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THE M E C H A N I C A L  BEHAVIOR O F  CROSS ANISOTROPIC CLAYS

LE COM PORTEM EN T M ECAN IQUE DES ARGILES ANISOTROPES

A S. SAADA, Ing én ieur  E.C.P., Ph.D., Asso ciat e Pro fesso r  

Case West ern  Reserve Universit y, Cleveland , Oh io

K. K. ZAM AN I, A4. Sc,  Grad uat e Student  

Depart m ent  o f  M anagem ent , Un iversi t y o f  Warw ick, Covent ry, Eng land

SYNOPSI S St r es s- s t r a i n r e l a t i ons  of  an i ncr ement a l  nat ur e ar e pr esent ed and t he i r  va l i di t y  i s expe r i ment a l l y  
checked on kaol i ni t e  cl ay t est  spec i mens wi t h f our  di f f e r e nt  degr ees  of  cr oss ani sot r opy .  Four  gr oups of  t est s,  
each wi t h f our t ee n di f f e r ent  st r ess  pat hs and. seven di f f e r ent  i nc l i nat i ons  of  t he pr i nci pa l  s t r esses  on t he axi s 
of  r ot a t i ona l  sy mne t r y  of  t he c l ay wer e  conduct ed:  They  poi nt  t o t he val i di t y  of  t he pr oposed s t r es s- s t r a i n r el a  
t i ons f or  t he kaol i ni t e  t es t ed and t o t he poss i bi l i t y  of  obt a i ni ng t hem f r om a pot ent i a l  f unct i on.  The  e qui v a ­

l ent  st r ess  and t he equi va l e nt  s t r a i n at  f a i l ur e  as wel l  as Henkel ' s por e pr essur e coef f i c i ent  ar e f ound t o 
depe nd on t he i nc l i nat i on of  t he pr i nci pa l  s t r esses  on t he axi s of  symnet r y  and on t he s t r ess pat h.  The ana l y ­

si s of  t he t est  r esul t s  i n t er ms of  e f f e c t i ve  s t r esses  poi nt s t o t he necess i t y  of  de ve l opi ng f a i l ur e  cr i t er i a  
whi ch t ake i nt o ac count  t he di r ect i ona l  pr oper t i es  of  t he mat er i al .

I NTRODUCTI ON

Due t o t he pr ocess of  se di me nt a t i on f ol l owed by one 
di mensi onal  consol i dat i on,  nat ur a l l y  de posi t ed cl ays 
have  t hei r  pl at e l e t s  or i ent ed such t hat  t he mat er i al  
on t he macr os copi c  l evel  has t he pr oper t y  of  c r os s ­

ani sot r opy .  The di r ec t i on of  t he axi s of  r ot at i onal  
symnet r y  i s t he di r e c t i on of  consol i dat i on.  I n t he 
l abor at or y,  cl ay spec i mens pr epar ed f r om cl ay wa t e r  
mi xt ur es  one di mensi ona l l y  consol i dat ed have t hi s 
pr oper t y  of  cr oss ani sot r opy  and can be adva nt ageous ­

l y used t o obt ai n an under st a ndi ng of  t he be ha v i or  of  
na t ur a l l y  de posi t ed cl ays under  var i ous  st r ess  f i el ds.  
Thi s s t udy  i s composed of  3 par t s.  The f i r s t  par t  
consi s t s of  t he exper i ment al  i nvest i gat i on and i s a 
j oi nt  e f f or t  of  bot h aut hor s.  I n t he second par t ,  a 
t heor y  adapt ed t o cr oss- ani s ot r opi c  ma t er i a l s  i s pr e ­

sent ed and used t o ana l yz e  t he t est  r esul t s i n t er ms 
of  t ot al  st r esses .  I n t he t hi r d par t  t he t est  
r esul t s ar e ex ami ned i n t e r ms of  e f f e c t i ve  st r esses.  
The seni or  aut hor  a l one i s r e sponsi bl e  f or  t he second 
and t hi r d par t s.

THE EXPERI MENTAL PROGRAM

Te st i ng Appar at us  and Test  Spec i mens

The di r ect i ona l  pr oper t i es  of  cr oss ani sot r opi c  ma t e r ­

i al s ar e s t udi e d by var y i ng t he i nc l i nat i on of  t he 
pr i nci pa l  s t r esses  wi t h r espect  t o t he axi s of  sy mne ­

t r y.  Thi s  can be done e i t her  by us i ng t est  s pec i ­

me ns  cut  at  var i ous  i nc l i nat i ons t o t hi s axi s or  by 
usi ng ver t i cal  spec i mens and r ot a t i ng t he pr i nci pal  
st r esses .  To I nsur e  t hat  c i r cul ar  cr oss sect i ons  
r emai n c i r cul ar  unde r  s t r ess ,  near l y  al l  t he spec i ­

mens used i n t hi s i nv est i gat i on wer e  hol l ow ver t i cal  
cy l i nder s  i . e.  cy l i nder s  havi ng t hei r  axi s par al l el  t o 
t he axi s of  symmet r y  of  t he mat er i a l .  The syst ems of  
st r esses  we r e  symnet r i ca l  wi t h r espect  t o t he axi s.

The r ot a t i on of  t he pr i nci pal  s t r esses  was obt a i ned 
t hr ough a combi nat i on of  axi al  and t or s i onal  st r esses .

Al l  t he t est s we r e  conduct ed 1n a spec i a l l y  des i gned 
t r l axl al  cel l .  The var i ous  s t r ess combi nat i ons  wer e

l i near l y appl i ed t o t he speci mens by means of  a pne u ­

mat i c  ana l og comput er  pr ogr a mned i n advance  f or  t hei r  
si z e,  t he r at e of  i ncr ease  of  t he s t r esses ,  and t he 
i nc l i na t i on of  t he pr i nci pa l  st r esses t o be kept  c on­

s t ant  dur i ng each t est .  The t est i ng ma chi ne  has been 
descr i bed i n det ai l  by Saada ( 1967, 1968) .

