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THE RANKINE PRESSURE THEORY IN THE LIGHT OF KINEMATICS OF GRANULAR MEDIUM

THEORIE DE POUSSEE DE RANKINE VUE DU POINT DE LA CINEMATIQUE DU MILIEU SANS COHESION
TEOPUSA JABJEHVA PIHKUHA C TOYKU 3PEHUSA KUHEMATUKM CHITYYEN CPEAb

T. JESKE, T. PRZEDECKI, Technical University of £.6dz (Poland)

SYNOPSIS

The paper is aiming at answering the question

structing a
assumption
a) negleible volume changes,

b) of motion of the retaining wall.

ginematio solution corresponding

After the gemneral formal aspeet of the problem
locity field obtained on model researches was

field was oonstruoted

in aoccordance with the

an assumption of +the ocoaxiality of principal

a distribution

of horizontal pressure on the

pressure obtained in +this way 1s similar +to
on a large scale but different from the Ranking anticipations.

INTRODUCT ION

The Rankine theory 1s one of the
oclassical examples of basic static solutions
(in stress) of the plasticity theory applied
to the soil mechanics.

Two oases are discussed in the theory:
sive earth pressure and aotive earth pressu-

pressure

pas-

re; both at an assumption of constant direo-
tion of prinocipal stress within +the whole
region of the solution. The solutions are
based on a taclid assumption that there exists
a scheme of motion composed of a single slide
coextensive with the boundary line of the
region of plastic stress.

The tasks oould be put alternatively in form
of a kinematioc solution (see E.H. Davis 1963),
The work of gravity foroces and the work done
along the slide line are ocaloulated and noth

149

whether <there
exaotly to that

oexists a possibility of oon-
of Statio by Rankine, at an

have been disseussed, & detell analysis of ve-
carried out. On a ©basils of these a velocity
earlier theoretical ascertainmeﬁts.Then,using
directions of stress and the rate of strain,
retaining wall was found. A diagram of the

the resultes of model researches carried out

are oompared to +the work of the reaotion
force on the retaining wall on a gilven dis-

placement of the wall. When constructing that
kind of solution a flow rule should be as-

sumed . For an obvious reason of phisical cha-

racter (see T. Jeske 1968) the noncoaxial

flow 19 rejeoted of +the oocaxial rules the

most convineing seem to be the rules of non-

assoclated type (see E.H. Davis 1968) of zero

or minimum dilatancy.The associated rule can

give a kinematio estimate that differs from
static solutions.

The non-assoclated rTule of 2zero dilatanoy
gives an estimate which is in accordance with

that of static, but in of an active

pressure the of kinematic solution

that is in aocoordeance with statio Reankine

solution does not seem to be kinematic real;

0ase
soheme
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this 1s shown in Fig. 1. The rigid
shown on fig. 1b ean not take place in reali-
ty. Henoce 1in of the (pSoblem) on an
aotive earth pressure, even at an admitingaf
Rankine assumptions, the problem of eomplete,
admissible kinematic as well as statlc solu-
tion still stands open. In the paper there
has been suggested a solution of the problem
based on an analysis of real veloocity field
obtalned by way of experiment.

Zzone as

oase

_discontinuity line.

b) Aotive pressure
case

Fig. 1. Vetooity fields based on Rankine so-
lution

a) Passive pressure ocase

The analysis 1s preoceded by a dlscussion of
some general properties of the velocity fileld
and the sliding line - regarded as the lines
of strong discontinulty in the velooity fileld.
The final part of the paper 1s devoted to
the oonstruction of the solution in stresses.
Kinematiocal, geometriocal and dynamical rela-
tions of the velocity field and their oonse-
quences.

The problem 1s being examined in the plaene
flow oondition. The only +thing possible %o
doefine in the experiment is the displacement
of the partieles, that is elements of their
path. In order to oonstruoct a theoretical
solution there ought to be the characteristics
of the veloolty field to disposal and an en-
velope ourve of those - that 1s disoontinuity
line. So, to use fully and interpret ocorrect-
1y experimental data 1t 1s neocessary to re-
member some general properties oonocerning
these concepts and the relation between them.
It is assumed, that the motion 1s of steady
character. It was admitted, morover, that the
displacement will be so small in comparison
with initiael positions of the particles, that
the problem can be oonsidered in its initial

geometry.

