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SUMMARY,- Numerical methods of analysis for soil engineering structures have placed emphasis

on elastic models of soil behaviour.

In order to take into account the observed non-linear

and anisotropic response of soils a model is proposed based on cross-anisotropic elastic be-
hav19ur, the non-linearity being accounted for by a series of linear increments.- Volume
strains may be of opposite sign to stress changes without violating strain energy requirements,

this being in accordance with observed soil behaviour.

The cross-anisotropic model is con-

sidered to be a reasonable approximation to the mechanical anisotropies of lower order that

generally occur in nature.

Adoption of the model requires the definition of five parameters,
four relating to direct stress and the fifth to shear stresses.,

The use of triaxial, three-

axial, and torsion triaxial tests to measure these is discussed with reference to symmetry -and

strain energy.
INTRODUCTION

Current methods of soil engineering analysis
are increasingly directed at prediction of
behaviour under working loads. This is often
achieved by allotting the soil the properties
of an elastic body and applying the exact or
approximate analyses available for the parti-
cular loading case. The reliability of the
results will depend on the correspondence in
the behaviour of the soil and the elastic
body used to represent it. This paper pro-
poses a model of sand behaviour as a non-
linear anisotropic material and suggests how
the material properties may be obtained.

Previously, sand has been shown to exhibit
non-linear stress-strain response with irre-
coverable deformation (enerqgy loss) (Trollope
et al., 1962; Morgan, 1966) and mechanical
anisotropy that depends both on the soil for-
mation processes and subsequent applied stress
paths (Biarez, 1961; Gerrard, 1967). The
exact modelling of such behaviour presents
considerable problems so that the following
realistic approximation is suggested for cases
of loading and unloading. The sand behaviour
is modelled by considering the non-linearity
to be composed of several linear increments,
where, in any increment, the sand is assumed
to behave as a linear elastic (no energy loss)
anisotropic material whose properties are

such as to develop exactly the same strains

as the sand when subjected to the same stress
path.

The ultimate aim is to model the behaviour of
half-spaces, slopes and excavations subject
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The influence of stress level on moduli and Poisson's ratios is examined.

to stress changes. 1In these real situations
the mechanical response of the material is
non-linear, anisotropic and with energy loss.
Initial non-homogeneity in the soil mass can
be allowed for by testing a series of samples
chosen to represent relatively homogeneous
zones. The field stress paths occurring in
these zones is estimated and duplicated as
closely as possible as a series of increments
in the loading of these samples (Lambe, 1967).
This incremental stress change approach, in
which each increment is characterized by
linear anisotropic elastic properties that
depend on the stress level of the increment,
implies that the initial pattern of non-homo-
geneity is significantly modified by subse-
quent stress changes.

Previously workers have attempted to model
soil behaviour by isotropic elastic behaviour.
However such material cannot undergo volume
changes of opposite sign to the applied
stresses, unless Poisson's ratio exceeds 0.5,
which is the maximum possible for the strain
energy to remain positive. Such volume
change restrictions do not apply to anisotro-
pic materials and it appears that parameters
satisfying strain energy can always be found
provided the symmetry of the mechanical ani-
sotropy of the model approximates to that of
the soil. Thus these models can be expected
to be more meaningful in analysis.

The simplest type of anisotropy relevant to
soils is cross-anisotropy, i.e. having an 'n'
fold axis (n + «) of symmetry which is usual-
ly assumed vertical. This involves the elas-
tic parameters Eh' Ev, Vir Your Vi, and
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Fy(=2Gy) of which only four of the first five
are independent (Gerrard and Wardle, 1972)*,
By analysing the response to changes of one
principal stress only two of these four can
be directly found in the conventional tri-
axial test, and in a three-axial testt, only
three. -Later it is shown how the possible
range of the other parameters may be defined
provided more than one principal stress var-
ies. The shear modulus (F,=2G,) can only be
found by applying a horizontal-vertical shear
stress coupled with the direct determination
of the resultant corresponding shear strain.

