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D EFO RM  AT I O N  O F SA N D S U N D ER C O N ST A N T  ST RESS R A T I O S

D E F O R M A T I O N  D E S  S A B L E S  S O U S  R A P P O R T  D E  C O N  T R A I N  TE S  C O N S T  A N T

M  A . E L - S O H B Y ,  B. Sc .  ( E n g . ) ,  P h . D .  

Fa c u l t y  o f  E n g i n e e r i n g ,  A z  ha r U n i v e r s i t y ,  C a i r o ,  Eg  y p t, U  .A. R.

SYNOPSIS Oie deformational behaviour of a mass of sand under constant stress ratios is 

studied using the conventional triaxial apparatus, after special modifications have been 

made to help in obtaining uniform deformations of the samples, pjid to improve the accuracy 

of measuring strains. Different particulate materials were tested under a wide range of 

constant stress ratios ranging from 1.0 to 4.5 in increments of 0.5. Each material was 

prepared in its loosest and densest states. Test results showed that, during loading, the 

total deformation can be divided into elastic (reversible) and sliding (irreversible) de

formations, while during unloading the corresponding deformations can be considered totally 

elastic, independent of the number of cycle. The sliding deformation during loading is 

greater for higher values of constant stress ratios. It can be noted that while the re

sultant of the sliding deformation at R = 1.0 is a cotraction in the volume change, it be

comes at R = 4.5 an expansion in the volume change. On the other hand the resultant of 

the elastic deformation is always a cotraction.

INTRODUCTION

The applied shear forces on a sand mass 

have a great role on its deformational be

haviour. Die study of the axial deformat

ion and volume change of a sand mass under 

as many applied shear conditions as possi

ble will no doubt be of great interest 

from both the practical and theoritical 

points of view. The case of constant app

lied stress ratio is of particular inter

est, since in such a case the ratio bet

ween the overall applied normal and shear 

forces, during the test, is kept constant. 

It follows that the applied average obli

quity at the points of contact will be 

kept unchanged, and consequently the 

change of geometry of the internal struc

ture during the test should be very small. 

But, the value of the average obliquity is 

mainly governed by the overall applied

stress ratio, and the greater the applied 

stress ratio during the test, the higner 

is the average obliquity. This implies 

that a larger number of particles are at 

the points of sliding at any one instance. 

Thus, for tests carried out at high cons

tant stress ratios, the proportions of 

particles at limiting equilibrium is high, 

and local loss of stability would there

fore be likely to lead to larger sliding 

movements before equilibrium of all the 

particles is reestablished. The constant 

stress ratios which have received relative 

attention in the literature on sands are 

unity and l/K0, although tests over a 

range of constant stress ratios have been 

performed on clays by Roecoe, Schofield 

and Thurairajah (1963), and on sand by 

Ko and Scott (1967). Furthermore, the
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3tudy of the latter ratio has been mainly 

as a reeult of controlling no lateral 

strein and measuring the values of <r& dur

ing loading and unloading. While, it has

been found that the relation between or , cra r
to setisfy this special condition of no 

lateral strain, during loading approaches a 

ctrrifht line (i.e. the test can be consid

ered as a constant stress ratio test), dur- 

inf unloading it is evident that the relat

ion between cr , cr_ is not constant,Andrawee & r
(1564). The object of this investigation 

is to impose a constant applied stress 

ratio on a sand s a m p le , and measure the re

sulting axial deformation and volume change 

during a cycle of loading and unloading. 

This allows a study of the deformational 

tehrviour of sand under such conditions. 

i?o t  this purpose, different types of sand 

were tested under a wide range of constant 

stress ratios ranging from 1.0 to 4.5 in 

incriiuents of 0.5. Each sand was tested in 

i t s - loosest and densest possible states.

liXlUilLENTAL WORK 

Haterial Used

Tests in this investigation were conducted 

on three different materials. These are 

Silver sand (DgQ=0.25, D^q=0.14 mm.),Glass 

llotini particles (average diameter =

C.1C mm.) and Fine sand (100/150 B.S.S.). 

Erch material was prepared in both the 

loosest and densest states. Details about 

sri.jles preparation and description of the 

materials used are described by El-Sohby 

(15:64). It should be noted that materials 

v.ith fine particles were used in order to 

nir.iRsize the effects of rubber membrane 

penetration and bedding errors on the 

mersured volume change and axial deformat

ion respectively. Each material was test

ed under the widest possible range of con- 

strrt stress ratios. It is evident that 

this range will depend on the porosity of 

tiic tested sample and the angle of inter

nal friction 0^ of its particles. Details 

of the tesls carried out on each material

are shown in Table 1.

