon p(x.z) = k0H l((x-z) which is as
expected. Now substitution for this value of p(x,z)
xndxgrom second equation4{B§ §(h;x) results in= ° - Efmrl TV v‘ ’
wherg ggx) i f ion f x only and is obtainedfrom th integral of the first equation. Now let a
solution for p in the form p=k0lfH(h-x)¢be sought.Then substituting for this value ofp n the express­
ion for w and using the third equation of the set,
alsa employing a new parameter y = x-1 we obtain

6% - y¢= 7y;-19.5y2 -1sy - 2.5 4
where B=(§;). (xgé) . The solution to equation 4 isin the fo
¢= Zany"
with a recurrence formula for an given by
an = 2a _

0(n)(n-1)(n-2)(n-3)
The constants ao, al, a and a3 are determined by the
boundary conditions that at y = -1 and y = 0,¢= 1
and d¢/dy = 0.
R E F E R E N C E S 1
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GENERAL ONE-DIMENSIONAL CONSOLIDATION THEORY
@ HTCEEY C0m7RES'S'1'FIIE CFKTS. M. Hilasa
Uapan)

A general theory for the one-dimensional
consolidation of homogeneous saturated highly
compressible clay, published in 1963, is sum­
merized here as concisely as possible.

Used assumptions are the following three.
1) Soil grains and water are incompressible.
2) Pore water flow obeys Darcy's law.
3) The compressibility of soil structure is
not time-dependent.

By using assumption 1) the following equa­
tions are derived from continuity condition
of pore water flow.
Non-stationary Qi- = ill (l)
(during consolidation) at 32

Stationary _ _ . v = v (const.) (Z)(after consu1|daLiun) °
where d£(- -df/f) is the increment of compres­
sion strain (f=1+e; volume ratio) and v is
the superficial velocity of the pore water
flow.

Assumption 2) givesv = k-i (3)
The seepage force of pore water upon the claystructure is _i ' 1°fw (4)
The body force acting upon the clay structure
downwards is _ap/az - 5 + 1' cs)
where is the submerged unit weight of clay,
and p is the effective stress.

Assumption 3) allows us to define the comp­
ressibility mv bymv - df/dp (6)

Combining Eqs(3), (4), (5), and (6) webt '
o ain V = Cv(g_i_ _ mvlu) (7)
where Cv (=k/mvf ) is the coefficient of con­
solidation. Inserting Eq(7) in Eqs(l) and
(2), and taking Cv as a function off , we
obtain the following consolidation equations.
Non-stationary'_ I *JC @_d VTif was  .www <»>
Stationary

Now in the case of compressible clay, z
coordinate of each clay element changes its
value during consolidation process, and Eqs
(8) and (9) cannot be duly integrated for
finite strain. To overcome this difficulty
a new notion of ori inal coordinate z.(z co­
ordinate in the origina state in which the
clay is supposed to have the same volume ratio
f°(=1+e.) everywhere), together with the fol­
lowing three quantities concerning compression
strain, are introduced.
Compression ratio I - fo/f (10)

H2

P

Natural strain Eilléfdoge( “)-lege! (11)

Nominal strain igggz = fgéf - 1- (12)
Using these, Eqs(8) and (9) are transform­

ed into the following equations valid forfinite strain.
Non-stationary

Stationary

5'=€= mv/' +  <~>
These equations have very wide generality be­
ing free from the following six assumptions,
which are necessary for the Terzaghi theory:
4) Finite strain and 5) self-weight of clay
do not affect the consolidation. 6) cv, 7)
p¢(conso1idation stress), B) k, and 9) mv
remain constant during the consolidation
process.

Assumptions 4)‘ S), or 6) may effectively
be used to simplify Eqs(l3) and (14), when

factors are consideredtho effects of such
small. A series of equations derived in this
way were calculated
good agreement with

for many cases and showed_ the experimental results.
(MIKASA,1965; MIKASA and TAKADA,1973). The
effects of finite strain and self-weight of
clay, for example, were both found to accele­
rate the consolidation speed of compressible
clays considerably.

If assumptions 4), 5), and 6) are applied
together, consolidation equations are reduced
to such simple forms as follows:
Non-stationarySt %% =  H152ationary d_€_ = Ldz Cv (16)

Eq(lS) being the_same in form as the Terzaghi
equation, it would not be worthwhile to trans
form the former into the latter by applying
three additional assumptions 7), 8), and 9)
restricting unduly the applicability of the
theory. Note here also that Eq(lS) has a
vast stock of evidences to support it already
in the numerous consolidation test data on
compression strain, that have long been cunsi
dered to support the Terzaghi consolidation
theory.
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M NOTE ON THE STRAIN CQF ITION FOR SAND AT FAILURE.
P. W. Mitchell (Australia)

To understand clearly the stress-strain behaviour
of sand, it is necessary to investigate its behaviour
at the failure state.

Numerous investigations have found that the Mohr­
Coulomb failure criterion, with parameters determined
from conventional solid cylinder compression tests,
provides an adequately safe estimate of the strength
of sand. While there has been considerable investi­
gation of the failure stress envelope, the strain
condition for sand at failure under generalized stress
conditions has not received the same attention.
An investigation carried out at the University of
Adelaide has examined the drained deformation
behaviour of a medium dense sand under three-dimen­
sional states of stress by means of the hollow
cylinder compressionntest.

In classical plasticity, the plastic potential is
identical with the yield surface. However, taking
the Coulomb criterion as the yield surface at failure,
an unacceptable dilation rate for sand is predicted,
and hence the association of the plastic potential
with the yield surface is not valid for this material
(Poorooshasb et. al. 1967). To define the observed
plastic potential at failure, recent investigators
(Davis 1968, Roscoe 1970, James & Bransby 1971),
have substituted a parameter W for the Coulomb
friction angle ¢, and have obtained strain rates at
failure not associated with the Coulomb stress
criterion.

