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A FIELD AND THEORETICAL STUDY OF THE INFLUENCE OF NON-HOMOGENEITY ON SETTLEMENT

ETUDE THEORIQUE ET PRATIQUE SUR L'INFLUENCE DE LA NON-HOMOGENEITE SUR LE TASSEMENT
NIONEBBHE U TEOPETUYECKWE UCCAEAOBAHUA BAUAHKUA HEOAHOPO/JHOCTY OCHOBAHUS HA OCAZIKU

J.8. BURLAND, Head Geotechnics Division, Building Reseorch Station, Wotford, Herts
GILLIANE C. SILLS, Senior Scientific Officer, Building Research Station
R.E. GIBSON, Professor of Engineering Science, King's College, Landon (UK)

SYNOPSIS: The paper draws together the results of a full-scale tank loading test on chalk
at Mundford, Worfolk (Ward, Burland and Gallois (1968)) aund some recent theoretical work
(Gihson (1967) and Awojobi and Gibsonr (1972)) to demonstrate the importance of non-homogene-
ity on the settlement beneath and around loaded areas. The patfern of observed displace-
ments. beneath and around the test tank differs appreciably from that predicted by simple
elastic theory. However the solution for an elastic half-space having a linearly increasing
stiffness with depth gives remarkably good agreement with the overall pattern of observed
displacementis. Equally good agreement is achieved using the finite element method of
analysis. The variation in stiffness with depth erncountered at Nundford £s by no means
unusual and it is concluded that the influence of non-homogeneity must be taken into account
when analysing such problems as differential settlemen®s end sell«structure interaction.

INTRODUGTION FULL-SCALE TANK TEST
In 1967 a detailed and precimse f'ield investi- Full deteide of fhe tenk ldoadimg test med the
gation was carried out on the settlemernit of resuite are given by Ward, Burland and Galloils
the ground beneath and around a large circu- (1968) and will therefore .ondy be Aeseribed
lar steel water tank on chalk &t Mundfoérd briefly. The tank was founded directly on
Norfolk (Ward, Burland and Gallois (1968)5. the surface of the chalk which varied gradu-
Although the ground appeared to behave elas- ally from a highly weathered and remoulded
tically the observed pattern of displacements material at the surface to an intact complete-
differed appreciably from,that given by the y unweathered rock at a depih of about 13
Boussinesq theory. In particular the settle- metres, At depths of 8.4 m and 22.9 m there
ments outside the loaded area were as much were two thin compressiBle marl seams.
as an order of magnitude less than the values
given by the classical theory. This beha- The diameter of the tank was 18.3 m and it
viour was attributed to the fact that the was of the same height so that when filled
stiffness of the ground increased signific- with watSr it exerted a uniform pressure of
antly with depth. 180 kN/m“. In a series of five shafts under
and alongside the tank precise instruments

In the time since the Mundford investigation were arranged to measure the vertical dis-
progress has been made on the analytical placements between successive levels. Precise
solution of the problem of the surface load- water levelling gauges were mounted at the
ing of a non-homogeneous elastic half-space top of each shaft, and at other locations, to
(Gibson (1967), Gibson and Sills (1971), measure the vertical displacement of points
Gibson, Brown and Andrews (1971), Awojobi 3.8 m below the ground surface relative to a
and Gibson (1972)). 1In addition to these datum some distance away from the tank.
rigorous studies direct numerical solutions Figure 1 shows a simplified cross-section
can be obtained by means of the finite through the tank and instrument shafts. The
element method. instruments in the shafts and the water

. levelling gauges were shown to have accuracies
The paper draws together the above experi- of about ¥ 0.0025 mm and ¥ 0,05 mm respec-
mental and theoretical work., The results of tively.
the Mundford tank test are analysed in detail
and by so doing the importance of non-homo- The tank was filled and emptied once in the
geneity on the settlement beneath and around course of a week. It was then filled again
loaded areas is demonstrated. and remained iull for a year during which

time observations were made of the creep
behaviour of the chalk. This paper will be
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Fig 2 Typical relationships between surface
load-intensity and vertical strain
during loading, unloading and reload-
ing of the test tank.

concerned only with the short-term behaviour
of the chalk.

Some typical results from the short-term tank
tests are given in Fig 2 which shows the re-
lationships between road-intensity and ver-
tical strain for three levels beneath and
outaide the tank during loading,unloading

and reloading.The linearity aud reversibili-
ty of the relationships are evident sugges-—
ting that the ground beneath and around the
tank approximates very closely to an elastic
waterial.

The observed vertical displacements at vari-
ous depths beneath the centre of the tank and
immediately outside it on completion of the
first f£illing are shown by the points in Figs
3(a) and 3(c).The corresponding observed
settlements of the ground surface are shown
by the points in Fig.4 The full lines in
these diagrams will be referred to later.

