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MECHANICAL FOUNDATION OF THE DISPERSE SYSTEM''WATER-SOLID PHASE SKELETON’’ IN SOIL MECHANICS

MECANIQUE DE FONDATION DE SYSTEME DISPERSE ''EAU-PHASE SOLIDE DU SQUELETTE'* DANS LA MECANIQUE
DES SOLS

MEXAHUKA OCHOBAHIS, COCTOAUEO U3 ChiNYYEN CPE/b BUJA "BOAA — TBEPAAH ¢A3A CKEJNETA", B
MEXAHUKE 'PYHTOB

J. SCHIMMERL, Technical University, Yienna, Austria

SYNOPSIS. The equilibrium of water-solid phase skeleton is disturbed by static or dynamic
surface rorces. Thé pore water movement and solid phase skeleton-motion resulting from

these disburbances will be described. The following assumptions will be made: 1.) The

pores of the solid phase skeleton situated under the water surface are completely filled

with water (in the following called porewaler); 2.) The material of the solid phase

skeleton and the porewater are assumed Lo be incompressible; 3.) In view of the diffusi-

vity the solid phase skeleton will be treated as laminated inhomogeneous and anisotropic

layers} #.) The capillary forces in the microflow are neglected; 5.) The molecular forces
acting between the porewater and the solid phase skeleton are considered by a correction

of the porevolume; 6.} The vaporation of water and chemical influences of any kind are

neglected.

Nomenclature of the paper, as there are
velocity of solid phase skeleton, filter-
velocity, relative porevolume, grain to
grain forces, pore water pressure and so

on are determined in the sense of continuun
mechanics. In deriving the equation of
continuity we introduce the surface 6&
fixed in space which encloses the volumel{ :
where £ is the number of the layer. Further
we introduce the outer normal vector GQ&

of the surface element, 7 , the relative
effective porevolume (i.e. porevolume of
the solid phase skeleton per unit spatial
volume), #)x« , the vectorial velocity of
the solid phase skeleton and finally #%
denotes the filtervelocity of the liquid
relative to the moving solid phase skeleton.
The constituent of the solid are incompres-
sible and deformable, the liquid phasc is
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incompressible, The assumption is made that
the pores which are benease the liquid sur-
face are always completely filled with the
liquid phase.

We also distinguish between a solid phase
skeleton which contains pores filled by gas
(air etc.) or liquid (water etc.). In the
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following section we shall derive the funda«
mental equations of a solid phase skeleton
completely filled with liquid. In this case
the flux o! solid phase volume through the
surface 0,‘ equals the time rate of the solid
phase volume reduction in the interior of
the closed surface 5& .

7
4//-%)% 74 ,/f=—{774 (1-13.)d¥, ot
Using Gauss'formula and the following li-
miting procedure:

. 7n
Jnf | (v llr-n) o] g =0

the follow1ng equation of continuity of the
s0lid phase skeleton is established in dif-
ferential form:

v (1-7)4 ] 5 ﬁ‘

)
Thhs equavion holds for srbitrary. volume
Analogous the flux of liquid volume through
the surface 0‘ equals the rate of liquid
volume reduction within 5he surface:

//”k Yk + 4 )24, dt=-ﬁ4ﬂ‘di£a’2‘

Using Gaussian Theorem and ftaking the limit

' we get from
l/fr/—ffvjﬂ,,la,,+/4)+3;]a% =0

the dlrferentlal equation o continuity

i
V(e M + 9 )+ 57 =0
Adding equation (1) and (2) it follows

(2

V’/*%k-f-ﬁ4,1== J (3)

For sake of interpretation of the different
meaning of a statistical cut and a well
defined cut we consider a temporal constant
solid body skeleton fixed in space under

the assumption that for all makroscopic sur-
face elements of the statistical cut, the
ratio of the wet surface to the total surface
of the element is defined as a function of
the spatial coordinates. This holds only in
the case of a statistical distribution of

the solid body material. This assumption holds
for a solid body skeleton made of a unique
Imaterial component and is also true for a
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multicomponent material e.g. for the two
constituent of concrete. For a makroscopic
surface element the ratio of the wet surface
to the total surface is denoted by /&

