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O N E- D I M EN SI O N A L CO N SO LI D A T I O N  O F LAYERED  SOI LS

CO N SO LI D A T I O N  U N I D I M EN SI O N N ELLE DES SOLS STRATI FI ES 
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Le ct u r e r  

A u st r a l i a

E H  D A V I S,  

I K. LEE, Se n io r

U n i v e r si t y  of  Sydney,

SYNOPSI S An anal ysi s of  t he r at e of  set t l ement  of  l ayer ed soi l  deposi t s consi st i ng of  t wo 
l ayer s,  r epeat ed l ayer  pai r s,  and a gener al  het er ogeneous syst em of  l ayer s i s di scussed.
To est abl i sh t he degr ee of  set t l ement - t i mS f act or  r el at i onshi p i t  i s onl y necessar y t o 
speci f y t wo di mensi onl ess par amet er s f or  each i nt er f ace.  Det ai l ed numer i cal  r esul t s f or  a 
t wo l ayer  soi l  deposi t  and t he r epeat ed l ayer  pai r  t ype of  deposi t ,  ar e pr esent ed.  Two 
appr oxi mat e met hods ar e di scussed and t hei r  accur acy exami ned i n r el at i on t o t he numer i cal  
and anal yt i cal  r esul t s,  and al so i n r el at i on t o t wo speci f i c exampl es of  f our  l ayer  deposi t s.

I NTRODUCTI ON

The mat hemat i cal  t r eat ment  of  t he r at e of  
consol i dat i on of  t wo cont i guous soi l  l ayer s 
under  a one- di mensi onal  st r ai n st at e was 
f i r st  consi der ed by Gr ay ( 1945)  al t hough he 
gave onl y a f ew numer i cal  sol ut i ons.  Subs ­
equent l y,  appr oxi mat e met hods f or  sol vi ng 
t hi s pr obl em have been suggest ed by sever al  
i nvest i gat or s,  not abl y.  Bar ber  ( 1945) ,  
Ri char t  ( 1957) ,  Pal mer  and Br own ( 1957) ,  
Davi s ( 1961) ,  and Sr i dhar an and Nagar aj  
( 1962) .  These met hods i nvol ve ei t her  a 
t r ansf or mat i on i n t hi ckness of  t he l ayer s i n 
or der  t o make use of  t he Ter zaghi  sol ut i on 
f or  a homogeneous l ayer ,  or  t he use i n t he 
Ter zaghi  equat i on of  an equi val ent  coef f ­
i ci ent  of  consol i dat i on.  Up t o t he pr esent  
t i me t her e appear s t o have been no publ i shed 
det ai l ed eval uat i on of  t he f or mal  sol ut i ons 
f or  a soi l  deposi t  consi st i ng of  t wo l ayer s,  
and t he val i di t y of  t he appr oxi mat e met hods 
f or  a t wo l ayer  or  any mul t i - l ayer ed soi l  
has not  been est abl i shed.

I t  i s shown i n t he pr esent  paper  t hat  t he 
f or mal  sol ut i ons f or  a t wo l ayer  soi l  can be 
expr essed i n t er ms of  t wo di mensi onl ess 
par amet er s.  For  each ext r a l ayer  t her e 
ar e t wo ext r a di mensi onl ess par amet er s 
r equi r ed t o compl et el y speci f y t he r el evant  
soi l  pr oper t i es.  Thus i t  has been f ound 
possi bl e t o gi ve a f ul l  cover age of  
sol ut i ons f or  a t wo l ayer  syst em but  t he 
pr esent at i on of  set t l ement - t i me r el at i on­
shi ps f or  a deposi t  composed of  a het er ogene­
ous syst em of  mor e t han t wo l ayer s i s not  
pr act i cabl e,  and t he l at t er  r equi r e pr o­
gr ammi ng of  t he basi c equat i ons i f  a pr eci se 
answer  i s r equi r ed.  However  i n many pr ac ­
t i cal  si t uat i ons i t  i s desi r abl e t o have 
avai l abl e a met hod whi ch al l ows r api d,  but  
necessar i l y,  appr oxi mat e cal cul at i ons f or  
t he set t l ement - t i me r el at i onshi p.

BASI C PARAMETERS

Fr om Gr ay' s anal ysi s,  and t he numer i cal  
met hod di scussed bel ow,  i t  i s evi dent  t hat  
onl y t wo di mensi onl ess par amet er s ar e r e­
qui r ed t o def i ne t he i nt er r el at i onshi p 
bet ween t he consol i dat i on behavi our  of  t wo 
adj acent  l ayer s.  The t wo par amet er s sel ­
ect ed her e ar e t he r at i o of  t he t ot al  f i nal  
set t l ement s of  t he l ayer s,  t hat  i s.

m .
i

mi +l  h i +l
and a par amet er  def i ned as

i + 1

i , ( i +1) hi +l

wher e m̂ ,  m̂ +i  ar e t he coef f i ci ent s of  vol ­
ume decr ease of  t he i t l j  and ( i +l j t h l ayer ,  
r espect i vel y,  h^,  h^+  ̂ ar e t he cor r espondi ng 
t hi cknesses,  and k^,  k i +i  ar e t he cor r es ­
pondi ng coef f i ci ent s of  per meabi l i t y.  A 
f ur t her  par amet er  usef ul  i n t he pr esent at i on 
of  r esul t s i s t he r at i o " a"  t o " b"  whi ch i s 
desi gnat ed as a.