The Ka ol i ni t e  cl ay used i n t hi s i nvest i gat i on has a 
l i qui d l i mi t  of  62 . 5% and a pl as t i c i t y  i ndex of  23. 5%.  
The c l ay f r ac t i on i s 73%,  and t he spec i f i c  gr av i t y  
2. 61.  For  t he pr epar a t i on of  t he cr oss ani s ot r opi c  
hol l ow cy l i nder s of  cl ay,  t he dr y powder  was pl aced i n 
an 8 i n.  di amet er  pl ex i gl ass  cy l i nder  and dea i r e d di s ­

t i l l ed wat er  was dr awn i nt o t he cy l i nder  unde r  vacuum 
t o f or m a sl ur r y.  The consol i dat i on pr essur e  was 
l i near l y i ncr eased t o t he des i r e d f i nal  pr essur e.  To 
obt a i n 4 di f f e r ent  degr ees  of  ani sot r opy ,  t he f i nal  
one di mensi onal  consol i dat i on pr essur e  was gi ve n 4 
di f f e r ent  val ues.  Sol i d c l ay  cy l i nder s  of  2 . 85 1n.  
di amet er  wer e  obt a i ned f r om t he 8 i n.  di amet e r  bl ocks.

A 2 i n.  di amet er  cor e was car e f ul l y  r emoved f r om t he 
i nsi de of  t hese cy l i nder s  as desc r i bed by Saada  and 
Baah ( 1967) .  Four  gr oups of  i dent i ca l  spec i mens we r e  
made,  each gr oup wi t h a di f f e r e nt  degr ee  of  ani sot r opy.

For  t est i ng,  t he spec i mens wer e  pl aced 1n t he cel l  
under  a hy dr ost a t i c  st r ess  of  78 Psi ,  and a l l owed t o 
consol i dat e  f or  3 days.  For  t he f i r s t  t hr ee gr oups of  
spec i mens,  t he t r i axi al  consol i dat i on was a l l owe d t o 
pr oceed wi t h a back  pr essur e  of  18 Ps1.  For  t he f our t h 
gr oup,  i t  was  a l l owed t o pr oceed wi t h a back  pr ess ur e  
of  38 . 5  Psi .  Bef or e  t he appl i ca t i on of  t he dev l a t or ,  
t he dr a i nage l i nes we r e  connect ed t o a t r a ns duc er  f or  
por e wa t e r  pr essur es  measur ement s .  Gr oups 1,  2 and 3 
ar e nor mal l y  consol i dat ed.  Gr oup 4 i s over consol 1 d-  
ated.

Test i ng Pr ocedur e

Four t een t est s wer e  conduct ed i n ea ch gr oup of  s pe c i ­

mens:  One t es t  on a spec i men whos e axi s 1s nor mal  t o 
t he di r ec t i on of  consol i dat i on,  her e i n r e f er r ed t o as
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hor i z ont a l ,  and 13 t est s on speci mens whos e  axi s i s 
par a l l el  t o t he di r e c t i on of  consol i dat i on,  her e i n 
r e f er r ed t o as ver t i cal .  The 13 ver t i cal  spec i mens  
we r e  t est ed as f ol l ows:

a . - - 6  Test s we r e  conduct ed at  cons t ant  cel l  pr essur e .  
Bot h t he axi al  and t or s i onal  s t r esses  we r e  l i near l y  
appl i ed i n a way  such t hat  t hei r  r a t i o was const ant  
dur i ng t he whol e  t est .  To each r a t i o t her e c or r es ­

ponds an i nc l i nat i on of  t he ma j or  and mi nor  pr i nc i pal  
st r esses on t he ver t i cal  as shown i n Fi g.  1.

° 3 3  /

M M

23

t t

Fi g.  1 Ref er ence  Axes and St r ess  Syst em

The i nt er medi a t e  pr i nci pa l  st r ess  i s r adi al ,  const ant ,  
and equal  t o t he pr ess ur e  1n t he cel l .  The t est s i n 
t hi s ser i es  wi l l  be ca l l ed " Di r ect  Test s" .

b . - - 6  Test s  wer e  conduct ed wi t h t he cel l  pr essur e  
var yi ng l i near l y.  The r a t i o of  t he change i n t he axi al  
and t he l at er al  pr es sur e  was a l ways 2 t o 1 so t hat  t he 
me an st r ess was ma i nt a i ned const ant  and equal  t o t he 
i ni t i al  cel l  pr essur e .  Si mul t a neousl y ,  t or ques wer e  
appl i ed t o t he t est  spec i mens i n a way  such t hat  t he 
r a t i o of  t he t or s i ona l  s t r esses  t o t he nor mal  st r esses  
di f f e r e nce  was ma i nt a i ned cons t ant  dur i ng t he whol e
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t est .  To each r at i o t her e cor r es ponds  an i nc l i na t i on 
of  t he ma j or  and mi nor  pr i nc i pal  s t r esses  on t he v e r ­

t i cal .  The i nt er medi a t e  pr i nci pal  s t r ess i s r adi al ,  
equal  t o t he pr essur e  i n t he cel l  and var i ed cont i nu ­

ousl y.  The t est s i n t hi s ser i es wi l l  be ca l l ed 

" Gener a l i z ed Test s" .

c . — One t est  was conduct ed i n a way  such t hat  t he 
spec i men was onl y  subj ect ed t o t or que.  I t  wi l l  be 

ca l l ed " Tor si on Test " .

Tabl e  I  gi ves t he l i st  of  t he t est s conduct e d i n each 
gr oup,  t he i nc l i nat i on b of  t he ma j or  pr i nc i pa l  s t r ess  
on t he axi s of  r ot a t i ona l  symme t r y  and t he sy st em of  
l oadi ng used t o obt a i n t hi s i nc l i nat i on.  The  t es t i ng 
was ent i r e l y  aut omat ed.  The r at es of  s t r ess we r e  t he 
same f or  t he di r ect  and gener a l i z e d t est s hav i ng t he 
same i nc l i nat i on of  t he pr i nci pal  st r esses.  The  gr oup 
cor r espondi ng t o t he s t r onge st  spec i mens f a i l ed i n 7 
t o 8 hour s and t he one cor r espondi ng t o t he we ak es t  
f a i l ed i n 5 t o 7 hour s.

