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SYNOPSIS Triaxial tests performed on dense specimens of sand end glass mlcrospheres have

Indicated certain aspects of their stress-deformation behaviour which simulate that of elastlo 
materials.
It was found possible to define a yield point below which no volume change resulted from the 
applloatlon of devlatoric stress only. This point lay close to the end of the linear portion 
of the stress-axial strain curves, and corresponded to a mobilized friction angle close to the 
lnterpartlcle friction angle of the particles. It was further indicated that the stress-straln 
characteristics of the conventional triaxial test could be reasonably predicted by super
position of the effects of the spherical and devlatorlo components of the stress path.
The importance of these observations lies in the possible application of elastlo theory, In 
the appropriate stress range, to practical problems of prediction of stress-deformatlon 
relations for dense sands.

INTRODUCTION

The prediction of the load-deformation 
behaviour of soil structures Involves 
assumptions regarding the distribution of 
stress throughout the soil mass, and the 
form of the stress-deformatlon characteris
tics of the soil. The various approaches to 
the latter may be generally grouped into the 
phenomenological *iiproach, which considers 
the soil as a continuum, and the structural 
approach, which analyzes the soil behaviour 
in terms of the actions and interactions of 
the basic soil components. Although research 
is being carried out on sands in both of 
these directions, actual engineering 
estimation of the movements of structures 
founded In sand In practice are generally 
made by assuming the sand to be a continuum 
obeying certain (e.g. elastic) stress-straln 
laws. This paper describes a series of tests 
carried out on dense speclmehs of sand and 
glass mlcrospheres (Frydman, 1960) the 
results of which Indicated similarities 
between certain aspects of their behaviour 
and of elastic materials.

STHESS-STRAIN CONCEPTS

The stress conditions at any point in a 
solid body may be expressed in terms of the 
nine components of stress with respect to an 
X ty  Z orthogonal oystem by the stress matrix

s  =
*

rx*

This matrix may be expressed as the sum of i 
spherical ¿tress matrix S* and a devlatoric 
stress matrix S where«

s s=

3°

O ¿L+<fr +<ri
3

O

<*)

and

s '-

V

( ¿ )

3  *

s  * s s + s J
and

*n a similar fashion, the strain conditions 
at a point may be expressed as the mini o f  a 

spherical strain matrix zzs and a devlatoric 
strain matrix _£>**,such that the general 
strain matrix £> can be written»

_Z? = X>s +_DC
( S)
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F R Y D M A N  a n d  Z E I T L E N

For homogeneous, laotropic elastic materials, 
It Is possible to write

S * = - F n ( i > s)  (t>)

“ nd S J =  in (&') (7)

By taking the direction of the orthogonal axes 
to coincide with the directions of principal 
stresses, the stress conditions at a point 
may be represented schematically in the o~4 ,  <TX1 
<5 < stress space. Although and 0] in a 
triaxial test are not necessarily identical 
(Harr, 1966, Kirkpatrick and Belshaw, 1968) 
most investigators have assumed them equal,in 
order to represent the stress condition two- 
dltnenslonally on a stress plane,e.g.Fig.1.

and

The above development may be also applied to 
a consideration of strain conditions at a 
point, and the spherical and devlatorlc compo 
nents under triaxial loading, conditions may 
be expressed by the octahedral normal strain 
and octahedral shear strain respectively asi

& o c t = j ( * <  -tej) « ° )

1 o c t ~ 2- f  ( " )

Pig.1 - Triaxial stress plane.

Points along the line OH represent spherical 
states of stress, and any stress path along or 
parallel to OH applies only a spherical stress 
Increment to the specimen. On any line normal 
to OH, the spherical component of stress,

V i ((r 4 + <% -a <Tj J  is constant, and a
stress path along any such line applies only a 
devlatorlc stress Increment to the specimen. 
Any point In the stress plane such as polntBs 
can be considered composed of two components - 
the spherical component ODs and the deviatorlo 
component J&e Z>s  . These components may be 
expressed in terms of Eo.(2) and (3) and also 
correspond to the normal and shear stresses 
acting on the octahedral planes at the point 
under consideration. It may be shown that 
these stresses ere given by:

It Is noted for small strains that S e c t  I® 
equal to a third of the volumetric strain of 
the specimen. Furthermore, for elastic mate
rials, in which case Eq.(6) is valid, if the 
stress increment involves no change in the 
spherical (or octahedral normal) stress compo
nent, only distortion should occur, without 
any change In the spherical (or octahedral 
normal) strain component, and therefore no 
volume change should result.