150

On acoount of quasi-stationary charaoter of
the flow the paths of particles and the
stream lines are given by the equations

v v

e TP

="z (1)
The equations of +the velocity field of anm

assumption of non-associated flow rule are
of the form:
d'x %% Dz 'z
>x * ote 29W+ ctg 29"5‘:?‘"37’ 0
(2)
D% . x
DX + 5111]}" 00se0 29ﬁ +

v
+ sin)r" cesec 29‘%—2 = 0

In these equations by O is denoted the angle
between =7 and the axis z, and the angley’
denotes dylatanoy measurement., It is assumed
that the positive direotion of the z axis 1is
oriented down. The equations (2) are hyper-
bolic and their charaoteristics are given by
the dependenoies:

= ts[e t (%-— %1}))]

There ocour relations along the charaoteris-
ties

ax

& (3)

oos ]f’dut + (vt - u® sin‘l\") aB= o

ooslPdvt - (ut - v sinli’) a®= o
t

(#)

where u” denotes the tangentlal component of
the projeotion of wvelocity veotor on the
first oharacteristioal direction and v° a
gorresponding projection on the second cha-
racteristioal direction.

In the light of +these relations (1) and (&)
it is possible to notioce that the stream 1li-
nes (paths) are ooextensive with one of the
directions of the characteristios only when
1? = 0 and the characteristiocs are reotilineal
or are composed of straight lines and oircum-
soriptions families. In the remalning cases
the paths of partloles and the directions of
the oharacteristics are not ooextensive., The
velooity field in whioh the equations (2) are
valid is separated from the rigid zone, and
in reality from the region contailning ela-

stic-plastic deformations by the discontinui-



tv line. or otherwlse by the so called slide
line. The 1line 1s subjeot to some dynamic
limitations (ef. T.Y. Thomas 1961). The li-
mitatlons are resulted from the equations of
the conservation of momentum and the equa-
tion of conservatlon of mass, According to
the denotations 1in Fig. 2 the equations may
be written as follows,

[Snn] = ¢ Wy - G){Un]
6] = S’ oy - G)[U ]
gﬁ (L%n - ?2

In the equations (5) the brackets mean a jump
of quantity at the passing the discontinuity

(5)

2n ~ G)

some im-
portant comsequences; stress field
ought to be eontinuous, the 1left hand
sides (5)1 , are equal to zero. On the dis-
continuity line the quentities [v ] or Iv

and [vn] are not equal to zero,
tities in the parathensis ought to be equal
to zerd. These quantities will be equal to
of propagation of dis-

result
the
so

line. From these equations
as

so the quan-

zero when G velocity
conginulty line and Vin velocity of particles
in the region outside the flow zone are equal
to zero. In the analyzed conditions a forced
shift of the discontinuity 1line takes plaocse
at the edge of the retaining wall. As a re-
sult of this +the slope of the discontinuity
line to the horizontal line have to increase
in comparison to the slope of the stream li-
ne. So it is seen that the discontinuity li-
ne aught to be convex in +the direction to
the region (2) Fig. 2.

Independently from the above mentioned
ditions the region (1) Fig. 2 in its
part cannot be rigid in reality. In the ana-
lysed boundery conditions onlya part of dis-
ooptinuity line adjecent to the free surface

con-
lower

can be motionless and separate the entirely
rigid zone from the zone of motion. This ele-
ment of discontinuity 1line

straight-1ine shape 1f the stream lines are

ought to have a

streight-line. An experimental picture of
veloclty field.
In order to get a plcture of velocity fleld

some model investigations were performed. As

a3

model medium some uniform, middle-sized sand
of an initial density corresponding to the
bulk density ¥ = 1.55 G/om> was used. An in-
ternal friction angle corresponding to the
critical voild ratio %Lv was 350. The experi-
ment was carried with the displacement
rate of the retaining waell Ca 0.25 cm/sec.
Pallerns of the velooity field were obtained
by comparing displecements as measured with
the photogrammetry method at a known time
scale. The method used there was that suggest-
ed by R. Rutterfield and others (1970).

out
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vo and vq denote the partiole velocities,G
denotes velocity of discontinuity line

Fig. 2. Geometrical relations on the discon-
tinuity line
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Fig. 3. Experimentel velocity field
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During an analysis of the obtained results
there was taken 1into account, besides the
theoretical premises mentioned above, a ap-
proach suggested by W.G. Pariseau (1961). On
the basis of the stream line a shape of one
of the family characteristics was estimated.
As iIn the experiment some slight changes in
the volume were obtained after the phenomenon
of the flow oocured. There was assumed, when
the results were being analysed, that the
ugew=0.

