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CONSOLIDATION OF A SEMI-INFINITE POROUS MEDIUM SUBJECTED TO SURFACE TANGENTIAL LOADS
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K.S. SARMA, Ph.D. Lecturer in Mathematics
M.Y. RATNAM, Ph.D. Professor of Civil Engineering (India)

SUMMARY. This paper presents and analytical investigation of the consolidation of a semi-
infinite clay layer subjected to a uniform tangential load applied over a long strip at its
surface. Biot's theory (1941) is made use of along with McNamee and Gibson's (1960) dis-
placement functions. Application of Fourier Sine and Laplace Transforms leads to a solu-
tion of the problem. The excess pore-pressures and vertical settlements are evaluated for
two specific cases: firstly, when the top surface is free-draining and the secondly, when

it is completely iwmpervious,

NOTATION
G Shear modulus
c= 2Gn k Coefficient of consolidation
k= Coefficient of permeability
n=(1-0)/(1'20) Auxiliary elastic constant
t time coordinate
u displacement in x-direction
(horizontal)
w displacement in z-direction
(vertical)

X space coordinate Ehorizontal)
z space coordinate (vertical)
Vv Poisson's ratio
fel exXcess pore pressure

O, Opz total compressive stresses

1)
Txz shear stress
2 92
ve= L+ -QLE Two dimensional Laplacian
ax iz operator

INTRODUCTION

A self-consistent and general theory of
three-dimensional consolidation (Poro-elas-
ticity) was developed by Biot (1941). The
theory successfully explains the consolida-
tion behaviour of a solid sphere (Gibson et

al, 1963) and practical phenomenon like
Noordbergum-effect (Verrujt, 1969). The clas-
sical one-dimensional consolidation theory
(Terzaghi,1943) can be treated as a special
case of Blot's theory.

Problems of poro-elasticity (like elasticity
can easily be solved by introducing one or
more stress or displacement functions

i$3
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(Biot,1956; Josselin de Jong, 1957 ;McNamee
and Gibson, 1960; 3chiffman and Fungaroli,
1965), Few problems, wherein the normal\
loads are applied on the boundary of a con-
solidating semi-infinite body, have been
solved. llowever, in Foundation Engineering
Practice, the footings may be subjected to
inclined loads, which can be resolved into
normal and tangential components. Moreover,
the friction between the rough footing and
foundation soil may introduce some shear at
the foundation soil may introduce some shear
at the foundation leve{. Hence an attempt

is made in this paper to study the consolida-
tion behaviour of a long flexible strip
footing (plane-strain case) resting on a
very thick clay layer, with shear load uni-
formly distributed along the width of the
strip.

GOVERNING EQUATIONS

Biot's theory in its simplest form will be
used,wherein the clay is assumed to be a
homogeneous, isotropic linearly elastic and
saturated (with incompressible water) medium,
In terms of the displacement functions E

and S (McNamee and Gibson,I960) the goverm-
ing equations are

a2
4 = ——
v ot

2

I v £

V¢S5 =0 (1)

The boundary conditions of the problem are
(for t > 0)

G,,=0, 20, /x[ <=0



bz =1, Z =0, /x| < b
=0, 1:0, /X > b 2
={ 2 =0 /X/ & oo
) (for pervious case)
;75 0, 220, 4] <o

(for impervious case)

The governing equations and the boundary
conditions can be non-dimensionalised by
dividing all the stresses by "f", 311
lengths by "b"™ and all times by "be/c'.

For simplicity, hereafter only the new non-
dimensional variables will be used with old
notation.

The various displacements and total stresses
are given by

. df g5
T )
s JE s '
W——iT 5*137’
Oz P s |45
26 x? az? dz
7 A% dés
Xz _ —
26 " dxdz .
& as 2
S _ 9 _,veF
26 0z 7

METHOD OF SOLUTION

Successive application of Fourier Sine
Transform with respect to "x" and Laplace
Transform with respect to "t" on the variab-
le £, yields its transformed value E:

E—{d, z,p)=f[ £ (x, 2,¢)= )
x §in olx. €t gy at

and the inverse relation is:

f{x,z,t)=”£{1 0/ BfPE-/d,z,p)x

xsinax. €% du dp (5)
Similar transformations may be defined for
other variables like S etc.

The solutions of eqs. (1) using the condi-
tions in eq.{(2) will yield

- _ 12
E=tyeis g, ed2l79 (6)
S =ge*?

where for Pervious Bundary

L Sino(1*ns)
R

- Sinat
264, = =T s

= - NSind
268 Zip
p-j*ﬂ.'i-/f*s)l/"; P=a(25
and for impervious case:

sin « [1408(1+5) %]
«5 5 Q
Sin o
264, WERT)
268 = -1 9ina. (/.cs)’/z
(4 Q
@=1+(ns-1)(1+5)7?

