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SYNOPSIS An extensive tabulation of stresses, strains and displacements In a two layer 
elastic solid subjected to various surface loadings has recently been produced by Gerrard 
(1968). The loading systems include vertical stress, horizontal unidirectional shear stress 
and Inwardly acting shear stresses on a circular loaded area. A wide range of surface layer 
depths, modular ratios and Polsson's ratios of each layer has been Included and values have 
been given for surface, centreline and Interface locations. This paper describes the use of 
the tables to solve directly problems such as: (1) stresses and surface displacements result
ing from loads applied to single or group footings, (11) stresses and deflections In roads 
and runways due to various wheel load configurations and typical tyre loadings. Thus equiv
alent wheel loads may be estimated based on various criteria. In addition, by superposition 
of results, cases such as the following may be analysed: (i) stresses and displacements of 
footings subjected to vertical and horizontal loads, (ii) stresses and deflections in pave
ments due to traction forces arising from braking and acceleration.

INTRODUCTION

The use of elastic theory in the analysis 
and design of soil engineering structures is 
becoming more prevalent. This has resulted 
from the availability of a large range of 
elastic solutions to the response of the 
semi-infinite medium subjected to external 
load; and the recognition that meaningful 
elastic parameters can be assigned to real 
soils and similar materials. The efficacy 
of elastic theory is seen in the approach to 
calculation of three-dimensional consolid
ation settlements developed by Davis and 
Poulos (1968) and the more general 'stress- 
path method' for calculating soil deform
ations suggested by Lambe (1967). In these 
circumstances large plastic strain compon
ents exist, but these do not influence the 
stress distribution, and are taken into 
account in the deformation calculation by 
the use of the appropriate stress path. In 
flexible pavements, where plastic strains 
are usually insignificant compared with 
elastic, theory has been successfully 
applied in the development of the rational 
design method (Dorman and Edwards, 1967).

Solutions for deflections in a two-layer 
elastic system were first published by 
Burmister (19^3). Since that time many 
other solutions have been published, extend
ing to three and more layers. However the 
solutions have usually been presented for a 
limited range of variables, parameters or 
loading situations because of the large num
ber of possible combinations. Therefore the 
behaviour on the surface (other than at the 
load axis) has been ignored, and the influ
ence of the Polsson's ratios of the layers 
has received scant treatment. The value of

Polsson's ratio = 0.5 often assumed is a con
venient upper limit since it implies an in
compressible material. To simulate a much 
more compressible material a minimum value of
0 .2 has been used In the compilation of the 
tables. There is considerable evidence 
(Morgan and Scala, 1968) that such values more 
closely reflect the behaviour of granular 
materials, such as sands and fine crushed rock.

The tables (Gerrard, 19 6 8) on which this paper 
is based have been calculated by applying 
integral transform methods to the classical 
elastic equations expressed in cylindrical 
co-ordinates (Gerrard and Mulholland [1968]). 
The integral solutions were obtained numeric
ally by electronic computer. A layered 
elastic system in which the top layer has a 
stiffness (Young's modulus) equal to or 
greater than the bottom layer has been consid
ered and involves the following variables:

Modular ratio 1, 2, 5, 10

Polsson's ratios vj, vg, 0.2, 0.35, 0.5

layer depth - 1/2, 1, 2 , 4
3.

where E]  = Young's modulus of top layer
E2 = " " " bottom layer
v i  = Polsson's ratio of top layer 
\>2 = " " " bottom layer
h = depth of top layer 
a = radius of loaded area

The following notation has been used in the 
figures:

w = vertical deflection 
er r  -  radial strain 
e z z  = vertical strain 
zz = vertical stress
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p ■ uniform vertical contact stress 
r - radius of loaded area 
d ■ centre to centre spacing of dual loads

G E R R A R D  a n d  M O R G A N

major factors (-), ^ (¡U- > 2) (-), 

vi ( ¡ f  = 1) (-) 

minor factors vj (^- i  2) (-)

(II) Vertical surface displacement at £ « 2.5

major factors (£ * 2) (-), | (|i > 5) (-)

v, (|* - 1 and £ - 4) (-) 

minor factors V2 (j- < 1) (-),

v i  <Ej  ‘  2 > I  -  ^  c 2* ¡T = 2) <“>

(III) Vertical surface displacement at ^ » 7

minor factors vg (j < 2; =* 1, = 4) (-),

(lf' X* I  > 2 > 2* Z ~  4) <“>

(b) Stresses. These are expressed as a 
fraction of the surface contact pressure

(I) Vertical stress at Interface on centre
line

major factors (|̂ - (-), ^ (-) 

minor factors vj (^ < 1) (-)