The dotted line in Fig.4 depicts the deflec-
ted shape of the ground surface given by the
classical Boussinesq theory for a homogeneous
elastic half-space.It can be seen that in-
spite of the evident elastic behaviour of the
ground the observed settlements outside the
loaded area are very much less than the theo-
retical values,This discrepancy was noted by
Ward ,Burland and Gallois (1968), who,follow-
ing the work of Gibson (1967), attributed

it to the influence on non-homogeneity. An
approximate analysis of the tank test results
based on the assumption that the stress dis-
tribution beneath the tank was given by the
Boussinesq theory, indicated that the stiff-
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ness of the ground increases significantly
with depth. The results of som plate bea-
ring tests carried out alongside the test
tank at various depths support this conclu-
sion. These tests are described in the anext
section,

The observations just described are confined
entirely to the vertical displacements.These
observations have provided valuable informa-
tion about the behaviour of jointed rock in
the mass. It was decided to attempt to sup-
plement this by measuring the relative hori-
zontal displacement between the top of one
of the shafts adjacent to the tank and a po-
int near the bottom of the shaft during unloa
ding after the long-term test.This was done
by suspending a 75mn diameter thin-walled
steel tube down shaft S2 (see Fig 1) to act
like a rigid plumb line.Attached to the bot-
tom of the tube was a small vertical plate
which hung between (but did not touch) two
opposing coils of a very sensitive inductive
transducer which was anchored to the rock at
level 3, The system was calibrated in-situ
and its stability checked before and after
unloading. The accuracyd the transducer was
approximately +0.0005 mm.

During the final unloading of the tank it was
observed that, like the vertical deflections,
there was a linear relationship between rela-
tive horizontal displacement and load inten-
sity. The movements were extremely small-the
total inward movement of level 3 relative to
the top of the shaft being O.134mm.The cor-
re;zonding relative vertical movement was

0. Im «

PLATE LOADING TESTS

A detalled description of the plate loading
tests has been given by Burland and Lord
(1969).The tests were carried out at various
depths at the bottom of 900 mm diameter unli-
ned shafts,one of the shafts being alongside
the test tank.The plate,which was made of
steel, was 864mm diameter and 127mm thick
and special care was taken in preparing the
bottom of the shaft so as to eliminate ped-
ding errors.

The pressure settlement curves from all the
plate loading tests were found to be nearly
linear and reversible over the range of
stresses imposed by the tank loading test.
The value of Young's modulus E for each test
was determined from the well-lmown expression
for a rigid punch of diameter D:

E=%-%D(l-w2)xID

where q@ is the average pressure,
p is the settlement
and ID is the depth correction factar,.

Depth correction factors for a circular loa-
ded area at the bottom of an unlined shaft
have been given by Burland (1969).In Fig.3(b)
the points represent the value of E obtained
from the plate loading tests carried out at
various depths al.ngside the test tank.It

can be seen that the stiffness of the ground
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is observed to increase significantly with
depth.

ANALYSIS 0¥ THE TARY TEST RESULTS

The f'ull-scale tank loading test at iundford
has provided a large amount of precise data
on the displacements beneath and around a
uniform circular load on the surtace of a
material whose stiffness at variolis depths
has been measured by means of in-situ platé
loading tests. Up till now a precise analy-
sis of all the data has not been carried out
although Smith (1970) has carried out a
finite element analysis employing the approx-
imate values of E deduced by Ward, Burland
and Gallois (19068). In particular no attempt
has been made to assess to what extent the
overall pattern of' displacements can be
acdounted for by incorporating varying stiff-
ness with depth into an analysis and whether
the results from the plate loading tests are

42

in. agreement with such an analysis.

In the time since the Mundford investigation
was carried out progress has been made on the
analytical solution for a uniform circular
load on the surtace of a non-homogeneous iso-
tropic elastic half-space, In addition to
these closed form solutions, direct numerical
analysis of the problem can be carried out by
means of the finite element method. Both
these approaches will be used here.

Before carrying out the analysis a value of
Poisson's ratio v for .2 chalk had to be
assumed, Burlana and Lord (1969) have given
the results of some caretul triaxial tests oh
intact specimens of the chalk using electrica
resistance strain gauges to measure the ver-
tical and circumferential strains, An aver-
age value of 0.24 was obtained for Poisson's
ratio, It is also relevant to note that when
subjected to increase in all-round stress the



axial and circumferential strains were almost
identical which suggests that the chalk is
isotropic. In the absence of any other data
from in-situ tests it was assumed in the ana-
lysis that the chalk in the mass is isotropia
and the value of v is equal to 0.24. Any
serious departure from these assumptions
would probably be brought to light when com-
paring the theoretical and observed behaviour,
The values of E from the 1aborator¥ tests lie
between 5,400 MN/m“ and 6,800 MN/m<.

