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APPROXIMATE CALCULATION METHOD FOR SETTLEMENTS

CALCUL APPROXIMATIF DES TASSEMENTS
(IPMBJNXEHHBIA METO/J BYYUCIEHNA 0CALOK

BENT HANSEN,‘Prof.ssor,Tochnicol University of Denmark, Copenhagen (Denmark)

SYNOPSIS. Under the assumption of a purely vertical displacement field in the soil, settle—
ments and contact pressures can be calculated by means of an approximate method,in whidc
only the vertical equilibrium equation is satisfied. This leads to a second order partial
differential equation which in certain cases may be solved by means of the flow net tech-
nique. The results are surprisingly accurate for problems, e¢.g. drained state in horizontal
layers of moderate thickness, where the basic assumption is reasonably well satisfied. The
method cannot be used for initial settlements in the undrained state or for settlements un-
der loads near failure, however, ’

INTRODUCTION

In this paper the simple case of a horizon-
tal, uniform layer with ideal elastic proper-
ties is considered. Even in this case the
mathematical formulation of a settlement
problem leads to either ome fourth order or
two simultaneous second order differential
equations., If rigid footings are present,

the additional problem of determining the

distribution of contact pressure is strin- Q(so)
gently formulated as an integro-differential ! T
equation, Py {M /N,
L) B ] ¢l v
For computational reasons most routine cal~ c 9 4 : X
culations in practice have therefore until | ' ~
recently been based on more or iess well $1 Si -
defined approximate methods, for example, 0;[. K
cf. Figl.l: & G_x__ﬂ_T'._Q Ko
1. Along each vertical VV', at the top point duﬂ lt
V of which the settlement 8 is required, the ‘T‘ »
vertical normal stress 6, and possibly also : . 0z
the horizontal stress G, are determined by i B |
a summation and/or integration procedure .
utilizing %he known influence functions for v
a line or a uniform strip load acting on the z

surface of a homogeneous elastic half space,

thus disregarding the real inhomogeneities

and even discontinuities of the soil profile,

e.,g. a rigid base at a depth D beneath the

base., FIG.l: SETTLEMENT AND SUBGRADE

REACTION PROBLEM

2. For rigid strip footings CC' loaded by

the components: vertical load Q and moment

N tho contact prossure is sither amsumed to  LUIVEE,of SUriS must be teken as usimoms,

or 1;sd§tegm;negseggligizig?ti: %ﬁiflzgig; also be calculated. All settlements™ will be

case the pressures Py traﬁsmitted through a ;1near functions of the unknown quantities
is
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%3, The settlement calculations are then per-
formed by integration along each vertical
of the strain component

E = _ 9“2: G’z‘Ko_G’B (1)
z 9z K(I- K,z)
where K is the modulus of consolidation, and
M
K =— .
¢ (2)

is the earth pressure coefficient at resx
(for primary loading).,

Alternatively only G may be taken into ac-
count, treating the Qeformation problem as
in the one~dimensional case.(l) must then

be replaced by:
‘£ = Bu, G
2= %9z T K (3

In both expressions (1) and (3) and in the
integration process the inhomogeneities and
discontinuities in the soil profile are taken
into account, Thus, in Fig.l u, is taken to
be zero at the rigid base z=D.

4, PFinally possible unknown contact pressures
pi are determined by the conditions that the
corresponding settlements s; must vary as a
function of x, giving in thls way the over-
all settlement s, and the rotation r, of the
footing:

4

The resultant of the contact pressures p;
should also be in equilibrium with the total
load components Q and M.

A number of modifications exist. For example,
when only the settlement of a centrially loa-
ded strip footing is required, (3) may be
used togetoner with a simplified calculation
of 6z along the line of symmetry (x=0 on
Fig.1l): Q

Brz (5)

The method as described above, using Eq.(l),
is statically admissible and therefore on
the safe side. Because of the errors invol=-
ved in disregarding the influence of the
rigid base on the stress distribution, Hq,.(3)
actually seems to give better agreement with
observed settlements,

83=5, +PoXi

Gy ~

In recent years the finite element method
has been applied to the problem. This method
is kinematically admissible and it permits
of course much closer approximations to the
correct result, but it requires access to
rather advanced programming on a large com-
puter,so it may not be economical for rou-
tine calculations. In this paper an alter-
native method is proposed, which is also
kinematically admissible,and in fact has
much in common with the finite element method.
It is simplified, however, so that it may be
used in some cases for routine calculations
without necessitating the use of a computer,

96

BASIC EQUATIONS

If it is assumed in Fig,l that the displace=
ment field has only vertical componcnts u,,
then one clearly has at each point (ix,z):

Ju,
G, KE, = - K
2 9z (6)
cf.Eq-(}),and H 3
- Gy, =G 52 7
Tuz Ixz Bx
The shear modulus G is given by:
1-K,
Gz K =m—mmm (8)

2

Under this assumption the only equilibrium
equation, which can be satisfied, is the
vertical one:

26, %%z _
3z dx )]
assuming no loading from volume forces. In-

serting (6) and (7) this becomes a second
order differential equation in u,:

9 (v Oup 9 (. u

0z (K 8z> T 5 (Gﬁx 0
i.e, an equation identical to the one which
governs potential flow in anisotropic and
possibly inhomogenous media.