ANALYSI S I N TERMS OF TOTAL STRESSES

The mat er i a l  i s nonl i ne ar  and noncons er v at i ve ,  and t he 
di r ect i ons  of  t he pr i nci pa l  s t r esses and t he pr i nci pa l  
st r ai ns i n gener a l  wi l l  not  coi nci de .  An i ncr ement a l  
appr oach i s t her e f or e  adopt e d i n t he s t udy  of  t he 
st r ess- s t r a i n r el at i ons.  I n subsequent  sect i ons t he 
name " r at e of  st r a i n"  ( as i n t he cl assi ca l  t heor y  of  
pl ast i c i t y )  i s used t o i ndi cat e t hat  t he t heor y  i s an 
i ncr ement a l  one.  The t heor y  i s adapt ed t o undr a i ned 
sat ur a t ed cl ays.  The var i ous  component s  of  t he st r ess  
t ensor  ar e e i t her  i ncr eased or  decr e ase d unt i l  f a i l ur e 
occur s;  No r ever sal  i n t he di r e ct i on of  t he l oadi ng 
t akes pl ace.

Basi c  St r ess- St r a i n Rat e Rel a t i ons  and Di r ect i ona l  
Pr oper t i es

The appr oach i s s i mi l ar  t o t hat  used by Hi  11 ( 1948)  and 
Dor n ( 1949)  i n t he f i e l d of  ani s ot r opi c  met a l s.  I t  
i s assumed t hat  t he s t r a i n i ncr ement s  ar e l i near  f unc ­

t i ons of  t he st r esses .  I n a sys t em of  car t es i an 
coor di nat es  t he 6 s t r ess- s t r a i n r at e  r el a t i ons  ar e 
wr i  t t e n:

é i j  '  ^i j k i
( i . j . M = 1, 2, 3) ( 1 )

Tabl e  I  Test s Conduct e d on Each Gr oup of  Spec i mens

Type of  
Speci men

Angl e  $c Loadi ng Sys t e m Desi gna t i on

Di r ect  Test s Hor i z ont a l 90

Ver t i cal 0

Ver t i cal 15

Ver t i cal 31. 7

Ver t i cal 58. 2

Ver t i cal 75

Ver t i cal 90
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i ncr ease
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B E H A V I O R O F  C R OS S  A N I S O T R O P I C  CL AYS  

I n t he sys t em of  coor di nat es  shown i n Fi g.  1 , e- | j  i s 
t he s t r ai n r at e i ns t ant aneousl y  i n t he 01 di r ec t i on,

t ] 2  i s t he shea r - s t r a i n i ns t ant aneousl y  bet ween t he

01 and t he 02 di r ec t i on,  o n  i s t he i nst ant aneous c om­

ponent  of  t he nor mal  st r ess  i n t he 01 di r ec t i on,  o -|2 

i s t he i ns t ant aneous compone nt  of  t he shear  s t r ess ,  
et c.  and ar e va r i abl e  coef f i c i ent s  hav i ng di me n ­

si ons of  a s t r a i n r at e ov er  a st r ess.  Unl i ke  t he 
coef f i c i ent s  of  t he e l as t i c  s t r e ss - s t r a i n r el a t i ons ,  
t he Sj j L^ ar e not  const ant ;  t hey  depend upon t he me c h ­

ani cal  hi s t or y  of  t he mat er i a l .  The number  of  coe f f i ­

c i ent s  i n equa t i on ( 1 ) can be r educed pr ov i de d cer t a i n 
sy nmet r i es  exi s t .  I n t he case of  a cr os s- ani sot r opi c  
mat er i al  wi t h t he axi s 03 as axi s of  r ot a t i onal  s y m­

met r y ,  t he coef f i c i e nt s  r emai n unchange d i n any 
r ot a t i on ar ound t hi s axi s;  Thi s br i ngs  t he number  of  
i nde pe nde nt  coef f i c i e nt s  1n equat i on ( 1 ) down t o 6 .

For  a const ant  vol ume mat er i a l  t hi s number  i s r educed 
t o 4.  I f  i n addi t i on,  t he degr ee  of  ani sot r opy  1s 
such t hat  hy dr os t a t i c  s t r esses  cause  negl i gi bl e  shear  
st r a i ns,  t he number  of  i nde pende nt  coe f f i c i ent s  i s 
f ur t her  r educed t o 3 as shown by Saada  and Zaman1( l 968)

Const ant s  of  Ani s ot r opy

When t he cr oss ani s ot r opi c  mat er i a l  i s subj ec t ed t o 
l a r ge def or mat i ons  I t s ani s ot r opi c  cha r a ct er i s t i cs  
change.  I f  t he changes  i n t he ani s ot r opi c  c ha r ac t e r ­

i st i cs ar e smal l ,  t he as sumpt i on ma y be ma de  t hat  t he 
5-jjia var y  i n s t r i c t  pr opor t i on,  1n ot her  wor ds  t hat  
t hei r  r a t i o r emai ns  cons t a nt  ov er  t he def or mat i on.

Let

The  def i ni t i on of  ce n and of  wi l l  be compl e t ed by 
assumi ng t hat  t he i ncr ease  i n t ne dev i a t or  s t r ess i s
_ r a • _ » l I _____ i. _l _ ̂  - _ - _J ± . . m a  f ^

i  j k i ï 1Jki
(2)

eq

wher e  1s a cons t a nt  of  ani sot r opy ,  ¿e„  1s a. i

equi va l e nt  s t r a i n r a t e  and oeq 1s an equi v a l e nt  st r ess  
t o be subs equent l y  eva l uat ed.  Subst i t ut i ng equat i on

( 2 ) I nt o equa t i on ( 1 ) and as sumi ng a const ant  vol ume  
and no e f f e c t  of  t he hy dr ost a t i c  s t r esses  on t he shear  
st r a i ns ,  one  obt a i ns  equa t i on ( 3) .

a f unct i on of  t he wor k  done per  uni t  vol ume and t hat  
t he i ncr ement  i n t he spe c i f i c  wor k  dW i s al ways  gi ven 
by

dW = ° e qdEeq " ° l l d El l  + ° 2 2dc 22 + ° 3 3 dc 33 + 2o12deT2

+ 2 o13dE13 + 2 o23 dE23
( 4)

Equation (4) Implies that the relation between oeq and 
and Cgq ■= (Jdeeq) will be the same for any stress path. 
The a-ijki are dlmensionless ratios and 1t 1s appropr­
iate to ChOOSe 03333 ■ 2 (a-j -| 1 i+a-j 122 ) = 1 an“ êfer 
the other constants to 1t. substituting equation (3) 
Into equation (4) one obtains