Finite Element Analysis:

The finite element method of stress analysis
is now well known and will not be described
in any detail. The present analysis was car-
ried out using constant strain trianguliar
elements and the ground was assumed to behave
as a linear elastic material having a varying
stiffness with depth. The finite element
mesh extended to a depth of 180 m where a
fixed boundary was imposed. A zero horizon-
tal displacement boundary was imposed at a
distance of 100 m from the centre line of the
tank, Over 800 elements were used in the
mesh and they were concentrated 1n the region
of high-stress gradients near the loaded area,

The approach adopted in the finite element
analysis was to use the measured displace-
ments beneath the centre of the tank Lo
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evaluate the variation of E with depth. This
involved a trial and error procedure whereby
a distribution of E was first assumed. A
finite element analysis was then carried out
and the calculated centre line displacements
compared with the measured displacements. The
value of E at each depth was then modified
and another calculation made. The procedure
was repeated until a satisfactory fit was ob-
tained between the observed and calculated
centre line displacements. A similar ap-
proach has been used by Cole and Burland
(1972) for deriving the variation of stiff-
ness with depth from the observed inward move
ment of a retaining wall. In carrying out
the analysis an upper limit on the value of F
was set at 6,800 MN/m¢ corresponding to the
intact stiffness of the chalk as measured in
the laboratory.

In Fig 3(a) the full line represents the cen-
tre line settlements given by the finite ele-
ment analysis, It is evident that a close
fit has been achieved between the measured
settlements ané the theoretical values ob-
tained by trial end error. The small discon-
tinuities in the thecretbiocal relationship
betwesn vertical settlement and depth are
caused by the presence of the thin compress-
ible marl seams the influence of wnich was
included in tne analysis.

Distance from § m
0 5 10 15 20 25 30 35 40
0 : . . . S . : -
ST —
1-0
(o]
Settlement
o measured
mm
surface
—— finite element analysis

20

Fig §4 Comparison

— — Boussinesq solution

of' observed settlement profile of the ground with the Boussinesg

prediction (shown dotted) and the finite element prediction,

43
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In Fig 3(b) the theoretical distribution of X
with depth required to give the fit shown in
Fig 3(a) 1s given by the dotted line. It can
be seen that the deduced stiffness increases
approximately linearly with depth from a very
low value at the surface. The deduced E val-
ues can be seen to be in excellent agreement
with the values obtained from the plate load-
ing tests. The deduced values of volume_com-
pressibillty my of the marl are 0,0114 /N
and 0,0183 m /ﬁN for the upper and lower marl
seams respectively. These values are con-
siderabli lower than the laboratory value of
0.0438 m</MN obtained by ¥ard, Burland and
Gallois (1968).

Haking use of the distribution of deduced E
with depth given in Fig 3(b) the displacement
of a large number of points beneath and
around the tank have been evaluated. In Fig
3(c) the theoretical vertical displacements
down the shaf'ts immediately adjacent to the
test tank are compared with the observed
values, It can be seen that the theoretical
values are slightly larger than the observed
valued &t mll 8epths, Nevertheless the
agreenent is excellent.

In Fig 4 the theoretical deflected shapes of
the ground surface and level 4 (full lines)
are compared with the observed displacements.
Once again the agreement is excellent. It
can be seen that the unexpected observation
that the settlement of the ground surface is
localised around the loaded area much more
than the simple elastic theory predicts, is
accounted for almost entirely by the influ-
ence of non-homogeneity.

The value of Poissen's ratio used in the ana-
lysis was derived from laboratory tests on
intact chalk. The fa¢t that the theoretical
displacements are in such good agreement
with the observed values indicates that

the value of Poisson's ratio and the assump-
tion of isotropy are quite reasonable. How=-
ever, an independent analysis has shown that
the deflected shape of the ground surface is
not very sensitive to the value of Poisson's
ratio, A more direct check on the value of
Poisson's ratio may be obtained by comparing
the observed horizontal displacement down the
shaft at the edge of the tank with the value
obtained from the finite element analysis.
Using the distribution of E given in Fig 3(b)
the analysis gave horizontal displacements at
level 3 of 0,038 mm away from the tank and at
the top of the shaft 0.069 mm towards the
tank. Therefore the predicted horizontal
displacement of level 3 relative to the top
of the shaft was 0,107 mm. As described pre-
viously the observed relative horizontal dis-
placement between these two levels was 0.134
mm. The agreement is therefore quite reason-
able, suggesting that the value of Poisson's
ratio obtained from laboratory tests on lnumt
specimens is close to the value of Poisson's
ratio of the chalk mass.

RIGOROUS ANALYSIS

Until recently only scant attention has been
given to the theory of the non-homogeneous

elastic half-space loaded on its surface.
Gibson {1967) obtained solutions I'or the
special case of an incompressible half-space
with a stiffneas which increased linearly
with depth from a zero value at the surtace.
Gibson, Brown and Andrews (19/1) have pub-
lished some results for the similkar problem
of the non-homogeneous elastic layer overly-
ing a rigid medium.