For an accurate determination of the strain rates
occurring in a deforming soil mass under generalized
stress conditions in the field, it is of importance
to examine the shape of the plastic potential surface
in three-dimensional principal stress space. If the
shape of the plastic potential function is of the
Mohr-Coulomb hexagonal pyramid type, then the strain

stress conditions at failure. Only for the case of
plane strain do these strain rates, associated with
a plastic potential of the extended von Mises shape,
reduce to the strain rates associated with s plastic
potential of the Mohr-Coulomb type (equation 1).
If c , e and c are the principal strains, then1 2 3from (2)

tl + E2 + ca I 3 a A . ..... (3)

§ L(é1 - ez? +<e1 - e3>2 + (e, - ¢3>2J" = Q <10

Equating (3) and (4) through the parameter A, and
substituting E2 I 0 for plane strain, it can be shownon rearranging, that

é + é1 3 3+r - é
51 ` 53 V1 - Jo:

Equation (5) becomes identical with equation (1)
if - sin W is substituted for the constant on the
right hand side of equation (5).

The use of a plastic potential not associated with
a failure criterion has the advantage-that it can
accurately model the behaviour of sand at the failure
state. However, whereas the failure stress condi­
tions can be safely defined by the Mohr-Coulomb
criterion, experiments have found that the strain
rates at failure_are associated with a plastic
potential surface of the extended von Mises conical
shape. Only for the case of plane strain, does a
plastic potential-of the Mohr-Coulomb shape describe
the strain rate behaviour of sand at failure.
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rates at failure are:

él + éa = - (tl - &3) sin ¢ ........... (1)
Equation (1) takes no account of the strain in the

direction of the intermediate principal stress.
lt; appropriateness in describing the strain rate
behaviour of sand at failure under arbitrary stress
conditions, can be established from its observed
behaviour in three-dimensional laboratory shear
EEBIZB.

On the basis of results from the hollow cylinder
compression test, it has been found that the plastic
potentials in three-dimensional stress space are
bullet-shaped surfaces of revolution about the
hydrostatic axis. Hence at failure, the plastic
potential surface is of the extended von Mises
conical shape, and the strain rates are defined by. _ _ %

:ij A{a6ij + (oij (Jl/3) Gij)/2J2 } ..... (2)
where n is s soil constant related to W, A is a non­
negative parameter related to the state of plastic
strain, and J1 and J2 are respectively the first andsecond invariant of stress. Equation (2) describes
the rate of deformation of a sand mass under general
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PREDICTED AND H ASURED SEHUIEMENT OF ROAD
EMBANKM NTS, R T Murray (England)
INTRODUCTION

In recent years there has been a considerable upsurge
in the development of non-linear theories of consoli­
dation. Although such theories are extremely valu­
able in leading to a greater understanding of the be­
haviour of soil, research being carried out by the
Transport and Road Research Laboratory and elsewhere
has indicated that a major source of error in calcul­
ating the rate of settlement arises from differences
between the field and laboratory compressibility
parameters.
The Laboratory has been carrying out a comprehensive
programme of field studies of the settlement of road
embankments constructed on compressible subsoils.
Computer programs have been developed (Murray 1972)
which take account of both the stratified nature of
the subsoil profile and the non-linear behaviour of
the consolidation parameters.
This Report gives a brief deneripLlun of Lhe Aesults
at two recent settlement studies and supplements
earlier studies which have already been published.
GENERAL
The eubsoil conditions at both sites consisted of
highly compressible alluvial deposits of recent
origin. In Fig 1 are shown the coefficients of con­
solidaLiun (Cv) and volume comprcooibility (Mv) for
the site at Oxford. These values were determined
from laboratory tests, for the mean of the initial
and final effective stresses. Also shown are the
coefficients of consolidation determined from measur­
ements of in-situ permeability used in conjunction
with the laboratory values of Mv. The corresponding
consolidation parameters for the site at Over are
Shown in Fig 2. The field coefficients of consolid­
ation at both sites are generally much greater than
the corresponding'laboratory values.
MEASURID AND CALCULATED SETTLEM NTS
The scttlcment records for the two sites are shown
in Figs 1 and 2. The results of the settlement
analyses, shown in these figures, were based on a
multi-layer theory of consolidation assuming one­
dimensional drainage as the embankments were wide in
relation to the depth of compressible strata.
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indicate that the rates of movement were
much greater than was calculated on the basis of the
laboratory coefficients. However, the magnitudes of
the measured and calculated ultimate primary settle­
ments are likely Lu be in reasonable agreement. The
relations between settlement and time based on the
measurements of in-situ permeability show much closer
agreement with the measured settlement. To study the
influence of non-linear behaviour of the soils during
consolidation, further analyses were carried out in
which the consolidation parameters were varied with
changes in effective stress (Figs 1 and 2).
The calculated relations between settlement'and time
using the non-linear method of analyses (Curves 2
and N, Fig 1) at the Oxford site show slightly closer
agreement with the measured settlement than was prod­
nned hy the analyses which involved the use of,con­
stent parameters (Curves 1 and 3). However, no sign­
ificant improvement was obtained at the site at Over
(Fig 2), confirming that thedifferences between the
field and laboratory coefficients had the greater
influence on the settlement calculations. ,
CONCLUSIONS
The results'of recent settlement studies at two road
embankment sites indicated that non-linear analyses
did not significantly improve the`settlement predic­
tions. It is much more important to employ coeffic­
ients of consolidation which are representative of
the mass of the soil in-situ rathbr than values de­
rived from small-ocalc laboratory tootc. These find­
ings are consistent with the results obtained from
other similar studies carried out by the TRRL.
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AN INCHEMENPAL fmaosr OF 11-mas DHVIETBIONAL CONSOLIDA­
TION. H.ohta and s.Heta (Japan)