This function Ak takes on different values
for different types of cuts (statistical

cut or well defined cut.) In the following
we show for statistical cuts in solid bodys
which are anisotrop and inhomogeneous with
respect to diffusivity, that At equals the
relative porevolume 7% . Now we consider a
makroscopic volume element with corner’
lengths dx,dy,dz
coordinate system (x,yz) where the sur-
face of the element is formed by statistical
cuts. The liquid contained in this element
dx dy dz can be determined in three ways:
Denoting Ay, Ay, the A  values of the
statistical surraces normil to the corner
directions x,y,z we have

nondydzs = A dedvaa =~ A, dydvde

i a’zdx
Hente, we have also in the case of aniso-

tropic and inhomogeneous s¢lid bodies
(with respect to diffusivity) for statisti-
cal cuts the relatlons

in an arbitrary oriented

Meox ’\/n,y = Mz = 72 ()

which are generalizations of the so called
Delesse'law. [1]
Fori well defined outs equation (4) is in
general not valid. These cuts are of practi-
cal imporvance by the consideration of slope
sliding of grained material since in this
case we consider only cuts which do not cut
the grains but follow the contact surfaces.
Therefore, we consider in the following, to
retain this possibility of well defined cuts
t as a as yet undefined value, which is
assumed isotropic also in the case of an-
isotropic and inhomogeneous solid body with
respect to diffusivity. We take a finite
volume of the solidliquid mixture with the
closed surface (well defined or statistical)
and consider the forces acting on the solid
and liquid phase and which enter the
equations of motion. For this generalisation
it is necessery to sum up all the wet parts
of the extermal surface and all the internal



liquid solid interfaces. This area surrounds
the liquid body completely. Denotes 0/0,,,/14
a wet vectorial surface element (orientes

in the external direction) and denotes aZZQ/l
a surface elcement of the internal liquid
s0lid interface (oriented into the solid
body), the resulting force of all the normal
forces acting on these surfaces onto the
liquid is given by —/ﬂ dﬂhﬂlf‘ - /ﬂ‘ dok,i,fl. N
where)& is the pressure in the liquid phase.

ay

1
ax
} )\klz
}
=

A

kX

Since this boundary surface surrounds com-
pletely the liquid body Gaussian law can be
applied and renders

JbdGaps + [0 Dhip. = [70 Mo
=/t 715 A

dl//nfz‘ = dl

denotes a volume element of the liquid body

(%)

where

and 0@{ denotes a volume element of the
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mixture. The quasivolume force resulting from
skin friction between the solid grains and
acting onto the liquid is given by Z'ﬂ ﬂl/{
Further the gravity force — T”r& vl Y

has to be considered. i

In this makroscopic view we have devided the
forces acting on the liquid body into sur-
face forces, volume forces and quasivolume
forces. U denotes the gravity potential,

P

and g denotes gravitational acceleration.

, the specific weight of the liquid

The equation of motion of the liquid body
therefore reads:

—./ﬂk alﬂl/alﬂ- T ﬂ da‘/lﬂ +fz;f[ /ll/
. 4
/G nevilelf £% A 6)

Equation (5) together with (6) renders after
the application of Gauss'theorem and using
the following limit éé[
ézk—é[—ﬂﬁvﬂ‘+ﬂﬂ_}-mvﬂ

Ly OF =0

'har] &

the differential form of the equation of
motion of the liquid

Vel

J9° -
Fng ~Fp 10 2l

#

which holds for each volume.

(6 a)
The frictional
force follows from (6 a)

-, O
Z//l;’ﬁ/pﬂ"jﬁ/"ﬂ*?zﬁ/] 7

This equation holds in general and does not
use the assumption of a point contact between
the grains (’L= 1). We denote the substancial
derivative with respect to the liquid by

Do o2 ()

ar 77 (7 a)
and we use the absolute velocity of the
liquid with respect to an inertial frame

A

Y * 7

ik +

4" =
(7 v)
We want to construct a generalized filter
law, that means a general relation between
%4 /7. and the motion
of the liquid. For this sake we introduce

the filter velocity # .

the frictional force
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For its definition we cut a small tetrahe-
dron out of the flowed through body, where
the axis x,y,z from a rectangular coordi-

nate system.

=

We denote with azithe outer surface vector
of the basis plane. The vectorial components
in the coordinate directions 0/0,4-,,( Y] 0’4,/1
ﬁZ%z are identical to the inward normal
vectors of the surface elements which are

parallel to the planes x

const., respectively. We denote the

const., y= const.,

z
liquid volume which flows through the sur-
face element @4 in the time interval &7

by dgk,o .47 ; analogous ﬂlgk,x -at) dfp,y-d’f/
0%h;- @7 denote the liquid volumina which
enter in the time interval dt through the
surface elements with normal vectors parallel
X352
2.) we have for the liquid

respectively. Under the assumption

/ka = dgk,x * dzf,y 7 dghﬂ 8)