Table 1 Tests carried out

Material
.Por
osi
ty %

0'u
Range or constant 

stress ratios

Silver
sand

40.9
33.4 27° 1.0.1.5, 2.0,.....,3.0

1.0.1.5.2.0....■..,4.5

Glass
Ballotinl

40.7
36.0

17® 1.0.1.5,¿.0,2.5
1.0.1.5.2.0........3* 5

Fine sand 46.2
39.2 28° 1.0.1.5.2.0.2.5

1.0.1.5,¿.0,.......4.5

Method of Testing

Tests were carried out on cylindrical sand 

samples 4 inches in diameter by 4 inches in 

height, with free end plattens, Rowe and 

Barden (1964) to attain more uniform defor

mation. The conventional trinxial appara

tus, Bishop and Henkel (1957) v/e.s used 

after special modification? had been made 

to improve the accuracy of measurements, 

El-Sohby (1964). Test results showed that 

the deformations of the samples were fairly 

uniform and consistent. F o r each value of 

constant stress ratio a ch?rt was prepared 

in which the value of the cell pressure was 

tabulated against the corresponding proving 

ring reading. Attention was given in per

forming the test to ensure gredual simul

taneous variation of both the axial and ra

dial stresses according to the relevant 

chart. At the beginning of eech test,after 

the sample had been prepared at an initial
p

ambient (allround) pressure C.5 lb/in , the 

axial force was increased while the cell 

pressure was kept unchanged, until the re

quired stress ratio was maintained. Then, 

the test was performed by keeping the 

stress ratio constant during el cycle of 

loading and unloading, in which the cell 

pressure was raised from 0.5 lb/in^up to 

90 lb/in2 and then back to 0.5 lb/in^,using 

the control cylinder. During the test, 

measurements of the volume chr.nge and the 

axial deformation were taken at suitable 

intervals.
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DISCUSSION OF TEST RESULTS cycle, the loading and unloading curves

Cycles of loading and Unloading

In order to illustrate the stress, strain 

rnd volume change characteristics of a mass 

of sand under different constant stress 

rrtioe two different tests were chosen at 

stress ratios of 4.0 and 4.5. Each one of 

these tests was conducted on dense Fine 

frnd for two cycles of loading and unload

ing. The results were compared with a 

test on a similar sample, in which the con

stant stress ratio was unity.

Fig. 1 Relations Between Volumetric
Strain and kean Normal Pressure 
Under Cycles of Loading and Un
loading

Figure 1 shows the relations between the 

mean applied normal pressure P and the cor

responding volumetric strain V for these 

different tests. It is evident, El-Sohby 

(1964), and Ko and Scott (1967) that when 

tie applied constant stress ratio is equal 

to unity, the sample contracts under load

ing and then expands less under unloading 

of the first cycle. The relation follows 

e similar pattern if the cycles are re- 

pested until the two curves for loading 

and unloading coincide. From the figure 

shown for R = 4.0 the sample also contracts 

as P increases, but on the removal of P 

the sample expands to the extent that its 

volume after the first cycle is larger 

than its original volume. In the second

approach each other and contraction during 

loading becomes greater i.e. the expansion 

due to sliding becomes numerically smaller. 

For the successive cycles it is expected 

that the loading and unloading curves 

follow the same pattern and they come 

closer to each other until they coincide. 

When a sample of sand is tested under a 

higher constant stress ratio, for example 

R = 4.5, the sample expands instead of con

tracting on the first loading. On unload

ing the expansion of the sample continues 

as shown in Fig, 1. In the second cycle 

the sample contracts and expands similar to 

the behaviour under R = 4.0 i.e. the degree 

of expansion due to sliding decreases. As 

the cycles continue, it would be expected 

that the loading and unloading curves 

follow the same pattern and tend to coin- 

ide.

Figure 2 shows the relationships between 

the volumetric strain V and pxip.l strain £
a

for constant stress ratios of l.C, 4.0 and 

4.5 for the same tests. It is noticeable 

that the difference between the rrtio V/ 

for loading and unloading gets greater as 

the stress ratios increase. This differ

ence gets smaller as the number of cycle 

increases. On the other hand, the ratio 

V/£a for unloading is practically indepen

dent of the number of cycles.

Elastic and Sliding Deformations

It has been pointed out that the total de

formation of a mass of sand under any 

stress system can be divided into tv,o main 

components,

a) elastic deformation, due to the sum of 

the elastic deformations of the individual 

particles.

b) sliding deformation, due to the sliding 

of particles relative to each other i.e. 

change in the geometry of internal struc

ture .

The order of each one of these components 

relative to the other, depends mpinly on
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Pig. 2 Relatione Between Volumetric and Axial Strains 
Under Cycles of loading end Unloading.

the applied stress conditions and the pro

perties of the sand mass, El—Sohby (1964).