A theory of three dimensional consolidation is pre­
sented based on the incremental stress-strain relations
generally applicable to the clay which had been aniso­
tropically preconsolidated with the application of' both
the _effective mean principal stress o' and oatahedral
shear stress 1- =ka' and then has bggn swollen up
with the reductfgn o'f0-r t and a' from the values at
the virgin eonsondac1eS" to 1  and ex where thesuffix ~: 13 denoted to 1:m:¢1:¢z°" 1n enemeenee that is
the stress state of' clay prior to the application of
three dimensional load. 'Ihe void ratios corresponding
to the virgin consolidated state and the initial state
are respectively represented by ao and ei. when o‘.=
e' ard 1 c .=1<e' , it becomes e.-=e0 and the clay missgfd to bg ffm nomally consolidated state.

'Ihe clay layer in the initial state is to be loaded
in its local area and to deform inmediately with the
undrained condition. we continue to discuss assuming
the change in the total stresses due to the application
of load is known at any point in clay layer. Ohta and
Hata(l97l) showed that (a) 'lhe clay is in the elastic
state when the octahedral shear stress after' the appli­
cation of load does not exceed the value of 1-oc tp givenby 1' = 0' (k- 1n"i} (1)

octp mi + (1+sg)\»I 0,30
where the upper and lower sigrs correspond respectively

to the cases that 1- ¥/a' after the application of' loadis greater and snalls mthan itsvitrgin value k, 1, »<
are the compression index, swelling index in the e-Zno'
diagram and u is the dilatancy index. 'Jhe effective "'
mean principal stress remains unchanged from o‘. in
this case and the set up pore pressure is the differen­
ce between u‘. and o that ls the total mean principal
stress aftermthe application of load. fb) 'lhe clay is
in elastic-plastic state when -r t exceeds 1- andeffective mean principal stressoo rmrst be relE€€d with
-root in the way thaét_ T

M te. _ e + 11.1 -T +<1+e°>»<l- - 10' 0.L 0 Uma - Um
'Ihe pore ressure set up at a oint in c er isP D lay lay
the difference between the total and effective mean
principal stresses. In this way we can determine the
pore pressure field in the clay layer which is to be
dissipated by the expulsion of the pore water. It is
noted that the effect of rotation of the principal
stresses are not taken into account here.

The rate of dissipation of pore pressure depends
primarily both on the relationship between the void
ratio and the effective stress state and on the perme­
eb1111=y of e1ey. ohte and Hata(1971) gave the mere­

mental stressyid ratio relations as follows
dv=T1L;1g elasticstate (3)1. m

md (1+e0)\-I dar; A
dv ' 1 + ei I or;|{(1+eo)u + og. ]' 06 1

elastic-plastic state (4)
where du is the increment of volumetric strain. Cormi­
ning eqS(3) OI' (ll) with Darcy's law, we get the Dmda­
mental equations of three dimensional consolidation

- ‘root + drgct

Y!(km au) _ 3('fy_ au) _ ass Bu)
' ax pw Dx 3y pw ay az pw 3:

IIS

\< 1_£" cr-u3|:1 + 61: m

elrmtin state (5)
b(k:c Bu) 3(l<y_ Bu) 3(ks 314)

'axpwan _ Bypwhy -310,0 32
r1 1 oct Q

' 1+ 81; Um ' u[ A f(1+6°)‘ Um ' ulac

elastic-plastic state (6)

where u is the pore pressme, p is the density of
water and k , k , k are the coefficients of permeabi­
lity in ne, f, sydiréctions. On the process of reduc­
ing eqs.(5) and (6), the unaltered total stress state
during the consolidation is assuned although this is
not valid for most of the consolidation problems, but
acceptable by the practical engineering sense.

Solving eqs.(5) or (6) with the initial state of
total stress distribution and initial pore pressure
distribution throughout the clay layer and with the
boundary condition of the pore pressure, dissipation
process of the pore pressure can be clarified because
in eqs. (5) and (6) we have constant 1- t and o .
unferuumrery these equatiom are in t88 eempnteted
forms to be solved analytically. 'Ihen we have to
carry the numerical calculation in order to get the
practical informations. with the initial values of
the coefficients of permeability defined to each
point in the clay layer, and with the lmowledges on
the initial states of pore pressure and total stress­
es, we can beginto solve eqs.(5) OP (5) numerically­
On the progress of the pore pressure dissipation, the
values of coefficients of permeability rray change in
the way that should be clarified before the conputa­
tion. In this way, the dissipation process of the
pore pressure induced in the clay layer by the load­
ing can be lmovm.

In the current analysis of consolidation process,
the settlement is estimated from the void ratio chan­
ge of clay induced by the expulsion of pore water;
But it is the physical reality that the reduction of
pore pressure causes not only the void ratio change
but also the further dlstortional defornation of clay
1n eleeuie-plastic state. once and Hata(1973) sive
the time derivatives of strain as followsBe U'~;Q'_; »< i m..at a1+e 5”1: UQ 9t elastic state (7)
38. . 1 + 20 _ T1,1 = ). Dat Gij_L___ ___ __
an 3% 1 + ei[{(1+e0)u + U51 3

Bo+ 1 , _ . J
'§(°~;,j °m°¢,1)]ae

elastic-plastic state (8)
HEFERENCES:

outa;-1. and Hata,S-(1971) ,on the state surface of en­
isotropically consolidated claws, Pz»oc.J.S.C.E. , No196

Ohta,H. and Hata,S.(l973),Imned1ate and consolidation
defornntions of soft clay stressed by uniform strip
load, Proc. Sth Int. Conf. on S.M.F.E'., Moscow.



me use or ISOTACHES IN 11-15 coNsouoA1|oN
WALYSIS. |..$Z.1<|ia (Yaaa.|av1a)

As early as in 1957 the suggestion had been given
(Sulrlle 1957) to represent oedometer test data by iso­
tache sets

e =lie (6')]
Since the consolidation of natural layers, whose thick­
ness normally exceeds 1 m, rarely occurs at speeds é ofthe void ratio change larger than 1O'9 sec' , the isa­
taches can easily be obtained from secondary branches
of consolidation lines. The suitability of a certain rheo­
logical scheme to the short-term primary consolidation
of laboratory specimes is of minor importance and cannot
be considered decisive in analysing the consolidation of
thicker layers.