We denote the values of a@h, ) aézy )
a%bz
Yx s

per unit of the surface area by

zgy , &2; and it follows then

0@%0 =:/GQLX /sz 7+ /aazu'/@zy

+ W) Yn = 4 70 )
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#
ponents ¥, x ) Ue,y 1 Y, =

there denotes the vector with com-
Since this vector behaves like a velocity
vector it will be called filter velocity.
Such a definition of the filter velocity is
possible only for incompressible media. In
general, the relation between the friction
force ;EL/V- and the filter velocity vector
%

is nonlinear:

%k/f/. e ,5-//”&/ (10)

In contradistinction a linear relation bet-

ween the friction force /%2/1 and the

filtervelocity # exists in the case of

a very slow moving liquid. The most general
linear relation between these two vector-

fields is constructed by the use of affinor
élk

Wnence

Z

7,

fls—ﬂ,".@ 11)

This relation includes i1nhomogeneity and
anisotropy with respect to ditiusivity. If
we assume a sufticiently large filtering
action ot the solid body that means a quasi-
stationary flow where the inertial forces

ot the liquid can be neglected then equation
(7) renders

Zﬂ:ﬂky/%”-ﬁﬂ/ 12) i
(12)

The Inertial forces cannot be neglected in
a short time initial transitional motion.
From (12) and (11) we have

o/ GU F 1)l A
(13)
or
V?{(—+Z/=—%'4
(13 a)
with
_ %
WA mﬁ, (14)



#), is denoted drag affinor. A different
form of (13 a) can be achieved by a left
hand multiplication by the inverse affinor,
called diffusivity affinor

-1
%/i o /(//: (15)

which is in general skew symmetric and a
function of spatial coordinates. this
renders
4--Kvis+5)
7% (16)
At a contact surface between two solid
bodies the diffusivity affinor has a Jjump.
ﬂi is therefore a piecewice continuous
function of spatial coordinates and allows
the matrix representation
[ khxx ’ék,xy 'ék,xz
ﬁ; =l£2yw Akyy Ai,yz

k‘[fx kl/ ey /é*/ 22

ﬂ k_
7t o)

and denote the static pressure by /z "

(17)

We set

=
T H T
P
h, layia) Ve
Schithte K
_ 1
Yy Y
2 / y
X U
/ Z=—
/
x/ F1G. 5 U=0
From (16) and (18) we have
h-—FK
(19)

Introducing the gradient ol the static
pressure in the liquid

4 ==
(19 a)
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we find a new form of (19)

e AN

3 & vk (19 b)
This is a generalisation of tne wellknown

Darcy filter law. If the diffﬁsivity in the
solid body is directional independent, then

with {; =k,4 {f and trom (19)

BtV e g (19 <)

where Ak is the wellknown scalar diffusi-
vity of a Layer £ . Denoting the absolute
values of #% and 7; &y % and % ,
respectively then the well known form of
Darcy'law follows from (19 c)

%= A (19 a)

From (19 c) it can be seen that in the
special case of constant diffusivity co-
efficients /& the static pressure A&

playes the role of a velocity potential.

ln [27] this static pressure /ﬁ is introduced
into the problem of consolidation ot clay
layers following

s [ 11"
77 :
i z a—_:o

Schichte K

FIG. 6

Since &;—izlt tollows from (18) that

4=ﬁ__

7 (20)

To find the equations of motior tor the cut-
ted part of tne solid body skeleton we con-
sider in a makroscopic view suriace stresses
acting on the solid portion of the outer
surface everaged over the whole makroscopic
surtace element. I'he state of stress in such
an element can be described by a symmetric
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stress tensor ér In the case of a
grained solid body the danger of slope
sliding is discussed using special (non
stacistical) cuts in such a way, that the
grains are not cutted. Here, Zf is the

stress tensor of the grain-to-grain contact
forces. Using statistical cuts (in this case
the cuts run through the solid body material),

Z represents the statistical mean of the
stress tensor in the solid material. This
expectation of the stress tensor is impor-
tant in cases where the elastic or plastic
property of the s¢lid material has to be
considered. The equation of motion for the
cutted part of the solid body skeleton

reads:

/z a/” T/‘z// 6/4 f‘/ﬂg 0/4,1,/1

Dx %%,
/ X (41t ) UAY /gns/f—n.) K s
where
o Ja
Bal. B A, . . .
at 7t (M - 7 (22)

deneotes the substantial derivative with
respect to the skeleton motion and 4&A
denotets the absolute velocity of the solid
body skeleton with respect to an inertial
sysbvem. Here aQ& denotes the outer mormal
vector of a surface element. The second

and third term represents the reactions to
the forces acting on the liquid body. The
fourth integral represents the body force
acting on the solid part of the body and
the integral on the right hand side of
equation (21) represents the inertial force.
Jex
material. Considering the meaning of At
the following relation can be established

is the specific weigth of the solid

0/£a,q = /& 542
(23)
Using (5) and (23) and Gauss'theorem we

have

Jo.dl,p =Jrvpdh - [ Apapr
==/QQ§ V4 - VVQﬁfﬁjjk/Z

(24)
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- grains in singulsr points we have )y==