2 2 2 

° e q= ( “ 1111 ( ° 11+ ° 22+ 2o 12^+ a 1122^2o l l a 22 ‘  2o 12 ^

2 2 2 1/2 

+ ( ° 33 ‘  ° 1 1 ° 3 3 ‘  ° 2 2° 33 ^+ ° 1 3 1 3 ^4 o13+ 4 o2 3 ^  ^

and

deeq
dW

a
(6)

eq

wher e  dW 1s gi ven by equat i on ( 4)  and o 1s gi ven by 
equat i on ( 5) .  "

One not i ces  t hat  t he s t r es s - s t r a i n r a t e  r e l a t i ons  of  
equa t i on ( 3)  can di r ec t l y  be obt a i ned f r om a pot ent i al  
f unc t i on def i ne d by

r

w

“1111 “ 1122 ■(“i m +“ii22 )
0 0 0

f

°11

de22 “1122 “m i ' (“1111+“1122)
0 0 0 C

MC
M

D

de33

dE12
°eq

1 P
O 

—
* 

ro
 

ro
 +
 

0 - (“i i 22+“n  11 ) 

0

2(“i m +“ii22 )

0

0

^ “n i r “ii22 )

0

0

0

0

<

° 33 

2ol 2

de 13
0 0 0 0

“ 1313
0 C

O

DC
M

de23
V J

0 0 0 0 0
“ 1313 2 a 23 

V.  J

(3)
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S A A D A  and  Z A M A N I

Fhj>

s i nce

= 7  ( oe q )

dc.
U eq 3oi j

i dc 3(0 ) £ 
1 eg eg

7 <j„_ aoj.

(7 )

(8)
eq 13

Summar y  and Di scus s i on of  t he Theor y

I n sumnar y ,  t he i ncr ement a l  t heor y  pr oposed f or  e x pe r ­

i ment al  ve r i f i ca t i on cont a i ns  t he as sumpt i on t hat  t he 
st r a i n i ncr ement s  ar e l i near  f unct i ons  of  t he s t r e ss ­

es;  t he coef f i c i ent s  of  pr opor t i ona l i t y  change such 
t hat  t hei r  r a t i o r emai ns  const ant .  Hydr os t a t i c  
st r esses  cause ne gl i gi bl e  shea r  s t r a i ns  and t he i ncr e ­

ment  i n t he spe c i f i c  wor k  dur i ng s t r a i n i s al ways  
equal  t o oe q de e q.  For  al l  t he s t r ess  pat hs,  t he 
cur ves oe q Ver sus  c6 q shoul d be i dent i ca l .  Thi s 
pr oper t y  wi l l  be used t o t est  t he va l i di t y  of  t he 
t heor y.

Ther e  i s no pr ov i s i on i n t he t heor y  f or  di f f e r ences  i n 
be hav i or  when t he di r ec t i ons  of  t he appl i ed st r esses 
ar e r ever sed.  Al t hough modi f i c a t i ons  can be i nt r o­

duced t o ac count  f or  t hese  di f f e r e nce s  as done by Hsu 
( 1966) ,  i t  i s be l i e ved t hat  a t  t hi s s t age  t hey  woul d 
undul y  compl i ca t e  t he equat i ons.  For  t he mat er i al  
under  cons i der a t i on i t  was not i ce d t hat  f or  t he same 
absol ut e  va l ue  of  t he axi al  s t r esses ,  t he axi al  and 
t or si ona l  def or ma t i ons  we r e  qui t e  c l ose  i n ma gni t ude  
up t o appr ox i ma t e l y  75% of  t he f a i l ur e  st r ess.  The 
va l i di t y  of  t he t heor y  wi l l  t her e f or e  be exami ned 

onl y  up t o t hi s l e v e l .

Det er mi nat i on of  t he Cons t ant s  of  Ani sot r opy

The use of  cy l i ndr i ca l  coor di nat es  i s appr opr i a t e  f or  
t he shape of  t he t est  speci mens and t he syst ems of  
st r esses used.  The  subscr i pt s  1,  2 and 3 wi l l  s t and 
f or  r ,  b and z.  Pr ov i de d t he 03 axi s i s al ways t aken 
al ong t he axi s of  r ot a t i ona l  synmet r y ,  equat i ons  ( 3)  

t o ( 8 ) do not  r equi r e  any modi f i cat i on.

I n each of  t he f our  gr oups of  spec i mens ,  3 t est s ar e 
r equi r ed t o obt a i n a i m  and 01313 . The se  t est s ar e:

a . - - A di r e ct  compr es s i on t e s t  on a ver t i cal  speci men.  

I n t hi s case

° eq -  ° 33
and

deeq = dc 33
(9 )

Thus t he cur ve 033  ver sus  j dt 33 i s equi v a l e nt  t o t he 

cur ve  oeq ver sus j  de e q . Thi s  i s cur ve S i n Fi g.  2.

b. - - A di r e ct  compr es s i on t est  on a hor i z ont al  speci men.  

I n t hi s case

°11 *
_ÉS_ and

Ja
1111

d c l l  = ^ v m  d e eq ( 10)

c . " A  t or s i on t est  on a ver t i ca l  spec i men.  I n t hi s 

case

Zo
23

_§9_
/a

1313

and dt 23 = dEeq

Si nce  t he pr oposed t heor y  i mpl i es  t hat  al l  t est s shoul d 

gi ve  t he same oe q ver sus  J de e q cur ve,  t he co&f f l c i -  
e n t “ 11n  f or  ex ampl e  i s de t e r mi ned by pl ot t i ng t he 
cur ves obt a i ne d f r om a di r e ct  compr e ss i on t e s t  on a 
ver t i ca l  spe c i men and a di r e c t  compr es s i on t est  on a 
hor i z ont al  spe c i men on t he same gr aph:  Thi s i s shown 
i n Fi g.  2.  Two equal  ar eas under  t he cur ves det e r mi ne

Fi g.  2 Det er mi nat i on of  Const ant s  of  Ani s ot r opy

t wo poi nt s  on t he abc i ss a  and t wo on t he or di nat e.

The r a t i o of  t he t wo va l ues on t he abc i ssa  must  be 
equal  t o t he i nver se of  t he t wo cor r es pondi ng va l ues  
on t he or di na t e as shown by equa t i on ( 10) .  Thi s r a t i o 

gi ves  / a i m.  t heor y ,  any t wo equal  a r eas under  
t he cur ves shoul d gi ve t he same coef f i c i ent :  The  
va l ues  f r om 4 equal  a r eas we r e  t aken and we r e  f ound t o 
be ext r emel y  cl ose.  They  we r e  ave r a ged t o gi ve  a mi .  
The va l ue  of  01313 i s obt a i ned by a s i mi l a r  scheme.