é=const

Rheological relationships of Kelvin’s models with either
linear or non-linear elasticity and/or viscosity Qee Mrs.
Bottelino's paper in the Main Session 1 ), md equation

. =a° - A (0’- Go) + (-a )° a (o'- 6o)"
suggested by Poorooshasb (1969) and Svapatham are
exarrples of analytical expressions for ls otache sets. ln
our experience, the following function has often been
proved to suit the experimental data:

n

e =  [al (6,/6°)l] ' [ln(é/éo)] l/C .

,Q [b,< 676°)l] (sul. 1969-b)=D

The above equation can be Qplied for several sections
of the entlre isotache set by considering continuity con­
ditions in the llnklng polnts between the sections.
If the lsotoches cs well as consolldatlon curves are

slnulght lines ln the respective (e, log 6'/50) and

(e, log t/to) coordinate systems, the analytical expres­sion for the isotache set ls:

é/éo = exp{|:A + a ln (6750) - a] =
[C + D ln (67 0°)]} (Suklie aaa smaneaa 1972)

If the lsotaches and the consolidation lines are straight
in the respective

(|°s 9/eo. |99 6'/ 60) and 099 9/eo. |99 t/fo) Systems.
the equation of isotaches is:

- é = a A al°"')/° 6"/d (saklia 1972)
In Author's opinion, this equation applies also to "time
lines" when they are straight, parallel and gouidistant
in the (log e/eo, log O'/ 60) system. Taylor's assump­
tion that the time lines of thicker layers coincide with
those of thinner samples (Taylor 1942) requires independ­
ence of rheological relationships on the effective stress
lncreaseédyd t.

ln some consolidation studies, the cppearance of the term
c)67dt in the rheological equation of the soil ls due to
the Hookean spring when connected ln series with other
elements, e.g. with a linear or non-linear Kelvin ele­
ment. The unsuitability of such a connection has been

discussed elsewhere (Suklie 1969-a).

For radially symmetric space consolidation analysis, expe­
rimental data of triaxial testing can be used in a similar
way (§u|<Iie 1963-a, §a1<|;a aaa slmaacie 1972). oaa to
dilatation effects, different isotache sets result for differ­
ent deviatoric stress components. The Author ha suggested
(Suklie 1969-b) to express these effects by isotache sets
corresponding to stress states whose Mohr' s circles have
straight envelopes
‘tm = a/F + (tan£P7F), F> 1 =

Q/

e = llie(6 il é=const F=const°
If we assume that, at any time t, the total stresses are
known and, lf the boundary conditions are given, appro­
priate analytical expresslons for rheological relationships
and forthe dependence of the permeability on void ratio
l< = k(e) can be inserted into the Terzaghl-Biot differ­
ential equation of consolidation and this equatlon solved
by a numerlcal method. The numerical procedure can be
considerably sirrplified lf, In the observed stress domoln,
the function l5(e) is replaced by an average value
lr = const, or if the terms containing the differential
quotients of k with respect to the position coordinates are
neglected, but in the remaining terms the variatlan
lr = k(e) taken into account. lf the varlatlon of the
coefficients l< In the considered stress Interval ls nul lou
large, such approximate procedures seem to be iustifled.

Graphical md numerical solutions based on isotache sets
(Suklie 19$, 1964-a aaa 1966, Suklie and Kogovielr
1968, Suklle 1969-a aaa b, §a|<|ia and srmaaese 1972,
Suklb and Kozak 1972) have proved that Initial porosity,
loading speed and interval, length of seepage paths,
permeability and saturation exhibit important influence
onto the pore-pressure and settlemerrt development. Our
future efforts have to be directed towards finding a more
Qpropriate approach to the consolidation analysis in
statically indeterminate stress conditions.
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ONE-DIMHNSIONAL PROBLEM IN THE CONSOLIDATION
OF MULTIPHAGE SOILS TAKING VARIABLE LOAD AND
PRESSURE HEAD ON THE BOUNDARY INTO ACCOUNT.
Z . G. Ter-Martirosyan , (USSR)

Conditions are frequently encountered in
engineering practice when it becomes neces­
sary to predict processes of consolidation,
taking into account the rate of application
of the compacting loads, as well as the ef­
fect of time-dependent boundary pressure he­
ads. Such cases may include the behaviour of
the soils in the base (foundation bed) of
hydrotechnical structures and large reser­
voirs, the comp ation of the clay core in
dams the consolidation of a buried clayey
inclined bed overlying a pressure head leveland subsidence of the earth‘s surface due to
the pumping of underground water.