Introducing (24) into {21) and using again
Gauss'lemma and the limit f’—*-a
Lim

4o % J/[%737' Kyt —17- ﬂ&/;?‘Fﬁ?*—ﬂqu&
-V et/ - "’"//— ) —7" Z]"ﬂ"f/d// 0

and the dlfferentlal form of the equation

we have

of motion in the following form

?”‘ -1 W;,f‘"‘ =V -Zu + g

Lo 1L )
V )5 vH — i) (5

which holds for every arbitrary volume. To-
gether with (7) equation (25) renders

vZ-n./70 +>%/Vﬂ+ 95)] 1 . v

-M-m) G~ ;""‘ v - V//Lﬂ,j— Pty gy ) DB

After rearranging and summing we have 28
;" Zf + /- ﬂ,_/?“"—p";?‘f"—"—- v

) zk—ﬂ} e vl =) (26 a)

V‘Z{ represents the resulting surface
forces in the solid body skeleton per unit
of the volume. In the case of a grained
solid body material and contact of the

7

if we consider cuts through the points of
contact between the grains. In this case

"

we have

n 2" Z‘f@ 1) 25

_ Fow =1 [Fon —;2;)
Z (27)

For statistical cuts Ak"’ﬁ equation (26 a)
renders

99" < e,
ﬂk f’ dz(‘ // k/ ;K d;_ %K
e Betlpy

i & ‘WK h K

7 F
vl — v

= pné{

-v7
VIt t)

(28)
Now we have given a clear answer to the
question, if the pressure gradient V4

in the full amount or the pressure £, , by



IvE

the action of the moving liquid on the
solid body, has to be multiplied with the
porevolume 7Z; in the construction of the
gradient. This reduces the pressure gra-
dient. The result now depends only on the
form of the cut to be considered statisti-
cal or through the contact zones of the
grains. In neglecting the acceleration
terms of the liquid and solid equation

(26 a) renders

g = 2o "”}/Z"‘ =2l + v, 2

(29)
Representing A, by the pressure head Az
(18) gives

pe= I -5

» (30)
and introducing this in (29) renders
/4
g = AV +J [ —i—/V/L
M -7 1-#
+/Z//‘ - ;__ ﬂkézfl./ i V”
(31)
from (19) we have
~f
Vh=-K, # = H]-
% v % % %% (32)

Looking at (31) and (32) we see that the
resulting surface force of the solid body
skeleton per unit of volume, of the mixture
is a sum of three parts: The first term stems
from the motion of the liquid, the second
term is the product of the pressure in the
liquid multiplied by the gradient of the wet
to total surface ratio and the third re-
presents the weight of the solid body ske-
leton reduced, in general, by the lifting
force. The second term is zero everywhere
where this ratio is independent of the
spatial coordinates. In the case of vnoint
contact and for special cuts through the
points of contact (A,=47 ) the total lifting
force is acting. An application is, for
instance, the stability consideration of a
flow through dam with point contact of the
grains ( Ak==/ ), ete. For statistical cuts
(Ak==ﬂ% ) the lifting force vanishes in the
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case of point contact and area contact. For
special cuts where Ak“ﬂﬁ the 1lifting force
alternates its sign. In all the cases where
the statistical mean of the stresses in the
solid body skeleton has to be considered,e.g.,
if the stress strain relation is considered
for the elastic or plastic behavior of the
solid, a non zero lifting force cannot be
expected, since the solid body has to be
cutted in a statistical way, there fore Ak -ﬂ;g-
In continuum theory the deformations and de-
formation rates are related to the surface
stresses and are not related in a direct

way to the additional forces as, e.g. pres-—
sure forces acting from the liquid to_the
skeleton. In addition it is required that

the relation between the deformations and
their rates and also their higher derivatives
stresses
the
is
necessary since the material constants of
the dry state should be used in both cases.

with respect to time t, to the surtace
and their time derivatives is all with
same in the dry and wet skeleton. This

The cuts have to be constructed in such a
way that in the liquid filled skeleton no
additional surface stresses which alter the
lifting forces come into consideration.
This condition is full filled only from the
‘statistical cut.
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