In order to analyse the total deformation 

of a mass of sand under constant stress 

ratios in the light of these definitions, 

Figs.l rnd 2 are replotted so that the 

volumetric and axial strains start, for 

both loading and unloading, at points which 

correspond to the initial cell pressure =

0.5 lb/in2. Pigs 3a,b show the relations 

betv/een the applied mean normal pressure P 

and the corresponding volumetric strain V, 

while Pipe 4a,b represent the relatione 

betvreen volumetric and axial strains, V 

and £, respectively, under constant stress 

ratios, R = 1.0, 4.0 and 4.5. The above 

figures illustrate that the relations bet

ween I end V, and between V and during 

unloading are independent of the number of 

the cycles from R — 1.0 to R = 4.0. While 

there is e slight variation in this relation
Fig. 3a Elastic and Sliding Volumetric 

Strains Under R = 4.O.
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between the first and second cycles for 

R = 4.5. This minute deviation may be due 

to a change in the elastic stiffness dur

ing unloading, since it is evident that a 

significant amount of sliding usually oc

curs under loading for sand samples tested 

under the greatest constant R = 4.5.

It crn therefore be concluded that, the 

chanre of geometry of internal structure 

under a constant stress ratio during un

loading 1b negligible. Consequently, the 

deformation of a sand mass under a constant 

stress ratio during unloading can be con

sidered totally elastic. Comparing the de

formations under loading (total) and un- 

loidini- (elastic), it can be noted that,the 

sliding under H = 1.0 is contraction (the 

total contraction Is larger than the elas

tic contraction). As the value of R in

creases the material tends to expands due 

to sliding, to the extent that the result

ant volumetric strain including elastic 

contrrction becomes an expansion as at 

R = 4.5 Fig. 3 on the first cycle of load

ing. This means that the sliding deformat

ion increases as the value of constant R 

gets creater.

Isotropy and Anisotropy of Deformations

In order to examine the isotropic and ani

sotropic behaviour of a mass of sand,when 

it ip subjected to a constant stress ratio,

the relations between V and £ for valuesa
of R equal to 1.0, 4.0 and 4.5 Pigs 4a, b 

are examined. For R = 1.0, the relation 

betv.'een V and £ approaches a straight 

line in both loading and unloading. The 

value of v/fca approaches three on unload

ing, which means that the mass behaves 

more isotropically during unloading. For 

constant stress ratios other than unity (e. 

g. H = 4.0 and 4.5) the relatione between

V and £ for unloading are practically in- 

dependent of the number of cycles, and the 

behaviour on unloading generally approaches 

the corresponding behaviour of an isotropic 

elastic material, El-Sohby (1964). On the 

other hand, the relations between V and

for loading deviate from the corresponding 

one for unloading, and consequently the 

material under loading behaves anisotropic— 

ally. This deviation between loading and 

unloading becomes more pronounced ae the 

streee ratio increases. This implies that 

ae the applied stress ratio increases the 

material behaves more anisotropic. Under 

the same stress ratio the deviation gets 

lees ae the number of cycle increases.

This suggests that the anisotropy ie mainly 

due to sliding. A further point which de

serves discussion is that, while the devia

tion between the ratio V/gfor  loading and 

its corresponding value for unloading (ela

stic) is in the anticlockwise direction for 

R = 1.0, this deviation is clockwise for 

R = 4.0 and 4.5, Figs 4a, b. Since the de

viation of loading (total) from unloading 

(elastic) curves is mainly due to sliding, 

it can be concluded that the resultant 

boundary direction of eliding in the caee 

of R = 1.0, which ie due to the anisotropy 

of the internal structure of the mass, ie 

opposite to the resultant boundaxy direct

ion of eliding due to the application of 

shear forces R = 4.0 or 4.5.

Effect of Streee Ratio on Total Compressi
bility

The measured volumetric strain at a certain 

applied mean normal stress will be taken to 

indicate the compressibility at the differ

ent stress ratios. Tests conducted on Fine 

sand in both the loose and dense states are 

plotted in Fig. 5. The curves in this Fig. 

represent the relatione between 1 and the 

corresponding V. The value of the constant 

stress ratio during the test is stated be

side each curve, followed by a letter 1 

(loose) or D (dense) to describe the state 

of porosity. Since the volume change due 

to the increase of the stress levels at 

different constant stress ratios is gene

rally a contraction, but it may become an 

expansion as for R = 4.5, the words posi

tive and negative compressibilities will 

be adopted to differentiate between cont

raction and expansion respectively.
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For dense sand samples, it is apparent from 

these curves that the positive compressi

bility decreases as the value of the app

lied constant stress ratio increases.While 

this change in the compressibility is 

minute at lower stress ratios (from R=1.0 

to Bs=3.0), the change becomes much pronoun

ced at higher stress ratios (from R=3.0 to 

R=4.5). The cases of R=4.0 and R=4.5 illu

strate this change. The compressibility 

under H=4.0 is still positive, while its 

value is negative at R=4.5. This change 

in the compressibility as the applied 

stress ratio increases is due to sliding. 