'1‘o be dealt with is the one-dimensional
problem of the consolidation of a layer of
soil of thickness h, lying on a fissured
filtrating rock base, under the action of a
time-dependent compacting load and at time­
dependent boundary conditions U(o,t), U(h,t).It should be noted that the water pressure
U(h,t) will give rise to additional stress
in the skeleton of a multiphase soil,and sho­
uld be dealt with simultaneously as a boun­
dary pressure and as a supplementary compac­
ting load. Then the equilibriumequationwil be of the formu(l|t)+  (1)

For the sake -of generality we shall assume
that the soil medium is an elasto-creepingcompressible i­porous medium,filled with a
quid (gas-containing water).Here the diffe­
rential equation of the one-dimensional prob­into account the

water, can be
lem of consolidation ,taking
compressibiliw of the pore
wrigigan in the form E I ( )+ e  = gf 2 U 2T Q" at /;, /f az*
where U = pore pressure

]f.= unit weight of pore water
K = coefficient of permeability

coefficient of volume change of the
pore water, determined by the equ­
ation (proposed by the author in
1965): /_`7»v‘MT­

Bw:

where IW = degree of saturationPa = atmospheric pressure.
The equation of state of the soil skel eton

can be represented in the form of the here­

f

E’(I»})~ e1¢1= 6H>)~a.,~ Gln) yélltlildr

ditary creep:

'D

i

where e(t) and e( BL) = time-dependent andinitial void ratios
6'(t) = time-dependent stress in thesoil skeleton

am = coefficient of instantaneous
volume change

Ofév-coefficimt of total volume
change,determined by an equation
of the type

0/ff F/= CL. + Q¢ fl- <2XP[-aff-v)J} (4)
coefficient of long-term voluns
change
creep parameter of the soil skele­
ton.

where Ae=

Q:
Combining equations (2) land (5),and taking

into account equation (4) and the equilibriumequation (1), the followiu is obtained:

~3$#+Qs-fff»=§f[§#f»+'¢% <5>
wfw===°f/¢; = A I 9/w+u14,¢;]+s[¢/f/fur ,f/J ;

Q: dm-0e+ .E _(j, /#5)/< _
-+¢z..e f ',)f,.(O,,,.+ ...ey

’4’g,,,+ ei" 5: fare;
According to the initial propcsition,theboundary and initial conditions can be writ­

t°” 1” the f°"“‘ U-{0,t)= X1l¢); U(»?,f)=7¢¢ It)

second initial condition
an equation of the form

Moreover,the
should satisfy
3 +5'U/rd*-We/Z//=C d (7)e solutl on
of the form

U(fz2)=L//aw ffl/(»€,¢)-Uzrw] wwfigx/i>f ~= fwher e - -:ai
, 1 + ,Wye +[vfx°» 2 1/1.1021-e`qw  an +

obtained for equation (5)'is:D _

/lL~7t, 11-1;

/Lfé-i-[fn“'f%@1?1Wa+f;f§2/Ui'/¢2r%1}’

£lf)=,§ f1svf»g¢2/f,~»:/vfmf/wgwf;

/6/f/= We f/ + Q - 1//fa f/fl; [0/if/+

+ Q. z//¢’z/- lZ@f/'- £2-.4//éf/J ;
'l‘hus,the set problem is completely solved

for the general case.Specific cases, corres­
ponding to various loading conditions and
boundary conditions,can readily be obtained
from the general case.

\\1

+)'{é#aI~/lf#-U1 +§;n[~1=(f'UJ}[»€-,lu-F:/f2]Jr,



ESSAIS DE BUTEE ET DE POUSSEE EFI VRAIE GRAN­
DEUR.Yuhn. Tcheng (France) '

Neuf essais de butée et un essai de poussée ont
été effectués 6 l'aide d'un mur de 3 m de haut,
5 m de large , poussé par six vérins horizontaux
capables de 2000 t et deux autres verticaux de
500 t , dans un mouvement de translation hori­
zontale régulé a l/I0 mm pres .

Les contraintes ont été mesurées dans la
partie centrale du mur ' pour éviter les pertur­bations des extrémités et sur toute la hauteur
d'une bande axiale de 20 cm de large divisée en
six cellules superpasées . ."

Le sable d'essai est un sable siliceux
dont les grains ont un diometre compris entre0,1 et 0, mm ; ce sable est compacté a la den­
sité séche de I,65 , pour laquelle Q = 40° . A
sa teneur en eau naturelle il possede une cohé­
sion de 3 a 5 Kp

C _ V ` t' d l'obli uité
“go lab; e cro avec le déplacement de

l'écran mais n'atteint iamais <9 C|\-'91 Q'-'B S01-t
1‘état de surface de l'ecran .
D - Coefficient de butéees courbes de Kp enfonction du déplacement de l'écran . _

Kp at Kp2 présentent un maximum , puis
décroislent alars que ‘|<p3---1 KP6 t°"d°"t Ve"
une valeur asym totique , Kp étant le coeffi­
ci,nt K des cellules 1 a n n comptées a partir
de 1a sBrface . Pour un essai , cette valeur
asymptotique est du meme ordre quel qQ°_°°1t " '
Elle est intenmédiaire entre le coefficient
thégrique relatit b 2 résiduel = 3I,50° etcelui correspondent Qmax = 40° ~

ElgiA D 1 Z “ '\ ~  L’- 6 acement e ru ture ' ¢E2§§ W -_­
our c aque essai lr augmente avec la , 4;2;31T"" F Q "" _ 1 ///T/;_profondeur et d'qutre port avec .f'L . Le dé- A32 ' ._»»»-»,v |" Q:  /,é,¢-"H___w

placement de rupture correspondent a la hauteur gg; Q .__ ;ff9& f,' `totale de l'écran , beaucoup plus important que -?--2-1:~ M »f - -3-~-ll-15+
prévu, croit avec _(T. , angle total du massif( fig. 1 ) . Il varie de 6 a 18 cn quand _(Y. L “ve” F' //,_iff§:: L Y-,N,1¢ » n 0 I -' Dcroit do 61° a 116° . Sa variation est 11én 4fTj>;:,,;l /f ,__ _principolement al Q . , 't¢x’-4,1-".‘Y_ /'  .»..,.__.1 r - .~;~;:;: :aaA I I __ ;;.__'?;f'_. _’l’_.__J.’_l:.. _ . _;,-._fP_!;.I :I may `e.-1%-g___4F | \e°'°“. 8.0,- L; |._l'u.o‘ |\ 3 //;_-_;zZTj; g P »,_|v|.ns~_gg __ /‘F 3 ."¥ 9-, Q ,°`5?'°`_f:-Li  P _"P 4'­