The achieved in the experiment picture of the
veloclity field is shown in Fig. 3. In a con-
siderable part of the zone the paths of the
particles {stream line) are stright-line and
inolined to the borizontal line ca 45°
Hawipg 1n mind some dynamic dependencies
fulfilled along the discontinuity line the
shape of 1t was reproduced; at first 1t is
stralght-line and then convect upwards; in
its bottom part 1t is olearly devided into
two zones of different velocity displacements
in the direction of its tangent. No distinot
discontinuities 1n the veloolty field near
the point of oontact with the retaining wall
were stated. This does not oontradiot the
previous statements, as the veloocity jump of
the tangent to +this 1line has to fade near
the wall edge. The determining of the shape
of discontinuity 1line and the knowledge of
the stream line allowed to construct a theo-
retical velocity field; it is shown In Fig. 4.
The plastic veloecity fileld got in this way
consists of four distinct zones bordered by
free surface, wall edge and the discontinuity
line. The three 2zones are 1in mathematical
sense a boundary problem of Cauchy type, one
problem of Riemann~Goursat type. The velooi-
ty vectors shown in Fig. 4, calculated on the
base of characteristic net and a boundary
condition, are consistent with the field got
in the experiment what indicates the correct
admittance of the cheracteristic net of the
veloclity field.

Plastic Stress Field

A position of principal directiomns of a ten-
sor of deformation rate in the flow zone was
defined on the ground of earlier established
characteristics of the velocity field. They
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Fig. 4. Theoretical velocity
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Fig. 5. Principal strain directions



are shown in Fig. 5, Knowledge of principal
directions of +the deformation rete and the
assumption of coexielity of stresses and the
deformation rate made it possible to get the
ocharacteristios of the plastic stress field;
all of them are given by the equasions

. ts[@ x (%T- g)]

The following differential relationseare ful-
filled along the characteristics

cos‘P dp + 2 (p sinP) dB=

+ ¥ ¢

-3 sin N9 -F+3
cos P dp - 2 (p sinkP) ao =

¥ sin (Q+%- g) sec (e—%r+ %) dz

S +
in which p -61 2(55 =SI ZSIZ.

Stresses along the retailning wall were de-
fined using the relations (7).

Gx

dx

dz (6}

EX

i

- %) dz
(7}

) seec (9+

Fig. 6. A part charaoteristics

of
field and distribution of horizontal pressure

stress

A net of characteristics and a dia-
gram of horizontal pressure Gx are shown on
Fig. 6. The diagram 1is 1in accordance with

the data quoted in bibliography (c¢f. K. Te-

stress
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rzaghi 1943}, the data
scale model researches,

were got from large
this confirms the
the rightness of the adopted method of solv-
ing the problem. It proved +to be, independ-
ently, that +hot only elastic solution (see
L. Finn 1963) but also a
plasticity theory gives a curvilineel diagram

consequent use of

of pressure on the displacing retaining wall.

CONCLUSIONS

1. In the light of the performed analysis of
solution by Rankine for a problem on an
active pressure 1s a static solution and
is not real from the kinematiocal point of
view.

The presented in the peper constructionaf
the stress field ©Dbased experimental
pioture of the veloclty field gives re-
sults which are 1n accordance with some
earller experimentel measurements in the
exlsting beyond the

on

range of pressures
retaining wall.
Because a correct from the kinematic point
of view solution provides pressures small-
er from the anticipated by Rankine theory,
the last gives a safe estimate.

Used in the paper method of finding stress
field suggested by Pariseau, and <founded
on the observation end analysis of velo-
city field, can be affective in comparison
with a wholy theoretical solution founded
on rules of conservation and the Prandtl-
Reuss equations anywhere where a possibi-
1ity of distinot deformations are admitt-
ed. Then there exists ocertainty of appear-
ing a zone 1in which stress field as well
as field of deformation rate are of hyper-
bolic character.
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