(II) Radial stress at surface on centreline 

major factors |U- (^ c 2) (+), v2 (+),

i (E^ > 2) (_) 

minor factors ^ (g^ = 2) (-), g^ a  = 4) (+)

(III) Radial stress at Interface (top layer) 
on centreline

major factors gf (-)» jj- > 2) ( + ),

i (¡} = 1. > .2) (-),

v3 (|i- 1) (+), v2 (§1 > 5) (-)

(Note: maximum negative values occur for 
high Ej_)

minor factor vs (S1 > 2, < 1) (-)
Esg a —

(c) Strains«. These results are expressed in 
the form e— where the modulus Is taken as 
that of thep layer in which the strain is 
calculated

(1) Vertical strain at interface (bottom 
layer) on centreline

major factors ^ (-), (| > 1) (-),

v2 (£■ = 1/2) (-)

minor factors |̂ - (^ = 1/2) (-), vs (^ > 1)(-)

Vertical displacements in a downward direc
tion are taken as positive, as too are 
compressive stresses and strains.

Stresses, strains and deflections have been 
calculated on the surface and along the 
interface to a distance of ten radii (10 a) 
and on the centreline to a depth of ten 
radii. For foundation problems surface 
deflections and vertical stresses are of most 
significance, whereas for flexible pavement 
design these values, as well as radial 
strains in the top layer and vertical 
strains in the bottom layer, are of interest. 
In the rational design procedure for flexible 
pavements the design criteria assumed are 
the tensile strain in the asphaltic layers 
and vertical stress or strain at the top of 
the subgrade.

The loadings considered are all assumed to 
act over a circular:.area. The 'vertical' 
load is uniformly distributed over the area; 
the 'traction' load applies a uniform uni
directional shear stress, and the 'inward 
shear' applies a shear stress directed 
everywhere to the centre of the loaded area 
and Increasing linearly with radius from zero 
at the centre to a maximum on the circumfer
ence. The combination of the vertical and 
traction load enables solutions for found
ations subject to combined vertical and 
horizontal loads to be obtained, or for 
pavements under braking or acceleration 
forces. The inward shear case combined with 
the vertical load gives an indication of the 
behaviour beneath a rough foundation where 
shear stresses are Induced or for a pavement 
under the usual tyre contact stresses.

SINGLE VERTICAL LOAD

In order to identify the significant var
iables influencing the various displacements, 
stresses and strains, the values have bev... 
plotted. The plots are not reproduced he±’e 
because of the great detail contained therein 
but instead the main variables Influencing 
the behaviour are listed. "Major" factors 
are arbitrarily considered as those causing 
a range of values of more than 30i of the 
average value, while minor factors give a 
range of more than 10%. The levels of 30i 
and 10 JI must be considered in relation to the 
previously stated ranges of the controlling 
factors; E7 h

E7» a> v2> 311(1 V2‘
The sign 2 after the factor
indicates the sign of the change in the 
quantity for an increase in the factor 
(variable) listed.

(a) Displacements. These are expressed in 
the form fw.Eg\so in the comparison it is 
assumed Ip.a /that the other factors 
Eg remain unchanged

P,

(i) Vertical surface displacement on the 
centreline
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ELASTI C THEORY

(II) Radial strain at Interface (top layer) 
on centreline

major factors ^ > 2) (+), (-)

minor factors \ij ( 7 < 2 < 5) 1 
a &2

V2 (£• < 1) (-)

(III) Radial strain on surface, maximum 
tensile value

major factors v2 (+), ^ (|̂ - > 5 ) (+)

Increase In these factors reduces the maxi
mum negative value.

(Other factors Interact In a complex 
fashion.)

COMBINATION OP LOADING TYPES

The traction and the Inward shear loadings 
have been separately combined with the 
vertical load to give the solutions shown 
In Figures 1, 2 and 3. In each case the 
maximum value of the shear force has been 
made equal to the vertical load. The 
vertical load-inward shear combination 
gives results symmetrical about the load 
centreline, whereas the traction load case 
gives values which are added to the vertical 
load values on one side of the centreline 
and subtracted on the other. Only the 
additive case Is shown In the figures, and 
It will be seen also that the traction load 
has no Influence on the centreline. h The 
figures show only the cases for — = 1 

E
and 4, and g-2- = 2 and 10. On each 

t,2
figure values for v = 0.5 In both layers 
and v = 0.2 In both layers are given. In 
general the Polsson's ratio In one of the 
layers has a substantially greater effect on 
the quantity concerned than the value In the 
other layer, hence the values chosen above 
approximately cover the full range.