°» »w-e-u-/V E 1 fl d 1 h' '1 - , 1- --- - n uence e a co esion d 1e n a s ° é 'G EII ' pa pu Stre mise en vi ence que
_UD - ___,, _ 8 v °'V°' que soit le mode d'interprétation adopté . Il| I ::§°°V,' semble donc qu'une cohesion de l‘ordre de 40 kpc
08- ls' e.»n° mo, o_‘u_9n..l6' 9--13' soit totalement négligeable pour un écran de;_;' __ , 3 metres de haut .0“_“.,Jy F - Contraintes dans le massif‘“'~ "1 *“ ““"' Uuinze capteurs son{'incorporés dans lemassif et ont fourni des résultats tres intéres­1 sunLs.I a ) Ces capteurs accusent un maximum bien7? 'P °P 'fn ‘F °' avant la rupture générale du sol .' " b ) 1 1 d 1 f <1 1 1e ong e a sur ace e rup ure esB - Li ne de ru ture cantraintes sont les plus grandes .

ue s que soient (2) sto la longueur En conclusion ces capteurs sont capables d'développée de la ligne de rupture reste du meme une part de signaler a l‘avance l'a roche de la_ PP
°Ydf° de 9f°"d°U! ( f19- 2 ) Supture et d'autre part de localiser la surfacee rupture .° ' 2 3 " G - Mouvement du massif en surface~ La conclusion est encore pfUs_nette que pré
F| gg 2 ,pf cédemment . La rupture peut étre décelée bien
- - /,_¢.15‘;[,f> avant sont apparition grace Eu l'observation du¢ ,:;:-f"',,»f” / mouvement superficiel ./4% ///' H - Poussée au re os_,,¢:1”f_,,- _ / p.v_ ___“___ e pen essentiellement du compactage.
`<E`E§§:`-;=L- '  ---- *jr-'j7: La contrainte verticale peut étre inférieure ou\ -'_"~1x:;:m_ /V' I,/' // supérieure au poids des terres en raison de la\ ea, 9 `\\\" fr;-;_§¢¢»' _--’ ,/' formation des vo0tes lors de la mise en place.\3~- - \\`*,£P;:;:.___:3j"/f' Biblio ra hie :\ ‘~`,"”)F&:3!5m» ournees Notionales de Mécanique des Sols¢7 . ~,`_ r -1\ /9 /",,’ \" `“2:;,_ PARIS- MAI 1971 - " Essais de Butée en vraie/' \ ~~\~­\ //- ,// \\\ `~€;:_,_,_ grandeur.,44 Q,// ,,¢§§EE£f"" V éme Congres Euro éen de Mécanique des Sols

\| r%7/4 . 2>-€‘=""' \` MADRID - I972 - Eszais de Butée en vraie5>*’" .»w====#-I grandeur et contraintes engendrées par une
S°Y¢h°¥9e rectangulaire sur un nur vertical.



NON-LINEAR ONE-DIMENSIONAL CONSOLIDATION
OF THICK CLAY LAYERS. C. Viggiani, Italy.

The classical one-dimensional Terzaghi
consolidation theory assumes both the
permeability coefficient k and the volume
decrease coefficient mv to be constant.
Davis and Raymond (1965) developed a
theory which allows for variations of k
and mv, but is only applicable to oedome=ter test'and thin layers in the field,
since it does not allow for total stress
variations with depth. A similar approach
had been independently pursued by Mikasa
(1965).
Jonbu (1965), Raymond (1969), ana Davis
(1971) took into account the influenee of
depth in particular cases.
The purpose of this contribution is to
presents some solutions of the Davis and
Raymond theory, including depth effects.
Following Davie (1971) the differential
equation of one-dimensional consolidation
may be written: D 2_l_ 55' Du i ci)‘s%‘o1.= oz. E °"where u is the excess pore pressure; zH is

the depth below the pop of the consolidating
layer of total depth H; T=cvt/H2 for one
way drainage and T=4cv t/H2 for two ways
drainage; o' is the vertical effective pres
sure. Eq. (1) is derived under the assum=
ption that the consolidation coefficient
Cv is constant. Assuming the well known
logarithmic relation:

e = eu-Cc lgc'/og (2)
and taking 1+e=const“. (small strain theory),
it follows that mv=const./o' and k=cvmvY,,=
=const./o'.
Truly one-dimensional consolidation may
ootually occur in the field due to:(i) uni
form surcharge over a large area at the
soil surface; (i1)lowering of the water
table.
In the first case the initial excess pore
pressure is constant throughout the layer
depth and the clay layer may be draining
at one or both boundaries. In the second
case the initial excess pore pressure has
a nearly triangular distribution with the
vertex at the top or bottom surface; the
layer must be draining at both boundaries.
The four possible cases are represented in0 1 1 1 1 1 1* - 1 1 |