The
eq

Cur ves
eq

The par amet er s  needed t o. chec k  t he v a l i di t y  of  t he 
pr oposed t heor y  ar e oeq, J dc e q and | dW.  To obt a i n 

t hese quant i t i es ,  t he const ant s  of  a ni s ot r opy  a u ^  
ar e f i r s t  comput ed by t he me t hod de s c r i be d i n t he 
pr ev i ous sect i on.  The r esul t s  of  t hese  comput at i ons  
f or  t he f our  gr oups of  t est s ar e shown i n T a b l e H.  The  

a i j k 4. ar e t hen i nt r oduced i n equat i ons  ( 5)  and ( 6 ) t o 
obt a i n oeg and dee q.  Al l  t he comput at i ons  we r e  ma de  
on a UNI VAC 1107 comput er .  The  i nput s we r e  t aken f r om 
char t s whi ch aut oma t i c a l l y  r ecor ded t he nor mal  s t r e s s ­

es di f f e r ences ,  t he t ot al  axi al  de f or mat i ons ,  t he por e  
wa t e r  pr es sur es  and t he angl e of  r ot a t i on.  The  cur ves  
bet ween oe q and | dc e n obt a i ned f r om any s t r ess  pat h 
shoul d be t he same.  Fi gur e  3 shows t he poi nt s  obt a i n ­

ed f r om 14 di f f e r e nt  s t r ess pat hs i n ea ch gr oup.  One  
not i ces  t hat  t he poi nt s f al l  wi t hi n a r e l a t i ve l y  t hi n 
band f or  whi c h a best  cur ve  can be obt a i ned.  The  
cur ve  cor r e s pondi ng t o di r e c t  c ompr e ss i on can be c on ­

s i der ed as a good aver age .  I t  t hus appear s  t hat ,  f or  
t he mat er i a l  unde r  c ons i der a t i on and t he  de gr ee s  of  
ani sot r opy  t est ed,  t her e  ex i s t s  a gener a l  s t r e s s - s t r a l n

3 5 4
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Fi g.  3 Equi va l e nt  St r e ss - Equi v a l ent  St r a i n Cur ves  f or  t he Four  Gr oups of  Spec i mens

cur ve  t hat  can be de duce d f r om any t ype of  t est .  The 
pr opose d t he or y  seems t o be qui t e  accept abl e  i n de s ­

c r i bi ng t he s t r e ss - s t r a i n behav i or  at  l east  up t o 75% 
of  t he f a i l ur e  st r ess.  Wi t hi n t hi s r ange t he s t r ess-  
st r a i n r a t e  r e l a t i ons  ar e obt a i nabl e  f r om a pot ent i a l  
f unct i on.

Di sc us s i on of  t he Fa i l ur e  Par amet er s

Tr a di t i ona l l y ,  f a i l ur e  cr i t e r i a  have  been ex pr essed 
I n t er ms of  s t r e sses  and conveni e nt l y  r epr esent ed i n

Tabl e  H:  Const ant s  of  Ani sot r opy

Gr oup 1 Gr oup 2 Gr oup 3 Gr oup 4

“ 1111

“ 1313

“ 3333

0. 871

0 . 88 8

1.000

0 . 924  
0 . 845  
1.000

0 . 973

0 . 93 8

1.000

1 . 130

0 . 86 5

1.000

space  by ge omet r i c  sur f aces .  When i t  comes t o a ni s o ­

t r opi c  mat er i a l s ,  a compl e t e  r epr e se nt a t i on i n a t hr ee  
di mensi onal  space  i s i mpossi bl e .  A pr ev i ous  s t udy  on 
ani s ot r opi c  spec i mens made  of  t he same c l ay  by Sa ada  
and Baah ( 1967)  showe d t hat  a f a i l ur e  cr i t e r i on
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i ndependent  of  t he i nt er medi a t e  pr i nci pal  st r ess  
woul d be i nadequat e .  I n t he same s t udy,  be cause  of  
t he smal l  di f f e r ence  bet wee n t he r esul t s i n c ompr e s ­

s i on and ex t e ns i on,  t he y i e l d cr i t e r i on of  Hi l l  ( 1948)  
was f ound sa t i s f act or y .  For  t he 4 gr oups of  spec i mens  
i n t hi s i nvest i gat i on,  t he same conc l us i ons  wer e  
ar r i ve d at  r e gar di ng t he i mpor t anc e  of  t he i nt e r med ­

i at e pr i nci pa l  st r esses.  On t he ot her  hand,  t he di f f ­

e r ences  i n t he f a i l ur e  s t r esses  bet wee n t est s i nvol v ­

i ng compr e ss i on and t hose  i nvol v i ng ex t ens i on ar e t oo 
l a r ge t o a l l ow t he use of  Hi l l ' s  cr i t er i on.  Ta b l e UI  
shows,  f or  al l  t he t est s conduct ed,  t he va l ues  at  
f a i l ur e  of  t he e qui va l e nt  s t r ess  oeq i n p s i , t he 
e qui va l e nt  s t r a i n ee q i n i n. / i n.  ana of  t he t ot al  
spec i f i c  wor k  W i n Psi .  I n Ta bl e HI  one not i ces t hat :

a.  The va l ue  of  oe q changes  wi t h t he r ot a t i on of  t he 
ma j or  pr i nc i pa l  st r ess .  The di f f e r ences  bet wee n t he 
ma xi mum and mi ni mum va l ues  f or  t he f our  gr oups of  
t est s ar e qui t e  subst ant i a l  and a cr i t e r i on of  t he 
f or m oe q = K,  wher e  K i s a cons t a nt  i s not  accept abl e .  
Thi s cr i t e r i on i s t he count e r pa r t  of  t he Von Mi ses  
cr i t e r i on used f or  i sot r opi c  cl ays.

b.  The va l ue  of  t he e qui va l e nt  s t r a i n eef l  at  f a i l ur e  
changes  dr as t i c a l l y  wi t h t he r ot a t i on of  t f l e pr i nci pa l  
st r esses .  Al t hough t he const ant s  of  ani s ot r opy  have