THE TESTING FROGRAU

The program was designed so as to study 
various stress-strain relationships of dense 
granular materials in view of the above 
concepts along the following lines:

1) to what extent does the application of
d.eviatoric stresses alone lead to deformation 
without volume change?

2) can the deformation resulting from the 
application of a general stress path (e.g.

CS B S Fig.l) be predicted by superposltioi 
of the effects of the spherical and deviato- 
rlc components of the stress path ( C S D S  

and T>s E>s )  .

3) the development of a hypothesis explaining 
the observed behaviour In terms of the parti
culate nature of the mass.

Tests were performed on two materials - dune 
sand from Ezra-U'vitzaron (south of Tel-Aviv) 
and monosized glass microspheres. The proper
ties of these materials are shown in Table 1, 
together with densities of test spednens.

After experimenting with a number of methods 
to define the maximum and minimum densities 
of the sand in the dry and wet states, the 
following procedures were adopted. Uaxlmum 
density was obtained by compacting dry sand 
in a 4" diameter Proctor mould in 5 layers 
using 25 blows of a standard "Uarshall" hammer.
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/,* GRANUIAR MEDIA
(10 lb weight dropping IB lnohea on a base ot 
approximately the size of the mould). Ulnlmum 
density was obtained by spooning the dry sand 
Into a Proctor mould minimizing the height of 
fall. Similar methoda were used for glass 
microspheres. Tests were oarrled out in a 
trlaxial apparatus using specimens 4" dla by 
8" height prepared by spooning saturated 
material Into the mould under water (e.g.Lee,
1966). Volume change was measured by the 
amount of water expelled or absorbed by the 
specimen. On the basis of findings of Steln- 
baoh (1967) together with consideration of 
the fine size of the materials tested, the 
large size of the specimens and their relati
vely high densities, the effect of membrane 
penetration was considered to be Insignificant.
The tests performed were Isotropic consolida
tion tests Including several loadlng-unloadirg 
cycles, constnnt spherical stress tests 
(carried out by simultaneously increasing ths 
axial stress and decreasing the cell pressure 
so as to keep (b; * CJ +0$) constant) and 
conventional trlaxial tests in which the cell 
pressure was held constnnt while the axial 
stress was raised until failure was reached 
(Cy-Bf to C f S g , Fig.1).Full drainage was 
allowed In all tests.

ffig.2-Consolidation curves for sand.

TEST RESULTS

1) Isotropic consolidation tests»
From the cyollo consolidation tests, it was 
found that two distinct consolidation curves 
could be drawn - one corresponding to virgin 
consolidation and the other corresponding to 
all subsequent loading and unloading cycles, 
since these latter cycles produced closely 
similar curves. Such curves drawn to pass 
through the same Initial point are shown in 
Fig.2 and Fig.3.

ii) Constant spherical stress testsi 
Fig.4 and Fig. 5 show volume strain Vplotted 
against the ratio T0ct/^oct (Frydraan and 
Zeitlen, 1967). It Is aeen that for each 
material a unique curve was obtained, regard-
less of the value of O~oct Furthermore,À D O O  X w l io  v o a m w  b  »  — — -  I ---------------

until a particular value of T o c b  / ° ~ o ct  

was reached, no volume change took place. The 
point at which volume change begins, was 
given the name "yield point" by Frydman and 
Zeitlen (1967). The stress ratios and friotlon 
angle 4* mobilized at this point are given 
In Table 2.

Table 1 - Sand and Glass Sphere Properties
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Fig. 3-Consolidation curves for glass micro- 
spheres.

Material Specific
Gravity

l1o Passing B. S. Sieve No. : Density (Kg/m3)
20 36 60 100 140 200 Maximum Minimum Test

Dune sand 2.65 100 98 84 8 1 1680 1440 1615 + 15

Glass
micro spheres 2.49 100 0 1520 1450 1505 + 15
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Table 2 - Yield Values
F R Y D M A N  a n d  Z E I T L E N