_ _____ A:0.0112 l'_'_`  ~;\' ;\. '¥5>~\ ':">`\ \ Terza hi `\ \"Q~`\ 7 0' '\_ ~\;\ I Q ~`\` _\\`&Q_ erza I1411" \_\a";}M \"` Q!\(`&‘ _`__ ~ ` \ \`\\ \o \\<\ _‘`\` QL \`. ~`Q' `Y\.os- W. \~ ‘§_ `~ ~ N' Q/` \._ \\\ \\\  °1 "~ \ `; - ---~ - I \ Qv--:r:- 55 U \\ ~ f\ v:-:n Sb Q ‘\ - °\ “"-r-‘ . \ \~  \ \\.0‘6"_ H K D \`~ '\\\ H \`\  "u “WZ 1 1 \"`g%¢  \`;§'*¢\'07 Uqflfl q "§`§  6541" q ~;§.
Q2 .;\\_ "*%Q;. _*;`::§\\QL q%@%&`\ *QQ Terzaghi  r ' ’` _ ,` , , @ erzagl\\ \Q,. `_;\ %`9, \_ `;; @ A:l!0.||Bl1 ’Q/` \ Qas \` \\. ~; 4; _\ \ . Q:_._._.:: S.. q \ - \\  6” A100131 Q, __ii U \\ \` \ ._..___. 0 %.,.- H   T % _\ ~ `1 _1_ `~ \.' 1 % _“ :=.'-_'-.f:'; 66fJ'H `>->_ ¢:,,.;:.; r, H10 1 1 1 1 1 "` 1 U 1° 1 “' I Iauf ao: aos ar az as 1 ao: cos Q1 Q2 Q5 1

T

Fig. 1. Degree of consolidation vs. time factor. A=0g/v'H= B=q/v'H: T=Cvt/H2 fOr One
way drainage: T=Cv4t/H2 for two ways drainage.
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Fig. 2. Excess pore pressure isocrones for typical values of A and B.

fig. 1; they have been solved by numerical REFERENCES
methods in the following range of parame=
ters:

A=¢3/vm: ,OI-1; B=q/yvl-r= .1-1
Some results are shown in fig. 1 as dia:
grams of the degree of consolidation U
versus T; for sake of comparison the cor=
responding curve obtained by Terzaghi the=
cry is shown. In fig. 2 some excess pore
pressure isocrones are reported.
It may be seen that in some instances
non-linear effects are likely to be of
great practical importance. Diagrams pro=
vided herein may guide in estimating these
effects when interpreting field records
of settlement and pore pressure caused
by the consolidation of deep beds of soft
normally consolidated clay produced, for
instance, by sand reclamation filling or
ground water lowering.
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COMPUTER MAKES CALCULATIONS FOR ELASTIC ANI­
SOTROPIC BASES AND STRUCTURES OVERLYING.
Ye.F.Vinokurov,V.1\.Ku.zmitsky, L.G..‘3hul.'lka

At present strain calculations of natural
bases of buildings and structures are madeon the basis of the linear strained isotro­
pic body tieory. Very often, however, aniso­
tropic bases laminated and heterogeneous in
plan and depth may be met in construction
practice.

'Soil anisotropy, lamination and heterogene­
ity change the general picture of the stress­
strain state of the base but the existingcalculation methods do not take into account
these changes. The iteration method for sol­
ving anisotropic linear problems of soil me­
chanics worked out by Ye.F.V:Lno|curov /I/ made
it possible to develop a number of working
programme for the "Minsk-22" computer.’.lhe
programmes may be used in solving certain
plaae,th.ree-dimensional and axially symmetric
problems to define transposition components
of different points of homogeneous anisotro­
pic laminated and heterogeneous bases.These
may, likewise, be used when calculating reac­tion pressure epure configurations and foun­
dation settlements taking into consideration
(cr without it) the influence of the adjacent
foundations /2/.The foundations may be absolu­
tely rigid,flexible and of ultimate rigidity.

_Analysing the results of calculations one
might draw a conclusion that vertical trans­
positions of single base points are essential­
ly dependent on the ratio of modulus numeri­
cal values in hori sontal /Ef/ and vertical/Ez/ directions. Transposit ons obtained with
the ratio of indicated modules equal to zero
and corresponding to quasi-isotropic medium
differ several times from the same transposi­
tions determined with other module ratios
(Fig.l,I).’D1e change diagram of foundation
settlements with different module ratios and
equal Poisson's ratio values
(Fig.l III) as well as the dependence of the
foundation settlement with different Poisscn's
ratios and constant value Ex/E =l/2 (F:l.g.l IV)
prove that one should not use the quas1-iso­
tropic body theory calculating foundation set­tlements.

.While determining foundation settlements it
is also necessary to take into account bounda­
ry conditions where tln foundation :Ls :Ln con­
tact with the anisotropic base. If in the
point of contact the tangential stresses are
equal to zero /the case of slip/ or the hori­
sontal tmnspositions are equal to zero (thecase of adherence), the elif erence in the
degree of settlement may be more than 10%.ompressivs stresses of anisotropic bases
do not coinside with compressive stresses of
quasi-isotropic bases. The greatest differen­
ce is observed within the zone from the base
of the foundation to the depth equal to two
width of the foundation (Fig.l,]I).M.th equal
ratios E;/Ez but different values Ex and Ezthe epures of compressive stresses coinside.

Stress and transposition components of ho­
mogeneous anisotropic bases don't coinside
with the same values for laminated anisotro­
pic bases. That is why calculating anisotropic

12|

bases one should take into consideration
their heterogeneity and laminaticn.

While solving soil mechanics problems with
anisotropic bases it is necessary to lmow
soil stress-strain property parameters beingdifferent :Ln various directions.

A new method /2/ of experimntal determina­
tion of five basic Inrameters <f anisotropic
soil defcrmation properties, having,with
respect to stress-strain propertie s, an axis
of s etry has been worked out. Tests were
carzlugd out on undisturbed samples chosen

:Ln parallels and normally to the isotropy
planeoThe method is based on the use cf an cdo­

for determining considering the re­
of compression,-linear deformation mo­

meter
Bults

dules :Ln_ two principal directions /E§,E /, athree anal compression device for o tafning
Poisson's ratio values being used as well.