The cross-anisotropic model suggested is sim-
ple and can be expected to hold for cases
where its form of symmetry is approached both
in the initial structure of the soil and in
the stress patterns produced by the applied
load. In many cases the anisotropy of the
initial structure or of the applied stress
path may be of a lower order of symmetry than
that of cross-anisotropic, e.g. monoclinic
symmetry with a 2-fold vertical symmetry axis.
However, attempts to model this would require
many more parameters so that unless there is
a significant departure from an 'n' fold axis
of symmetry the gain in accuracy over the
simpler model will be small. The cross-
anisotropic model is the simplest possible
after the isotropic model, but has the follo-
wing features that more realistically model
soil behaviour;

a) Eh # Ev

b) ¢, # Ey, (1+vh)
c) Volume change can be of opposite sign to
applied stress.

The concept of modelling is stressed in this
work. The parameters Ep, E,, Vi, Vyphs Vip

and G, are not intrinsic properties of the
soil but refer to the mathematical model used
to represent the soil mass response and there-
by predict its behaviour.

STRAIN ENERGY AND VOLUME CHANGE

The requirements for positive strain energy
for a cross-anisotropic material are (Picker-

ing, 1970):
Eh > 0; Ev > 0; Fu >0
1 - vy >0
(1)
1+ vy, > 0
1l - vy T thv Voh >0

The last three may be expressed as:

-1 < vy, <1

1= v, - 28,58 )v % > 0

(It is convenient here to use the relationship
Vi, = vvh.EhTFU).

Equatlons 2 cefine a region in vy, Yok Ep*E,
space in which strain energy is positive and

therefore must contain the parameters for the
cross—-anisotropic elastic model.

When the model is subject to an axi- symmetrlc
stress change of zz (vertical) and rr = 60,
the volume change is:

7+80

+te +e¢€
E
h

E2z2 7 Erp T Eop

_ 22 .. -
= E; (1-2v ) + (1=v,~vy, ») (3

Since E, and Ej must be positive, and assum-
ing that all stresses are compressive, the
volume change characteristics may be examined
by considéring only the signs of 1-2vyj and
1-v3-vyp (Ex*E,) . This is most conveniently
done by plotting the behaviour in a vy, vpp
plane for particular values of E,+E; and in
conjunction with the strain energy limita-
tions (equations 2). This is shown in Fig. 1
where the inverted parabola between vy = %1
contains the positive strain energy region;
the line labelled 'a' is the relationship

1 - vy - vwr(Bp*Ey) =0 and 'b' is 1 - 2vyp =0.

The lines 'a' and 'b' always intersect on the
parabola creating either two or three zones
depending on whether E,*Ej is smaller than %
or greater than %.

These zones are labelled in Fig. 1 and have
the following bounds and volume change char-
acteristics.

Zone I: 1In this zone the volume change is of
the same sign as the applied stress. The zone
is to the left of line 'b' and when Ey,:Ep > %
it must also be to the left of line 'a’'.

Zone II: 1-vp-vy,{EptEy) is negative but 3
1-2v,; is positive. Volume changes of oppo-
site sign to the applied stress may occur if
(rr+06) tEy is sufficiently large compared

with 23:E, This zone is to the right of line
'a' above its intersection with line 'b'.

Zébne IIT: 1-2v is negative and 1- vy,

E is positive.  Volume changes of opposgg
SLgn to the applied stress may occur if zz+E,
is sufficiently large compared with (7r+66):
Eh' This zone only occurs if Ev Eh> % and is

* Ej and E are the Young's moduli in the horizontal and vertical directions respectively.

Vhs Vphs Vhy are

Poisson's ratios, vy indicating the effect of strain in a horizontal direction on the strain developed in the
complementary horizontal direction, vy indicates the effect of strain in the vertical direction on that deve-
loped in a horizontal direction and vy, indicates the effect of strain in a horizontal direction on that deve-

loped in the vertical direction.
planes.

F, is a shear modulus relevant to shear strain occurring within vertical

1 A test in which three independent normal stresses are applied to the faces of a soil cube.
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FIG. 1. STRAIN ENERGY AND VOLUME CHANGE ZONES

to the right of line 'b' below its intersec-

tion with line ‘'a‘.
EXPERIMENTAL MEASUREMENTS

All the results refer to measurements on a
closely graded medium-fine sand (dsy = 0.35mm
dyg = 0.16mm). Samples were prepared by
raining in air to a relative density of about
75 per cent. Two types of apparatus were
used, conventional triaxial apparatus incor-
porating low friction ends for testing 102mm
dia. by 203mm high samples, and three-axial
apparatus for 102mm cube samples. In both
cases vertical deflection measurements were
obtained by vernier microscope, and horizon-
tal by transducers (Gerrard, 1967).