Tab l eHI :  Te s t  Resul t s  at  Fa i l ur e

been de t er mi ned f r om t he f i r s t  75% of  t he st r ess-  
st r a i n cur ves,  Eeg i s a good r e pr es e nt a t i on of  t he 
st a t e  of  s t r a i n of  t he mat er i a l  a t  f a i l ur e .  Di f f e r ­

ences  as hi gh as 50% i n i t s va l ue  i ndi cat e  t hat  any  
f a i l ur e  cr i t e r i on f or  a ni s ot r opi c  c l ays  shoul d cont a i n 

par amet er s  r e pr e sent i ng t he st r a i ns .

c.  The  va l ue  of  t he spe c i f i c  wor k  W change s  as dr as i  
i ca l l y  as t hat  of  ee q wi t h t he r ot a t i on of  t he pr i nc i ­

pal  st r esses .  W i s one of  t he mor e  l ogi ca l  quant i t i es  
t o appea r  i n a f a i l ur e  cr i t e r i on.  At  t hi s s t age  onl y  
a t r end i s c l ea r l y  de f i ned and no f or mul a t i on can be 
at t e mpt e d unt i l  mor e  t est s ar e  conduct ed on a wi de  

var i e t y  of  cl ays.  ,

Sumnar . y of  Ana l ys i s  i n Ter ms of  Tot al  St r esses

An i ncr ement a l  t heor y  r e l a t i ng t he  s t r a i ns  t o t he 

st r esses i n cr oss ani s ot r opi c  undr a i ne d sa t ur a t e d 
c l ays has been pr esent ed.  Expe r i ment s  c onduc t e d on a 
c l ay  wi t h 4  di f f e r ent  degr ees  of  a ni s ot r opy  show t hat  

t he t heor y  y i e l ds  good r esul t s  f or  bot h nor mal l y  c on ­

sol i da t e d and ov e r  cons ol i dat ed cases.  The  s t r ess-  
st r ai n r a t e  r e l a t i ons  can be de duce d f r om a pot ent i al  
f unct i on.  Bot h f a i l ur e  s t r ess es  and s t r a i ns  wer e  
f ound t o be hi ghl y  de pe ndent  on t he di r ec t i ons  of  t he 
pr i nci pa l  s t r esses wi t h r e spe ct  t o t he ax i s o f  r ot a ­

t i onal  synme t r y  of  t he mat er i a l .  A f a i l ur e  cr i t e r i on

Z A M A N I

De si gna ­

t i on

Gr ouf 1 Gr oup 2

° eq eeq
W

°1 °2 ° 3

-e
-

o o ft

3 af
° eq Eeq

W
°1 °2 ° 3 Toct 3 a f

D. C. H 53 . 8 . 106 4 . 86 81 . 8 24. 2 24. 2 33 27. 1 . 61 58. 9 .100 4. 84 8 6 .8 25. 5 25. 5 33 28 . 9 . 49

D. C. 0 51. 5 . 093 4 . 10 75. 1 23. 6 23. 6 31 24. 2 . 79 57. 0 . 113 5. 50 83 . 0 26. 0 26. 0 31 26 . 9 . 56

D. C.  R. 15 54. 6 . 095 4. 46 77 . 3 25. 6 21. 9 34 25. 2 . 73 57. 3 . 129 6 . 32 80. 1 25. 5 2 1 .6 35 26 . 7 .66

D. C. R. 31. 7 47. 4 . 066 2. 76 66 . 7 30 . 8 17. 1 36 20. 9 1. 04 57. 6 . 069 3 . 38 78. 0 33. 5 16. 5 40 25 . 9 . 67

O. T. R. 58. 2 48 . 0 . 044 1. 81 64 . 9 51. 0 14. 6 39 21 .2 . 78 48. 2 . 058 2. 41 65 . 2 51. 0 13. 7 41 21 . 7 . 77

D. T. R. 75 47. 6 . 064 2 . 58 57. 2 54. 0 8. 9 47 2 2 .0 . 90 48. 4 . 051 2 . 08 61 . 0 57. 7 11.6 43 22 . 5 . 73

D. T. 90 42 . 2 . 058 2.21 56 . 0 56. 0 10. 7 43 21. 3 . 89 48. 7 . 056 2. 25 59. 7 59. 7 11 .0 43 22 . 9 . 72

G. C. 0 50. 5 . 107 4. 72 73. 2 22. 7 22. 7 31 23 . 8 .86 57. 3 . 115 5. 50 82 . 2 24. 9 24. 9 32 27 . 0 . 59

G. C. R. 15 51. 2 . 115 5. 14 72. 5 24 . 0 20. 5 34 23. 7 .88 56. 4 . 109 4. 95 79. 0 25 . 4 21 . 5 35 26 . 2 .68

G. C. R. 31. 7 47 . 8 . 080 3 . 36 66 . 9 30 . 6 16 . 8 37 21.1 1. 04 56. 1 . 077 3. 62 75 . 4 32. 1 15. 5 41 25 . 3 . 75