SURFACE DEFLECTION (Fig.l)

Most notable Is the fact that, for v = 0.5 
In both layers, the shear loadings have 
negligible Influence on vertical deflection. 
However, when Polsson's ratio Is 0.2 It Is 
noted that

- on the centreline the deflections are
significantly higher them for v = 0.5

- traction or horizontal load causes a marked
change In deflection away from the centre 
line, whereas on the centreline the in
ward shear only has a marked effect.

This latter result is characteristic of the 
more rapid diminution with distance from 
centreline of the effect of the inward shear 
load than the traction load, which is seen in 
many of the other results. This character
istic gives the deflection bowls for v • 0.2 
and Inward shear a very 'peaked' shape com

pared with the other loadings. The deflec
tion bowl for the vertical and horizontal 
load combination is asymmetrical. The 
shape for both v ■ 0.2 and 0.5 is Influenced

by and jj- showing greatest curvature for 
a 2 a

minimum values of both these variables 
(Fig.1(a)).

RADIAL STRAIN ON SURFACE (Fig.2)

In the figure, the strains are expressed in 
terms of the modulus of the top layer, 
resulting in identical scales for the figures. 
The surface radial strains are most strongly 
influenced by the shear loadings and the 
magnitude is of great significance in 
initiating fatigue failure of asphalt pave
ment layers (Pell 1965). The pattern of 
behaviour varies very little as the 
modular ratio and layer depth alters.
Polsson's ratio has a large Influence on the 
centreline and close to the edge of the load

(jf ■ 1.25), the smaller value of 0.2

leading to a larger numerical value of 
strain.

Strain reversal occurs for the combination 
of vertical load and inward shear, values 
being successively negative, positive, 
negative as the load traverses a particular 
point in the pavement. To a lesser extent 
this occurs with vertical and traction load, 
but the strain pattern is asymmetrical, 
values varying from positive to negative 
only as the load traverses the system. It 
Is also noted that the maximum value of 
positive (compressive) strain for this 
loading case does not occur on the load 
axis, as appears from Fig.2 but at about a 

value °f L ■ 1 25 on t*le °ther side of
the a centreline. For
vertical load alone, the strain values are 
small at all locations when v = 0.5.

VERTICAL STRESS AT INTERFACE (Fig.3)

In these results the pattern of behaviour is 
strongly influenced by the h value. Except 
on the centreline a Polsson's
ratio has a significant effect only when 
both the modular ratio and layer depth are 
large (Fig.3d) and then only for r - 1.25.

a
Again the Inward shear load causes a signi
ficant increase only on the centreline, 
whereas for the horizontal load the change 
is a maximum away from the centreline, and 
for deep layers is very considerable even at 
large radii (Figs.3b, 3d). However, in 
these cases the absolute magnitude of the 
stress is small so that the consequences of 
the asymmetrical loading on the lower layer 
are reduced.

MULTIPLE LOADED AREAS

To indicate the interaction of two footings 
or tyre loads the cases shown in Figs.4, 5»
6 have been prepared. These are for the
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case of two Identical vertical loads of uni
form pressure.

Spaclngs of 2.5 and 5 radii between the 
loads have been selected, modular ratios of
2 and 10, layer depths of 4 and 1 radii and 
Poisson's ratios of 0.2 and 0.5 in both 
layers being used as the other variables.
The vertical displacements shown in Pig.4 
and the vertical strain shown in Pig.5 are 
expressed in terms of the modulus of the 
lower layer, whereas the radial strain 
shown in Pig.6 involves the modulus of the 
surface layer.

VERTICAL SURFACE DEFLECTION (Pig.4)

As for the single loadings previously con
sidered, the lower value of Poisson's ratio 
gives an increase in deflection close to 
the loads, in this case on the centrelines 
of each load, and midway between them.
This is most marked for the modular ratio of 
two. In the cases considered the maximum 
deflection occurs beneath one of the loads, 
except for the thin layer, close spacing, 
high modular ratio combination shown (in 
Fig.4a), where the midpoint deflection is 
slightly greater than that under the loads. 
The efficiency of a stiffer upper layer in 
reducing deflections is limited to con
ditions close to the load unless the stiffer 
layer is deep. Even then, the improvement 
is only slight at r = 2.5 and vanishes 
entirely at r = 5- a 

a

VERTICAL STRAIN AT THE INTERFACE IN THE 
LOWER LAYER (Fig.5)

The vertical stress or strain in the lower 
layer (subgrade) of a flexible pavement has 
been used as a design criterion in the 
rational design procedure. (Dormon and 
Edwards, 1967.) The allowable stress is 
apparently related to measures such as 
C.B.R., whereas in terms of strains, a con
stant value of about 10"3 appears to hold 
for many soils.