Uaterial 'Ç f d  / r . c t ^ A ^  .degrees

Sand 0.4 2.18 22

Glass micro- 
spheres 0.3 1.81 17

iii) Conventional triaxlal tests:
The stress-axial strain-volume strain curves 
are shown in Pie:. 6 and Pig. 7. These results 
are presented in Pig.8 and Fig.9 as stress- 
dilatancy diagrams, according to the system 
of plotting used by Rowe, 1962. It may be 
seen that the lines corresponding to ̂ repre
sent reasonable lower bounds to the stress- 
dilatancy plots, suggesting that ^  is 
related to the true friction angle ^  of the 
materials. Note that Rowe (1962) found a 
value of 4>^ = 17° for glass Ballotini by 
direct measurement. In Pig.6 and Pig.7, the 
points on the strsss-axial strain curves 
corresponding to the yield point (Table 2) 
have been marked • It is seen that in all 
cases these points lie on, and near the end 
of the straight portions of the curves.
In order to investigate the applicability of 
the principle of superposition to these 
materials, Pigs.10, 11 and 12 were drawn. In 
Pig.10 and Pig.11, the spherical component of 
strain (represented by volume change)obtained 
during conventional triaxlal tests (shown by
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Fig. 4 - Constant spherical stress tests on 
sand.
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Pig. 5 - Constant spherical stress tests on 
glass microspheres.

plotted points) is compared to that predicted 
by superimposing the spherical strains result
ing from the spherical and deviatoric compo
nents of the stress path (shown by curves).
The latter were obtained from Figs.2-5. Two 
predicted curves have been drawn in each case 
one using the virgin consolidation curve, and 
the other using the reload consolidation 
curve. Good correspondence may be observed 
between predicted and actual volume changes. 
Pig.12 shows curves of T oc£  versus cy o e t  

as obtained from the cohstant spherical stress 
tests, together with a number of plotted 
points showing the relationship between these 
values during conventional triaxlal tests. 
Again, reasonable correspondence is obtained, 
although it is less striking than that 
obtained for the spherical strains.
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G R A N U L A R  M E D I A

J 0.2

Fig. 6-Conventional triaxial tests on sand.
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Fig.7-Conventional triaxial tests on glass 
microspheres.

Pig. 8 -Stress-dilatancy plots for sand.

DISCUSSION AND CONCLUSIONS:

The results shown above indicate certain 
similarities between the materials tested and 
elastic materials. It is seen that up to a 
certain stress level (called the yield point) 
pure deviatoric stresses led to no volume 
change. This stress level was also found to 
lie on, and near the end of the straight 
portion of the stress-axial strain curves of 
conventional tests. Furthermore, the 0  value 
mobilized at this point seems to be related 
to the true friction angle of the particles. 
These observations suggest that up until the 
yield point is reached, insignificant inter- 
particle slippage occurs in the specimens, 
and only after the interparticle friction 
has been overcome does significant slippage
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Pig.10 - Predicted, and actual streos-volunB 
strain behaviour of sand.

14 1.6 

n  dv \

0A  0.6

GLASS

. (7jr kg/cm2 

o 03 = kg/cm2 
* Oj- kg/cm2

03*365 kg/cm2

<J3-514kg/cnn 

J * i  E 7 E ? 'P 'I
•0.0«

004 CTfOj kg / cm2

( ^3-0.72 kg/cm 2
' %  a 3 G3. IA5 kg/cm2

----- predicted using virgin

consolidation

-----predicted using reloading
c o n so l id a t io n

Pig.9 - Stress-dilatancy plots for glass 
micro spheres.

and volume change occur. It la seer further
more, that by dividing triaxial stress paths 
Into their spherioal anddeviatorio components 
reasonable estimates of the stress-strain 
behaviour may be made by suitable super
position of the effects of these components. 
It is noted that this observation was made 
for materials whloh have not been preloaded. 
Similar tendencies have been noticed by 
other workers (e.g. KJellman, 1936; Fraser, 
1957).

Work Is at present being carried out to study 
the above phenomena under more generalized 
stress conditions, and over a wider »nge of 
densities. Should further investigation 
verify the generality of this approach, 
potential application of these concepts could 
profitably lie in predicting load deformation 
relations for various stress paths, such as 
ocour under loaded footings. For the stress 
ranges nonmlly adopted In design, the soil 
will be at less than the yield condition,and 
elastic stress-strain relationships could be 
used for prediction of behaviour.
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- 0.04 

f  0.04 a k3/cnr̂

V %

-------- predicted using virgin
c o n s o l id a t io n

_____ p r e d ic t e d  using r e lo a d in g

c o n s o l i  d a t io n

Fig.11 - Predicted and actual stress-volume 
strain behaviour of glass mlcrospheres.

Fig.12 - Ootahedral shear stress-shear strain 
behaviour of sand.
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