Separate fabric analysis of the prepared sam-
ples showed that the mode of deposition pro-
duced a vertical 'n' fold axis of symmetry.
Ambient stress tests (Gerrard, op. cit.)
demonstrated that, as expected, the mechani-
cal response also exhibited anisotropy of an
identical order of symmetry.

TABLE I
Increment No. 1 2 3 4 5
AZZ (kPa) 35.8 42.0 42.0 42.0 42.0
APr (kPa) 12.4 14.7 14.6 14.7 14.6

Triaxial
Be,, x 1007 1.63 1.52 1.14 0.89 0.70
AErr X 10_3 1.30 -1.81 -1.52 -1.56 -1.17

Triaxial with torsion
AT (Nm) 1.58 2.28 2.28 2.28 2.28
Aszz X 10—3 1.98 2.06 1.60 1.15 1.02
Aeez*x 10_3 1.04 1.89 1.40 1.03 0.65
* where ¢ =4 v
0z 3z

289

1/43

£y~ $0000 /
Ey= 40000 /
" > P “
3 & 3 g 3 3 /& %
Ty~ Wooo
o
Ey= 20000 -
10000

FIG. 2. E, AND F,+Ey CONTOURS FOR INCREMENT
3 IN THE TRIAXIAL TEST (Z33irr = 2.8)

A. TRIAXIAL AND TORSION TRIAXIAL TESTS

Two types of drained tests are con51dered
here, both at a constant stress ratio zz* tpp=
2.8, with one hav1ng in addition an applied
torsion T to g1ve a shear stress as a fixed
proportion of %2 (Gerrard, op. ett. ). The
readings can be expressed as a series of in-
crements over each of which a linear model
may be fitted, the results being shown in
Table I.

For both types of tests the increments in AZZ
and Arr were made the same and the results
given represent the average of five tests.

From the basic elastic stress-strain rela-
tionships one may write for each increment
(omitting the A notation)

22 v 33 zz Szz
= - - —_— m—— 4 2 - o —=

Vo 7m - =v) 7 rr € (4)
rr rr

This represents a series of straight lines in

Vohs Vg plane each having a different value
of Ey*Ej. For increment 3 of the triaxial
test these lines are shown in Fig., 2.

Additionally, the following relationship
exists:

22 2
Ey, T % Q- 2v, ) (5)
2z

so that lines representing F, as a linear
function of v,; may also be drawn and are
shown in Fig. 2.

Now, for the particular increment, allowable

combinations of values of E,3Ep, Ey, Vi, Vyp

may be obtained by determining the space com-
mon to Fig. 2 (the test measurements) and

Fig. 1 (the strain energy limitations). In
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FIG. 3. ZONES OF POSSIBLE VALUES OF THE

CROSS-ANISOTROPIC PARAMETERS FOR THE TRIAXIAL
TEST (%2z:rp = 2.8)

practice this is most easily done using a
transparent overlay similar to Fig. 1 having
the parabolas for various values of E,*Ey
constructed on a common set of axes.

The allowable space for the triaxial tests is
shown in Fig. 3. 1In contrast to subsequent
increments, the region for increment 1 is not
usefully bounded and is not shown. This
difference is attributed to the change in
stress state from isotropic during sample
preparation to anisotropic for all subsequent
increments. The results show that v, for
the model can only lie in a very restricted
range. For the later increments v; is also
restricted, negative values being indicated.
For these increments too, E,*Ej is substan-
tially greater than 1, confirming the expec-
tations of the fabric analysis. Although
these latter two parameters can take a much
wider range of values than v,j;, they are not
independent and the selection of a particu-
lar value of one will restrict the other to

a very narrow range.

The results for the torsion triaxial tests
lie in an almost identical region in vjp, v,
space. However, the maximum possible values
of E, are much lower than for the triaxial
results, the values for both types of test
being shown in Table II. By assuming shear
strain to be a linear function of radius,
values of G, may be directly calculated in
the torsion tests and are shown.