LITERATURE:
l.V:Lnoku.:ov E.F."An iterative_cal culaiicn ne­

thod of bases and foundations by means of
computers"."Naulca i technika"Pub lishing
House,Mins< ,l972,.

2. Collection book "Bases,foundations and
soils mecha.nics","Vysshaya 3hkola"i’ubli­
shing House,N2, Minsl§,l975­

EICPLANATIONS for FIGURES
Fig.I. Change principles of a stress-strain

state of anisotropic bases depending on
ratio & Ex/Ez andI. Vertical t-ranspositions with different
module ratios and
The same fa: vertical pressures;
Values of foundation settl emnts with
different module ratios and
Foundation settlement value with different ratios of md E;/E¢=1/21. for the case when Ex/Ez =I

2. for tm case when Ex/Ez =l/0.5
5. for the case wren Ex/Ez =l/5
I+. for the case when lk/Ez =2/1

Si- foundation settlements with different
module ratios

Sh- foundation settlements with Ex/Bz=I»
Fig.2 Diagraus of the dqwndmce of an aniso­

tropic soil sample lateral expansion upon
a compressive strain and a compressive
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The state cf stress and strain cf anisotro­
pic bottom is considerably differed from the
analogous one.The experimental tedanique md
calculation of the five mechanical parameters
of anisotropic medium is propcsed.

the
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IV.



PROBLEMS OF NON LINEAR SOIL MECHANICSear() |

As part of the continuing programe of res­
earch in soil mechanics at the University of

Cambridge, Roscoe (l97O),work has been in _
progress on developing computational methodswhich allow solutions to be obtained to boun­
dary value problems using non-linear modelsof soil behaviour. 'l‘his contribution out­
lines some of the recent developments..

Simpson (l975)has carried out finite elem-'
ent computations which have been based on the
family of soil models developed at Canbridge.
The approach adopted by Simpson has been to
keep the computational side of the work as
simple as possible by concentrating on two­
dimensional problems and employing constant
strain triangular elements. In contrast,
however, a great amount of effort has been
put into the development of mathematical mod­
els which provide an adequate description of
soil behaviourgthese models need to be com­
plex in order to obtain satisfactory solu­
tions to real boundary value problems forreal soils.

In some circumstances an elastic model may
be adequate,but in others it will not,and a
complex elastic/plastic model will be necess­ary to arrive at an acceptable predicticn.An
example of the former would be an excavation
in an overconsolidated clay for which the
stress changes and deformations experienced
by the soil are small enough for the behavi­
our to be considered quasi-elastic.Account
may need to be taken of the marked increase
of Young's modulus with mean effective stress­
that is with increase of depth-and of an­
isotropy along the lines lugeeted by Wroth
(1972) and Atkinson (l973).But these featu­
res of elastic behaviour can readily be in­
corporated in a finite element computation.

In contrast,the problem of the construction
of an embankment or structure on soft nor­
mally consolidated olay can only be satisfac­
torily solved if an elastic/plastic model is
used. This not only_ means that incrementally
a bilinear response is obtained from the soil
(with the type of respcnse depending on the
state of the element in question and whether
it is being loaded or unloaded) but also that
proper account is taken of the rotation of
the principal stress directions. Nroth and
Simpson (1972) have used such model with
soil parameters taken from a routine site
investigation,in an attempt to match the
field data of e trial embanlcnent reported by
Wilkes (l972).The model is such that for
every increment each element of soil exper­
iences both an elastic and-a plastic strain­
increment; the principal axes of the elastic
component coincide with those of the associa­
ted stress-increment whereas the axes of the
plastic component coincide with those of
stress for the beginning of the increment.
Use of a piecewise linear approximation to a
non-linear but elastic stress-strain curve,
such as the model adopted by Clough and Dun­
can (l97l),would lead to a` very different'
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displacement field computed for the groundunder the embankment.
Another area of great difficulty is the

modelling of the strain-softening behaviourof soils.Most stress-strain curves for real
soils display a peak with a subsequent loss
of strength as the soil approaches a critical
or residual state.The strains will vary con­
siderably along any incipient rupture surface
.in a soil mess; some elements will have been
strained beyond their peak strength'and will
have 'failed' (although they are being heldin equilibrium by neighbour ng unfailed ele­
ments) while other elements will not have
been strained sufficiently to mobilise theirpeak strength. Overall fa lure of the soil
mass will occur in a progressive manner.

One method of overcoming these difficulties
has been developed by Simpson whereby the
computer generates extra elements by sub­
division of the mesh at various stages of the
computation. The choice of elements to be
divided is governed by tho amount of either
strain or displacement that they have exper­
ienced. In this way,extra,sma1l elements
become concentrated around an incipient rup­
ture surface,and progressive failure of the
real situation is directly modelled in the
computation without previous guesswork on
the part of the cperator.Simpson and ‘Hi-oth
(1972) show that for the case of a rigid
retaining wall beirg rotated about its top
into a sand bed in the passive mode, the
peak in the load-rotation curve observed ex­
perimentally for the wall can be reproduced
in the computation by using this mesh-form­
ing technique. Without mesh-forming a peakis not obtained.

In parallel with finite element computations
an alternative approach using finite differ­ence calculations based on the method of cha­
racteristics has been under development at
Cambridge md Madrid.This method links toge- L,
ther associated fields of stresses and velo- 1.cities (or strain-increments) so that the
stress-strain properties of the soil are sa­
tisfied throughout the soil mass. The impor­
tant developmmt has been the modificatlcn
of the basic differential equations to take
account of varying stress ratio throughout
the stress field and varying amount of dilata­
tion throughout the strain-increment field.
Some solutions to particular problems of
retaining walls have been reported b Serrano
(1972) and James,Smith and Bransby (l972)
anfdlpthe general method described by Wroth9 2 .
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