G. T. R. 58. 2 46 . 7 . 041 1 . 59 65 . 0 51 . 5 16. 1 37 20 .6 . 76 49. 4 . 050 2 .00 65 . 4 50 . 9 12. 7 42 22 .2 . 74

G. T. R. 75 45 . 9 . 056 2 . 18 56. 1 53 . 0 9. 6 45 21 .2 . 96 48. 7 . 057 2. 31 60 . 6 57. 3 11 .0 44 22 . 7 . 74

G. T. 90 43 . 5 . 051 1.8 8 55 . 5 55 . 5 12.0 40 20. 5 . 93 50. 5 . 060 2. 52 59 . 8 59 . 8 9 . 3 47 23 . 8 . 71

R. 45 47 . 5 . 062 2 . 47 64. 6 39 . 4 14. 2 40 20 .6 1.00 51. 5 . 059 2 . 44 70 . 0 42 . 0 14. 0 42 22 . 9 . 79

Gr oup 3 Gr oup 4

De si gna ­

t i on ° eq Ceq
W

°1 °2 ° 3
f  1

Toct
3 a f

° eq Eeq
U

°1 °2 ° 3
V

Toct
3a f

D. C. H 60 . 8 . 086 4 . 30 87 . 6 26 . 0 26. 0 33 29. 0 . 46 49. 3 . 088 3 . 53 64. 7 18. 3 18. 3 21 . 9 . 26
D. C. 0 58 . 9 . 088 4 . 33 86 . 4 27. 5 27. 5 31 27 . 8 . 46 48. 5 . 079 3. 13 68. 5 2 0 .0 2 0 .0 22 . 9 . 15
D. C. R. 15 60 . 2 . 095 4. 81 86.1 29 . 4 25. 3 33 27. 7 . 47 48. 2 . 105 4. 24 65. 3 19. 5 16. 2 22 . 4 . 26
D. C. R. 31. 7 61 . 2 . 078 4 . 00 80. 5 35. 0 17. 6 40 26. 5 . 59 44. 3 . 078 2. 92 58. 5 24 . 5 11. 5 19 . 8 . 40
D. T. R. 58. 2 54. 5 . 047 3 . 39 68 . 7 53. 3 12 .8 43 23. 6 . 64 42. 7 . 068 2. 65 50. 5 38 . 0 5. 3 19. 0 . 42
D. T. R. 75 52. 9 . 070 3 . 07 62. 1 58. 5 8. 7 49 24. 3 . 69 39. 9 . 064 2. 15 43. 9 41. 2 3. 3 o 18. 5 . 54
D. T. 90 50 . 5 . 056 2. 31 60. 1 60. 1 9. 6 46 23 . 8 . 70 39 . 8 . 082 2 . 70 43. 0 43. 0 3. 2

LU

»—
c

18. 8 . 52

G. C. 0 61. 1 . 108 5 . 59 87. 7 26 . 6 26. 6 32 28 . 8 . 45 51. 0 . 116 5 . 04 72. 0 2 1 .0 21 .0
ZD
_1

c 24. 0 . 07
G. C. R. 15 62 . 0 . 088 4 . 47 85. 9 27 . 7 23 . 5 35 28 . 5 . 50 48. 1 . 091 3. 57 67. 0 21. 4 18. 1

>
LkJ 22. 3 . 18

G. C. R. 31 . 7 59. 3 . 077 3. 86 76. 6 32 . 6 15 . 8 41 25. 6 . 71 41 . 7 . 096 3. 52 56. 9 24. 9 12. 7 18. 6 . 43
G.T.R. 58 . 2 54 . 9 . 072 2.21 67 . 5 51 . 9 11.1 46 23. 7 . 69 40. 1 . 074 2. 45 48 . 6 36 . 8 6.1 17. 9 . 50
G.T.R. 75 54. 6 . 064 2 .8 6 67 . 3 63 . 6 12.2 44 25. 1 . 49 38. 9 . 067 2.21 44 . 6 41 . 9 5. 0

h-
o 18. 1 . 50

G.T. 90 50 . 0 . 057 2 . 34 60. 9 60 . 9 10. 9 44 23. 6 . 67 37. 0 . 058 1. 75 41 . 3 41 . 3 4. 3
z

17. 4 . 60

R. 45 57. 1 . 071 3 . 34 72. 7 43 . 2 13. 7 43 24. 1 . 70 44 . 2 . 113 4 . 33 54. 1 30 . 4 6 .6 19. 4 . 47
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1n t er ms of  t ot al  s t r es ses  shoul d cont a i n bot h s t r e ss ­

es and s t r a i ns  or  s t r es se s  and spe c i f i c  wor k  t oget he r  
wi t h t he i nc l i nat i ons  of  t he pr i nc i pa l  st r esses .

ANALYSI S I N TERMS OF EFFECTI VE STRESSES

Whe t he r  one 1s s t udy i ng I sot r opi c  or  ani s ot r opi c  
c l ays,  an ana l y s i s  us i ng e f f e c t i v e  s t r esses  1s ne c e s ­

sar y ,  t o i nt e r pr e t  t he t est s r esul t s  i n t e r ms of  t he 
me chani sms now cr e di t ed f or  t he de v e l opment  of  t he 
shear  r es i s t ance  of  sa t ur a t ed cl ays.

Ani s ot r opy  and Wa t e r  Cont ent

I n a cr oss  ani s ot r opi c  c l ay ,  a change i n wa t e r  con­

t ent s i nduce d by one di me nsi ona l  cons ol i dat i on i s 
ne ce ss ar i l y  a c compani e d by a change i n t he di r e c t i on ­

al  char ac t e r i s t i c s  of  t he ma t er i a l .  Thi s  means t hat  
t he cons t a nt s  of  a ni s ot r opy  i n equa t i on ( 3)  wi l l  
change.  On t he ot he r  hand,  i f  t he change i n t he 
wa t e r  cont ent  of  a cr oss  a ni s ot r opi c  c l ay  i s br ought  
about  by  means of  hy dr os t a t i c  consol i dat i on pr essur es ,  
t he cons t ant s  of  a ni s ot r opy  1n equa t i on ( 3)  may"  r e ­

ma i n unchanged.  I t  i s t o be not i ce d t hat  t hese  c on­

s t ant s  ar e r a t i os  and t hat  t hey  ar e r e f er r ed t o 03133 

whi c h i s chos en equal  t o uni t y:  I f  t he di r ect i onal  
char ac t e r i s t i c s  change i n s t r i c t  pr opor t i on dur i ng a 
change i n wa t e r  cont e nt ,  t he a- Hi c*  do not  change.  I n 
equa t i on ( 3)  t he onl y  quant i t y  t hat  i s modi f i ed i s t he 
r a t i o de e q/ oe q .

Tot al  and Ef f e c t i ve  St r ess  Pat hs

Fi gur e 4 gi ves  t he t ot al  s t r ess  pat hs f ol l owed i n 
t hr ee gr oups of  t est s.  The  s t r ess  pat hs ar e e x pr e s ­

sed i n t e r ms of  t he oct ahe dr a l  nor mal  and t he oc t a ­

hedr al  shea r  s t r esses.  The pur e  t or s i on t est  and al l  
t he ge ne r a l i z e d t est s  have  a ver t i ca l  pat h t hr ough 
t he hy dr os t a t i c  e f f e c t i v e  c ons ol i dat i on pr essur e .

The  di r e ct  t est s  have  an i nc l i ned s t r ess  pat h de pe nd ­

i ng on t he I nc l i nat i on of  t he pr i nci pal  s t r esses  on 
t he axi s of  synmet r y .  The wa y  t he pneuma t i c  ana l og 
oper at es  i s such t hat  al l  t he t ot al  st r ess  pat hs ar e 
st r a i ght  l i nes.