The non-linearity of the model, i.e. stress-
dependence of stiffness, is well shown in
Table II. It is of considerable interest
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TARLE II
Increment No. 1 2 3 4 5
E kP
( v)max (kPa) 48000 8300 6900 4800 4800
(Triaxial)
(Ev)max (kPa)
(Torsion tri- 12400 855 725 1730 1730
axial)
Fv(=ZGU) (kPa)
(Torsion tri- 1080 850 114¢ 1550 2450
axial)
that, for the same increases in direct stress

levels, (F,)max decreases in the triaxial
tests but increases in the torsion triaxial
tests (omitting as before the first increment).
For these latter tests F,(=2(G,) also increases
with stress level. These different patterns
of behaviour between the triaxial and torsion
triaxial tests may be partially caused by the
existence of the applied shear stresses, pro-
ducing possible non-homogeneity of the samples
and a lower order of symmetry in their mecha-
nical properties.

B. THREE-AXIAL TESTS

The above analysis of triaxial tests has in-
dicated a way in which values of moduli and
Poisson's ratios may be found for cases where
the anisotropy of both the initial structure
and the applied stress path (where A7r # 0)
approximate to the same vertical 'n' fold axis
of symmetry. In the three-axial apparatus,
where three principal stress %2 (vertical),
£z and §y may be independently applied and
the corresponding strains found, it may be
expected that all parameters except G, can be
deduced.

o
Three series of tests will be used here to 5
illustrate the determination of elastic para-
meters. In each of these, two of the princi-
pal stresses were maintained constant while
the third was increased. This means that the
modulus in the direction of the increasing
stress may be directly calculated together
with at least one Poisson's ratio.
The results are shown in Table III, the key
being:
Test Initial Stress Final Stress
No. State (kPa) State (kPa)
zz = 10.3 22 = 71.7
Al 22 =5) = 10.3 £ =4y = 10.3
A2 2% =69.0 £2 = 380.0
zx = gy = 69.0 fF =5y = 69.0
Bl . zz =10,3 zz = 7.7
yy = zz = 10.3 gy = 2% = 10.3
B2 Zx = 69.0 . .Zz = 276.0
gy = 2z = 69.0 =52 = 69.0
c 5% = 10.3 Fz = 91.0
Gy = 10.3, zx = 31.0 &y = 10.3, Zz = 31.0



TABLE III
Test Increment 1 2 3 4 5
Al Ez (kPa) 16400 13100 7300 4700 2480
Vaz = Vzy 0.38 0.90 0.76 0.82 1.30
A2 Ez (kPa) 72500 46700 28500 18200 13800
v = v .44 .50 .52 .69 .92
zx zy
Bl E: (kPa) 8750 6550 2410 1380 1790
v .33 .30 .64 .63 .71
zz
v .33 .30 .49 - -
TY
B2 Ez (kPa) 44800 19700 7050 - -
v .25 .44 .67 - -
zz
v .21 .23 .38 - -
Yy
C Ez (kPa) 25400 15600 9450 6950 -
v .12 .28 .18 .39 -
2z
v .29 .47 .58 .66 -
a2y

In test C the 1n1t1al applied stress pattern
with £z > 22 = yy, has an 'n' fold axis of
symmetry in the z direction. However, the
pre-existing soil structure, produced during
sample formation, has an 'n' fold axis of
symmetry in the z direction. As suggested by
Lafeber and Willoughby (1971) resulting mech-
anical anisotropy of the soil is likely to
possess only those symmetry elements that are
common to both the initial applied stress
pattern and the pre-existing structure, i.e.
orthorhombic symmetry. This is confirmed to
some extent since in loading beyond tES ini-
tial stress state by increasing only 3z it is
found that vz; # vzy. Equality of these twog
quantities would be required if there was a
vertical 'n' fold axis of symmetry in the
mechanical anisotropy.