The restriction on the value of Poisson's
ratio (the incomprescible medium has » = 3)
was eased by Awojobi and Gibson (19/2) (see
also Gibson and Sills (1971)). Closed form
analytical solutions were obtained for
settlement and stresses due to the applica-
tion of a strip load or a circular load on a
non-homogeneous elastic half-space. The
stiffness of the medium is described by

G = mz, and

_since G = 2—-(1—E;-v—)- this is equivalent

to a linear variation c¢f Young's modulus
E =2 B( +#)mz ... ... 1(1)
The settlement at any point (¥, z) caused oy

Settlement mm
0 10 20 30

— equation (2)

10 |-

o measured

— analytical

f53

20 |-

Depth

m

rig 5 Comparison between measured and
analytical ‘centre line setillement.
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Fig 6. Comparisan between measured and analytical settlement profile of the ground at level l

a load of intensity q applied over a circular
area of radius b has been obtained by Awojobi
and Gibson (1972) and in the special case of

¥=1/3 this reduces to

2n

1 22

2. 2.2 2.2 .2\2 2.2
w.(r,z) =1/41nrﬁi+b)+‘\2[(z_i-b) + 4b%z I

+1/2 Qa-b2f+zz (:_l'2+b2)- Q‘?'-ba) “/( z2+r2-b2)2 +4b2_3‘ )
-(ra-b2)2+ 222(r2+b2) szt (22-r2+b2) ‘\[(zz+r2-b2)2+ 4bazal

This expression can be compared with the Mun-
dford test tank results. It is assumed that
the slope of the E against depth curve is
the same as that given by the finite element
analysis in Fig 3(b). Setting ¥=0.24 in equa-
tion (1) the value of m is £ound to be 63,7
MN/m. The assumed distribution of E differs
trom that obtained by the finite element ana-
lzgis in the following respect: it Bives zero
stiffness at the surface, no allorance is
made for the marl seams and E continues to
increase at ali depths. Nevertheless,the as-
sumed distribution of E conforms clasely to
the plate test results,

The value of ¥ =1/3 used in deriving equatim
(2) is pigher than used elsewhere in the pa-
per.However,over the lower half of the possi-
ble range of values of Poisson's ratio

0& & 1/2 the actual value does not have a

strong effect on the shape or magnitude of
45

——

the settlement curves.

In Fig 5 the theoretical centre line settle~
ments as given by eguation (2) with m=63,7
MN/m and q=180 kN/m¢ are compared with the
moeasured settlements.The theoretical settle-
ment at the surface is infinite due to the
assumption of zero stiffness at this level,
However, the agreement between the observed
and predicted settlements at and below level
1 is excellent. In Fig 6 the theorsetical
settlement profile of the ground at level 1
is compared with the displacements obtained
with the water levelling gauges.Once again
the agreement 1s seeh to be remarkably good.

The finite element solution may be checked by
comparing the curves in Figs 5(a) and 4 with
the corresponding analytical results in Figs
and 6 respectively.Bear in mind the
gmall diffegencea ilg the %g%iation of E with
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depth and the values of y , the agreement is
very good thereby demcnatrating the accuracy
of the finite element method in anslysing
this type of problem.

CONCLUDING RELARKS

This paper has sought to draw together the
results of the full-scale loading test at
Mundford and some recent theoretical work to
demonstrate the importance of non-homogeneity
on the settlement beneath and ,around loaded
areas, An important finding of the Mundford
loading test was that, although the ground
appeared to behave elastically in that its
load-displacement characteristics were linear
and reversible, the surface displacements.
were localised around the loaded area much
more than the simple elastic theory predicts.
It has been demonstrated that this behaviour
can be entirely accounted for by the influ-
ence of increasing stiftness with depth. ;
lndeed, the overall pattern of displacements .
beneath and around the test tank have been
accurately reproduced by representing the
ground as an isotroptc elastic half-space
having a linearly inereaelng stirrness with
dep'th. [

The variations of stiffness with depth en-
countered in the Mundf'ord investigation are
not unusual. For example Cole and Burland
(1972) have shown that the stiffness of
London Clay, which is a heavily overconsoli-
dated deposit, increases significantly with
depth. It must therefore be anticipated
that the use of simple homogeneous elasticity
for analysing the behaviour of foundations
may in many instances give rise to discrepan-
cies of the same order of magnitude as those
encountered at Mundtord, The. implications
for problems involving differential settle-
ments and soil-structure interaction are‘tar
reaching and fundamental. It is concluded
that the influence of non-homogeneity has to
be taken into account if an accurate and
realistic understanding of the behaviour of
foundations is to be achieved.
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