Because of the rapid decay with distance 
from load, the values for the thin layer and 
wide spacing are negligible, except immed
iately beneath one load. At the closer 
spacing the values between the loads are 
appreciable but less than the beneath-load 
values. However, when the layer is thick 
the values between the loads may be greater 
than those at the loads when the spacing is 
small and slightly less when the spacing is 
greater. In all cases where the values 
are appreciable the influence of Poisson's 
ratio is also large, maximum values of 
strain being associated with v = 0.2. The 
increase in strain is proportionally greater 
for the modular ratio of ten.

RADIAL STRAIN AT INTERFACE (Pig.6)

For a combination of two tyre loadings the 
critical radial strain is likely to occur at 
the interface rather than at the surface.
The shear loadings which lead to the most

severe radial strains on the surface are less 
significant at the interface. Again, the 
values are expressed in terms of the modulus 
of the top layer, but the scales are differ
ent, depending on the layer thickness.

The influence of Poisson's ratio is again 
most noticeable at or between the loads, 
especially at low values of modular ratio. 
Higher values of Poisson's ratio lead to 
greater negative values of the radial strain, 
and are therefore of greatest significance in 
initiating fatigue failure of asphaltic 
pavements. The largest values occur for 
greatest modular ratios reflecting the 'beam 
action' of the upper layer.

The pattern of strains at and between the 
loads varies considerably. The deeper 
layers have negative strains (tensile) at 
and between the loads, whereas for the 
shallower layers, the strain may become 
positive between the loads, especially for 
large spaclngs of the load or for low modular 
ratio and close spacing.

CONCLUSIONS

Solutions for stresses, strains and dis
placements in a two layer elastic system 
subjected to various surface loadings have 
been computed. In addition to the influ
ence of modular ratio of the layers and 
layer depth, the results show the influence 
of the Poisson's ratios of the layers.
Although it is often assumed to have a value 
of 0.5, a reduction to 0.2 results in a sig
nificant increase in surface deflection, in 
the maximum tensile radial strain on the 
surface, and in the compressive strain at 
the top of the lower layer.

The influence of unidirectional horizontal 
load and inwardly acting shear has been 
shown by combining them with the vertical 
load. The influence of the unidirectional 
load is asymmetrical, being zero on the load 
axis, positive on one side and negative on 
the other. Its effects away from the centre
line persist for greater distances than the 
effects of the inward shear which are a max
imum on the load axis. The greatest effect 
of the shear loadings is on the tensile 
radial strain on the surface. The inward 
shear case gives a severe strain reversal of 
two negative and one positive maxima at a 
particular point as the load passes; whereas, 
the unidirectional load gives only a positive 
and negative maximum as the load passes.

Dual wheel loadings or interaction of two 
foundations subjected to vertical loads have 
been examined for two different spaclngs of 
the loads. The most severe conditions for 
subgrade vertical strain or surface deflec
tion occur beneath a load unless the layer 
depth Is large and the spacing Is small.

For combinations of loads such as these, the 
critical tensile strain occurs at the base 
of the top layer and its magnitude and loca
tion is influenced by all the variables
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Pig.3.

Fig.

r*U
1,11,•*

....
■ Fl»Sk 

VI,-2
kfc-4

I
a

£b

o CO
I
T

.....ti

Fir >« 

k/«-i

Fl| 14
«./I.-»
k/«-4

%
I
8

»f*o? *-*"•*
»•final iMd plut imaard thtar Mod □  ■

fertiMl too« plvt M -trKbml thMr M O  •

Vtrtical lood only O ♦

Vertical Direct Stress (— ) (at depth z = h) vs. Radius (r/a)

OFFSETS FROM THE CENTRES OF THE LOADS 

1 25 2-5 5 75 

-125 0 25 5

BB

a5

t  $

1

FIf.4« 

d/ a-M

li / a-l

OFFSETS FROM THE CENTRES OF THE LOADS 

125 2-5 5 7-5 

-125 0 2-5 5

-
0 î

>

Fi«.4b 

d/a .25 

h/a-4

T

1 io

OFFSHS FROM THE CENTRES OF THE LOADS 

25 5 75 » 

-25 0 25 5

B

6

ft

8

3e

J
1
■

Fi«.4c 

d/ a-5

li/a ■ 1

OFFSETS F10M THE CENTRES OF THE LOADS 

2-5 5 7-5 10 

- «  0 2-5 5

<i►
I  -

______
o

Ftf.4d 

d/a-5 

h/ a-4

w.E„
Vertical Displacement (----) (at depth z = 0) vs. Radius (r/a) Dual Loads

p.a

1 4 8



E L A S T I C  T HE OR Y

Fig.5.
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considered. Polsson's ratio has a very 
considerable effect on the radial and 
vertical strains investigated.
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