DISCUSSION

a) PERVIOUS CASE

From eqs (4,5 and 6), one obtains after ef-

fectingai_nversion with respect to "tz":
=_;’. '”ds' -2.’ ~o{Z -d<l -dZ

2CE T 5/‘ St ‘“uzou da 2,177;‘: e -a (14,+€ A

ZG/ly ==

and gimilarly:
2,

_&n Fsina_sinax_p %2 2 gt 1
265= z/—ae £y |52 e z#

where the various integrals Ill-'IS'IG etc.
are tabulated under appendix,

The surface settlement (w at z=0)is given by:
oo 2
2 [ sino Stmlx d [ et
=] == -
26Wro “T) 42 o1 Is

The settlement of the centre of the strip
(x=0) is zero at all times,and the edge
settlement (x=1) is given by:

2
_ 2 7 sinx 1 -
26W;z.p * 1 6/ vE "d"l[.?ﬂ'f ne Is

X=1
VD)

the ultimate edge settlement (t— =) is
given by:
i S

2G Wz=0 = 3n-1 (8)

x=]1
t=co

Thus the ultimate settlement is a function
of nand G (or V and G), which is a fact
from elasticity, It is of intereat to note
that the immediate settlement (i.e.,

LA ) turns out to be zero for all values

x=1
t=0
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of n. This fact can also be verified from
eq.(8), by letting n->co(orv =0,5).
Physically this can be explained by the
fact that at t=0 i.,e.,, immediately after
the application of the load, there is no
chance for the c¢lay to dilate and it beha-
ves as an incompressible material.

The time-dependent consolidation settlement
is defined as:

26W, = 26GWy.p =2 G Wiy

The progress of consolidation is measured by
the ratio, called the degree of settlement

Us as: 26Wy.e - 26Weno
5= 26Wt=oa“26 Wt -0
The excess pore pressure turns out to be

-2 .
[}9 o2 dzf -€ Ié]

At the surface (2=0), the pore pressure is
zero for all time since a pervious boundary
is assumed. Howewver, at any other depth
also the pore pressure is zero under the
centre of the strip (x=0).The pore pre-—
ssure under the edge of the strip (x=1 and
at z=1) is given by

on —dzf /7_ . —o -
6X=1 :ﬂ_— E dﬂ([~§=’f'f4m 6’ Iﬁ/

(9

2ﬂfsma<smacx e

oo
sin
=]

(10)
b) IMPERVIOUS CASE

The various quantities for this case turn
out to be:

o2 [ sind sipetx
2GE = 0/ 5 dx *
- Z -2t -adZ 7
2/7-1 e —e (I, +e 12) -
pp (1942 [e-dz:ﬂz - yr/ze-gz] 7

(1-3) (tns1)? - (z2-7y)] J

7 Stnol SL7eX
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o
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2an
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Again it is observed that the centre of the
strip does not settle at all (as was in the
perivous case).

The edge setblements are given by
“ onyl o (19’
'“”"dat 2 ny“e
R TR
(11)

The ultimate edge settlement is again given
by:

26W,*

Xel

!
26W, ., = —
20 = 2pn-1
t =0

which tallies with the result of eq.(8).
This coincidence must be obvious from the
physical point of view. It is again to be
noted that immediate settlements are zero
even in this case.

Similarly the pore pressures are observed
to be zero under the centre of the ship at
all times, irrespective of the surface con-
ditions. The pore pressure for the imper=-
vious case is given by

2
5. =_2n/5m.,4€-4z
o

_pe¥itfa v -yl _d}/
(n+1)% - (2-ny) (12)

c) STEADY STATE SOLUTIONS

The steady state (the state when the dissi-
pation of pore pressure is-complete) soluti-
ons of poro-elasticity reduce to the soluti-
ons of corresponding problems of the classi-
cal theory of elasticity. It is observed
that the utlimate values of E and 3 (as
are the same for both the surface drained
conditions., If these values are substituted
in eg. (3), one gets the steady state value
of Gz, as:

im

!L/e— .[3-.\/-1]:1."

2

Ixe
I/fzﬂx 2% 422]

which coincides with that obtained indepen=
dently from theory of elasticity (Harr,1966).
Incidentally, this wvalue is identical w1th
the steady state value of Oxz for the case
strip, which is loaded normally.

-
2 . , -z
Grz = _j[_z/ sine Sinsx e " dw =
o

tmo
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d) NUMERICAL RESULTS

The numerical results based on egs.(9,10,12)
and evaluated by computer are shown graphi-
cally in Figs,l and 2. The results show
that the effect of V is more pronounced in
the pervioug case. Fig.2 shows that pore
pressures obtained from Biot's theory tem-
porarlily increase and then decrease with
time, unlike the gradually decreasing pore
pressures as predicted by Terzaghi's theory.
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APPENDIX

I=J | MR(NV¥ cos vaz = V sin VuZ) dy
o

I,,,,’Jfﬂﬁ’(v’ Sin oLV = NV cos V) dV

oo

I J/m/y?)dy I; = J/ﬂ/e(v“v?)dy
I, ~J//~rr/y cosd Wt (N-2) ¥ sind¥d) dY
éma{/m (VieoselV # (W-2) V? sina V)@V
= Jﬁrm-z) veay;
I *J/a;/r(w V%) dv
where[R) (viH)A(vi+y) [v3e(1/nt y)]
(r) (V1) v (n-5)%]

J=2(am)7" . Mee=Ftv?
N=n(Vett)+
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