The boundary conditions will usually be give
en directly by the difinitibns, For example:

(10)

u, =0 along rigid bases and possible verti-
cal lines of antimetry.
uz=8,+rP X along bases of rigid strip -
footings. )
3uz:() along possible vertical lines
3X of s etryo
ymm

For soil surfaces and boundaries between
different soil layers, in the following as-
sumed to be horizontal, it should be noticed
that only the vertical equilibrium equation
can be satisfied. Thus, for a surface with
vertical load q per unit area:

Bug -- 2 (regardless of a pos—
Jz K sible shear load)

and stress condition for a boundary between
soil layers, a and b, with different moduli
of consolidation:

Ka (_s_z‘?uz)a = Kq (—s—guz)
In a soil prgfile consiséin@ of horizontal
layer5 K and G may frequently be assumed
functions of z only, and their ratio
G . me
X 2

may as a good approximation be assumed caon-
stant. In this case the affinity transforma-
tion .

X] =X, z]=mz (12)

(11)



will transform Lq. (10) into:

S (fa35) Snlk

with

Az
1ax4)'0(13)

Kjmk= § (14)
B3, (13) is well suited for solution by nu-
merical methods, using e.g. the finite dif-
ference, finite element or function series
technique. In the important special case of
one horizontal soil layer with constant Kl
conformal representation and the flow net
technigque may be used,

CONFORMAL REPRESENTATION AND FLOW NETS

When K; is constant, Eq. (13) reduces to the
Laplace equation, and by introducing the
conjugate function Pz by:

duz . 9pz .. G2

dzy - Ixg’ (—- k:) @
.ﬁ!&_‘_ 9p0a o Tx2z

kg 92, (- G )

conformal representation mapping w=u, +ip
into y=z+ix may be used in some caseS. If
the special case of a centrally loaded strip
footing of width B resting on a uniform soil
layer of depth D (transformed depth Dj=mD)
one finds the following solution.

Defining :
B

=exp (-4

2 2D1 (16)

the settlements 8, under the wvertical load Q
on the footing is:

s -8 K@)

K R (k) 17)

where K(k) and K'(k) are the complete ellip-
tic integrals of the first kind correspon-
ding to the modulus k.

The contact pressure p(x) along the subsur-
face of the footing is given by:

Lo (18)

pB =7
Qa 20
1
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where -4
f(x)=(1+k2—2k cosh 1[5-) z

D

1

a9

increasing from (l—-]a:)-l at x=0 to infinity
at x= £
2

The corresponding flow net, for the special
case of B=D, K, =0.4, is shown on Fig,2. It

is seen that with n, intervals in u, and a,
intervals in P, (over half the soil layer)3

Eq. (17) becomes in this graphical method:

9 %u
Kl 2np

From Eq,.(1l5) it is seen how the integrated
contact pressure distribution may be obtained
from the intersection points between the
footing and the P,= const.curves.

S =
o]

(20)

Strip footings acted upon by moments, or
(possibly non-uniform) strip loads, are not
easily treated explicitly by conformal rep-
resentation. However, even in these cases
the flow net technique presents no special
difficulties (known variation of u, and Py

respectively, along the surfade parts in
question).

CONCLUSION

The method proposed in this paper is a kine-
matically admissible one which is based on
the fact that the displacement field in a
horizontal soil layer in the drained state
beneath a footing which is loaded to a rea-
sonably high factor of safety against fai-
lure will be predominantly vertical. Utilj=
zing this as a basic assumption of calcula-
tions a second order differential equation
is obtained which is identical to the one
governing the seepage problem in anisotropie
materials, The wide range of numerical method
applicable to this problem may therefore
also be used in the present case.

Comparative calculations, e.q. using the fi=
nite element method, have snown that the
settlement and contact pressure distribution
obtained by the proposed method are surpris—
ingly accurate,
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FIG. 2: CONFORMAL REPRESENTATION AND FLOW NET FOR CENTRALLY LOADED FOOTING

Conversely, the method cannot be used in cas
es where it is not a good approximation to
assume a vertical displacement field,

e+.g. in the undrained state or under loadings
near failure.
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