Since in a dense packing the sand tends to 

expand due to sliding, and the sliding de

formation Increases with the increase of 

the induced shear stresses i.e. increase 

of the induced shear stresses flue to R.

This explains why the compressibility dec

reases and changes even to negative comp

ressibility at R = 4.5. Tests conducted 

on Silver sand and Glass Ballotini confirm 

these characteristics. On the other hand, 

tests carried out on loose Fine sand show

small increase in the positive compressi

bility as the value of R increases from

1.0 to 2.0. This slirht increase in the 

positive compressibility may be expected as 

very loose packings tend to collapse when 

the shear stresses are increased at low 

stress ratios. When R becomes higher than

2.0 the packings stprt to dilate under 

shear stresses, and consequently the posi

tive compressibility decreases. However, 

if the sana sample crnnot be obtained in a 

very loose state, a.s for siliver sand and 

Glass Ballotini, it is more likely that the 

positive compressibility decreases slightly 

from the beginning as the value of the ap

plied constant stress ratio gets greater.

If the total deformation of a mass of sand 

was elastic and isotropic, there should 

have been a unique relationship between P 

and V independent of R for each type of 

sand at a certain porosity. The change in 

compressibility, which is mainly due to 

eliding induced by shear stresses, emphasi

zes the importance of the applied shearing 

forces on the deformational behaviour of sand.
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Fi r Relatione Between Volumetric and Axial Strains Under Constant Stress Ratios.

Relrticn Between Stress Ratio and Strain
Ratio

The relations between V and £ for testsa
conducted on Pine sand under constant

stress ratios in the loosest and densest

stcvtes rre shown in Pig. 6. It is evident

fro::: this figure that the relations between

V and can be represented by straight

lir.ee. These lines, which each one of

then represents the average ratio V/g for
0.

a certirir. constant stress ratio, swing in 

the clockwise direction as the value of P 

incrc:see. In case of loose samples of 

Pine T-rd values of V/g decrease from 5.8
EL

to C.Si £s the applied constant stress 

ratio varies from 1.0 to 2.5. While in the 

ease of dense Pine sand the value of V/gfl 

ch.in ec from 3.8 to - 0.16 as the value of 

the c. osen constant R changes from 1.0 to

4.5. Similar relatione were obtained for 

silver c<rnd and Class Ballotini, El-Sohby 

(1964). Studying the relatione between R 

and V/g it can be concluded that,
c.

a) for R = 1, the ratio V/g& is greater 

for lccse than for dense sand.

b) for R=1.5, the ratio V/g is greater for
a

dense than for loose sand.

The relations between the ratio £r/fea> ded

uced from the average ratio V/ga,and the 

applied constant stress ratio R are drawn 

for the teste conducted on Pine sand in 

Pig. 7. The curves cross the axis of the

stress ratio where the ratio £  / £ =zero i.e.r a

Pig, 7 Relations Between Stress Ratios and 
Strain Ratios.
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no lateral strain. The atrees ratio at th

is point hes a practical significance,since 

it equals 1/Kq for the tested material« It 

can be noted that the curve for dense sand 

crosses the axis at a higher value than the 

curve for loose sand. This means that the 

value of K 0 is higher for loose than for 

dense send.

CONCLUSIONS

The tot~l d eformation of a mass of sand 

subjected to a constant Btress ratio can be 

divided into two main components,

a) elastic deformation, due to the sun of 

the elastic deformations of the individual 

particles,

b) sliding deformation, due to the result

ant of the sliding movements of particles 

relative to each other i.e. change in the 

geometry of internal structure.

The change of geometry of the internal 

structure under a constant stress ratio, 

during unloading, is negligible. Consequ

ently, the deformation of a sand mass un

der a constant stress ratio, during unload

ing, cpji be considered totally elastic.

The sliding component of deformation, dur

ing loading, increases as the applied con

stant stress ratio has a greater value.

The resultant sliding deformation under R 

equals unity is contraction for both loose 

and dense Band. While as the value of R 

increases the mass tends to expand due to 

sliding, to the extent that the total vol- 

umetricstrain including elastic contract

ion beconee an expansion as for H equals

4.5. This confirms the great importance 

of studying the effect of shearing forces 

on the deformational behaviour of sand.
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