This suggests that attempts to use the three-
axial apparatus to find parameters of any
anisotropic model by making individual move-
ments of 52, zz, gg about a required stress
path can only be successful when the magni-
tude of these movements is very slight so
that the symmetry of the anisotropy is not
greatly altered. Such small movements re-
quire specialized experimental techniques to
determine the associated strains. This
philosophy can be applied to the determina-
tion of E,*Ey from the results of the A
series and B series tests. It is reasonable
to assume that the initial portion of incre-
ment 1 in test Bl applies to the same cross-
anisotropic material as corresponding por-
tion of increment 1 in test Al, the results
giving an E,*Ep ratio of 1.9. Similarly the
B2 and A2 tests give an E,+Ey ratio of 1.6,
where the lower ratio at the higher initial

?,
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ambient stress suggests that the application
of this symmetric ambient stress increment
has reduced the initial degree of cross-
anisotropy. A similar finding was reported
by Karst et al. (1965).

With further increments of stress in the A
series tests, the mechanical anisotropy of
the samples will retain an 'n' fold axis of
symmetry. However, in the B series tests the
increase in zz will almost certainly produce
an increasing tendency to orthorhombic res-
ponse with E, increasing relative to E

Under these conditions the cross—anisogropic
model becomes an increasingly poor represen-
tation of the soil behaviour. It is of in-
terest to note that at all corresponding
stages in tests A and B, E, is greater than
E. reflecting the 1nfluence of the initial
higher stiffness in the vertical direction.

The non-linearity of the ideal models is
shown strikingly for all the tests in Table
III. 1In all cases the modulus values de-
crease with increase in applied stress while
the Poisson's ratios show marked increases.
The values of the Poisson's ratios remain at
all times within the limits set by the strain
energy considerations of the cross-anisotro-
pic model.

CONCLUSIONS

A method is suggested for describing the
stress-strain behaviour of a sand. The model
accounts for non-linearity by a series of
linear increments in each of which the sand
is represented by an elastic anisotropic
material. The elastic properties of the
model in any increment depend upon the ini-
tial structure and the subsequent stress his-
tory up to the particular increment. Because
this dependence is largely taken into account
in tests to measure the elastic parameters of
the model no great error arises from the fact
that no energy is lost in the model while
energy is lost in the soil. The examples
considered are for monotonic increases in
stress. However, a similar approach can be
adopted to cases of unloading and repeated
loading by dividing the total stress path
into several monotonic branches.

For a sand subjected to compressive stress
increments the strain energy requirements may
be invoked to show that the cross-anisotropic
model allows for volume changes of either
sign depending on the material parameters.

In addition the cross-anisotropic model
allows for other observed features in the
mechanical response of sand, e.g. Ej # E,.
The use of such a model should thereby pro-
vide closer correspondence with the behaviour
of a real soil than an isotropic model.

In triaxial tests with changes in vertical
stress and cell pressure, the results may be
plotted in vy, v, space together with the
strain energy limitations to define a region
within which the elastic parameters must lie.
The extent of this region varies greatly and,
in some cases, may be relatively small, e.q.
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when the volume change is of opposite sign to
the applied stress. The fifth parameter

(Fv = 2Gy) is a shear modulus that can only
be found from tests in which a horizontal-
vertical shear stress is applied.

Results of tests using a three-axial appara-
tus in which three principal stresses may be
independently varied may be used to obtain
some of the parameters directly. However,
the type of stress change applied if of dif-
ferent symmetry to the original material
symmetry (in its elastic properties) will
reduce the order of symmetry so that the re-
sults only approximately apply to the ori-
ginal cross-anisotropic model. This occurs,
for example, in the application of torsion
in the triaxial test and in the application
of increments of horizontal stress in the
three-axial test.

In all the tests considered, the non-linear-
ity of the models is shown up in the Jdepen-
dence of the moduli and Poisson's ratios on
stress level, With the exception of the
torsion triaxial tests, all moduli decrease
with increase in stress level in both con-
stant stress ratio and constant confining
pressure tests, ‘whilst all Poisson's ratios
increase. The latter, however, remain within
the bounds set by the strain energy require-
ments for a cross-anisotropic model.

Further developments in the use of cross-
anisotropic* models to predict the field be-
haviour of earthen structures is necessarily
coupled with the construction of testing
apparatus in which field stress paths can be
simulated. This usually requires the appli-
cation of shear stress as well as three nor-
mal stresses, Work is proceeding on the
development of such an apparatus which will
enable the anisotropic properties for use in
the model to be determined using the princi-
ples outlined in this paper.
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