40 50 60 70 80

I n ea ch gr oup,  ev er y  I nc l i nat i on of  t he pr i nci pal  
st r e sses  was f ound t o cor r e s pond t o a di f f e r ent  
e f f e c t i v e  s t r ess  pat h and t o a di f f e r e nt  va l ue  of  
t he oct ahedr a l  shea r  s t r ess  at  f a i l ur e  ( see Tabl eUI ) .  
Fi gur e  5 shows t he e f f e c t i v e  s t r ess pat h f or  di r e c t  
compr e ss i on as wel l  as t he  z one  ( bet ween t he  2 e nv e l ­

opes)  i n whi ch al l  t he e f f e c t i v e  s t r ess  pat hs f al l :

No t wo pat hs coi nci de .

Di sc uss i on of  Fa i l ur e  Pa r amet er s

For  t he 4  gr oups of  t est s,  Ta bl e  IE gi ves  t he va l ue  at 
f a i l ur e  of  t he 3 pr i nci pal ^ e f f e c t i v e  s t r esses  0 1 , 0 ?.

03, i n psi ,  $'  = s i n_ l ( 0 ^. a ^ 0 ^+ a - )  i n de gr e es ,  t r i e 

oct ahedr al  shear  s t r ess  i n psi  and 3af  wher e  a f  1s 
Henkel ' s por e  pr essur e  coef f i c i ent .  Ther e  1 £  no 
ambi gui t y  i n t he de f i ni t i on of  ♦ ' :  Bot h 01/ 03  and 
( 01 - 0 3 ) r each t hei r  ma xi mum va l ue at  f a i l ur e.  I n 
Ta bl e UI  one not i ces  t hat :

a.  I n al l  gr oups af  depends on t he s t r ess  pat h and 
on t he di r ec t i on of  t he pr i nci pal  st r esses.  Di f f e r ­

ent  i ncl i nat i ons  of  t he pr i nci pa l  s t r esses  on t he axi s 
of  r ot a t i onal  sy nmet r y  of  t he mat er i al  r esul t  i n 
di f f e r e nt  pr i nc i pal  s t r a i n pat hs.  The  por e  wat er  
pr essur es  ar e a me asur e  of  t he t endency  of  t he ma t e r ­

i al  t o change vol ume.  Thi s t e ndenc y  r esul t s f r om t he 
hydr os t a t i c  component  of  t he s t r ess t ensor ,  f r om t he 
shear  s t r a i ns and f r om t hei r  combi ned ef f ect s .  Di f f ­

e r ent  s t r a i n pat hs i n an ani s ot r opi c  mat er i al  ne ce ss ­

a r i l y  gi ve  di f f e r ent  por e  wa t e r  pr essur es.

b.  For  t he 3 f i r s t  gr oups of  t est s ( nor mal l y cons ol i ­

da t ed) ,  t he angl e $'  var i es  wi t h t he s t r ess  pat h and 
wi t h t he di r ec t i on of  t he pr i nci pal  s t r esses .  I f  t he 
ef f ec t s  of  ani sot r opy  wer e  negl i gi bl e  when t he t est s 
r esul t s ar e expr es sed i n t er ms of  e f f ec t i ve  s t r esses ,  
and i f  Coul omb' s  f a i l ur e  cr i t e r i on we r e  va l i d al l  t he 
va l ues  of  $'  woul d be equal .  Thi s equa l i t y  woul d 
ext e nd not  onl y  t o al l  t he t est s i n one gr oup but  t o 
al l  42 t est s i n t he 3 f i r s t  gr oups.  The r esul t s  
shown i n Ta bl e l H c l ear l y  demons t r a t e  t hat  t hi s 1s not  
t he case.  The di f f e r ences  ( as hi gh as 50%)  ar e t oo 
l a r ge and ar e r e peat ed i n t he 3 gr oups t o f al l  wi t hi n 
t he exper i ment a l  e r r or  r ange.

The r esul t s  i n Ta bl e l l l show t hat  t he c l ay  under  con ­

s i de r a t i on,  once  gi ven t he pr oper t y  of  c r oss a ni s o ­

t r opy  t hr ough a pr ocess  of  one di mensi ona l  cons ol i da ­

t i on,  wi l l  r e f l ec t  t hi s ani s ot r opy  whe t he r  one  e x pr e s ­

ses t he t est  r esul t s  1n t er ms of  e f f e c t i v e  s t r esses  
or  i n t er ms of  t ot al  s t r esses:  St r a i n pat hs ,  por e  
wa t e r  pr essur e s ,  e f f e c t i ve  s t r esses  and f a i l ur e  pa ­

r amet er s  ar e al l  t i ed t o t hat  a r r a ngement  of  t he pa r t ­

i cl es t hat  gi ves t o t he c l ay  i t s cr oss  ani s ot r opi c  
char ac t er i s t i cs .  The  56 t est s conduc t ed 1n t hi s 
I nve st i ga t i on onl y  r epr ese nt  t he be ha v i or  of  one t ype 
of  c l ay  and 4 degr ees  of  ani sot r opy .  They  do howe ve r  
I ndi cat e  t he ser i ous di f f e r ence  t hat  can r e sul t  whe n 
an ani s ot r opi c  mat er i a l  i s ana l yz e d i n t e r ms of  
f or mul as  es t a bl i s he d f or  i sot r opi c  ones.

F1g.  4 Tot al  St r ess Pat hs
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Fig . 5 Ef fect ive Stress Paths for the 4 Groups of Specimens

Summar y  of  Ana l ys i s i n Ter ms of  Ef f ec t i ve  St r esses

The ana l ys i s of  t he t est  r esul t s i n t er ms of  e f f e c ­

t i ve s t r esses  shows t hat  t he e f f ec t i ve  st r ess  pat hs,  
t he por e pr es sur e  coef f i c i ent  a f  and ar e f unct i ons  
of  t he i nc l i nat i on of  t he pr i nci pa l  st r esses .  The 
use of  an angl e of  i nt er nal  f r i c t i on obt a i ned f r om an 
enve l ope  of  Mohr  c i r cl es i s unwar r ant ed.  A f a i l ur e  
cr i t e r i on i n t er ms of  e f f e c t i ve  s t r esses  shoul d a l so 
cont a i n par amet er s  r epr esent i ng t he st r ai ns.  Expr es ­

s i ons f or  t he de ve l opment  of  t he por e  wa t e r  pr essur e 
shoul d cont a i n coef f i c i ent s descr i bi ng t he di r ect i onal  
pr oper t i es  of  t he cl ay.
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