For  t he t wo l ayer  deposi t  and t he Rowe 
model  of  a l ayer ed deposi t  consi st i ng of  
i dent i cal  l ayer  pai r s,  t he par amet er s " a"  
and " b"  have onl y one val ue each.  For  t he 
gener al  case of  a soi l  deposi t  composed of  
n di f f er ent  l ayer s ( n- 1) " a"  par amet er s,  
and ( n- 1) " b"  par amet er s wi l l  def i ne t he 
r at e of  set t l ement .

When sel ect i ng t he def i ni t i on of  t he t i me 
f act or  f or  such a deposi t  i t  i s l ogi cal  t o 
choose t he t ot al  t hi ckness of  t he deposi t ,
H,  and t he equi val ent  coef f i ci ent  of _ 
consol i dat i on of  t he whol e deposi t ,  c,  i n 
pr ef er ence t o t he val ues of  any par t i cul ar  
l ayer .  Thus,  t he t i me f act or ,  T,  i s 
def i ned as
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c t
“ i n '

wher e c n  TTTTT

(K hi ) (ç ^

For  a t wo- l ayer  deposi t  consi st i ng onl y of  
l ayer  1 over l yi ng l ayer  2, or  a deposi t  
havi ng t hese l ayer s al t er nat i ng,  as consi d­
er ed by Rowe ( 1964) ,

? = Tl  (1+aMl +b)

wher e Ti c i t

p 2 h j
and p = number  of  pai r s .

Al t hough f or  most  pur poses T i s t he most  
sui t abl e def i ni t i on of  a t i me f act or ,  Ti  i s 
usef ul  i n br i ngi ng out  some aspect s of  t he 
t heor et i cal  r esul t s.

I n gener al  onl y t hr ee set s of  dr ai nage con­
di t i ons at  t he upper  and l ower  boundar i es 
of  t he deposi t  need be consi der ed.  These 
ar e PTPB,  PTI B and I TPB wher e P denot es 
per meabl e,  I  i mper meabl e,  T t op,  and B 
bot t om.

Onl y ver t i cal  consol i dat i on due t o a ver t i cal  
st r ess uni f or m wi t h dept h i s deal t  wi t h i n 
t hi s paper .

NUMERI CAL ANALYSI S

t o 10.  Thi s val ue was der i ved f r om a consi d­
er at i on of  t he ef f ect  of  number  of  nodes on 
t he numer i cal  val ues of  por e pr essur e.

The necessar y and compl et e i nt er - l ayer  
boundar y condi t i ons ar e

(u) . ( u) i +l

]t ( — ) =  v  ( — ) 
i ' az' i  i +l  3z i +1

As i n any numer i cal  t echni que sever al  possi ­
bl e appr oxi mat i ons can be obt ai ned.  I f  t he 
Ter zaghi  equat i on i s combi ned wi t h t he cont i n­
ui t y condi t i on t hen t he f i ni t e di f f er ence 
expr essi on al ong t he i ,  i +l ,  l ayer  boundar y i s

ur +l , s -  ur , s + ®i  ( 1 + â  *

(ur , s- l  + ur , s + b( ur , s+l  "  “ r , . »)

wher e t he i nt eger  ” s"  her e def i nes t he l oca­
t i on of  t he boundar y and t he subscr i pt  ( i , i +l )  
has been omi t t ed f r om t he " a"  and " b"  f or  
br evi t y.  However , vse of  t hi s expr essi on can 
l ead t o an i nst abi l i t y i n t he numer i cal  sol u­
t i on f or  val ues of  a i n excess of  0. 1.  The 
expr essi on f i nal l y adopt ed sat i sf i es t he con­
t i nui t y condi t i on,  t hat  i s

I n t he f ol l owi ng anal ysi s t he usual  assump­
t i ons of  one di mensi onal  l i near  consol i da­
t i on t heor y ar e made so t hat  t he Ter zaghi  
equat i on i s appl i cabl e wi t hi n each l ayer .
A compl et e sol ut i on i s obt ai ned by sat i sf y ­
i ng t hi s equat i on and t he appr opr i at e por e 
pr essur e and cont i nui t y condi t i ons of  t he 
ext er nal  boundar i es and t he i nt er  l ayer  
boundar i es.

A numer i cal  t echni que was used as i t  coul d 
be r eadi l y adapt ed t o t he gener al  case of  a 
l ar ge number  of  l ayer s.  The r el evant  
f i ni t e di f f er ence appr oxi mat i on of  t he 
Ter zaghi  equat i on was t he expl i ci t  f or m,

ur +l , s -  ur , s + ®i ^ur , s+l  ^ur , s^

wher e r  i s an i nt eger  def i ni ng t i me,  and s 
i s an i nt eger  def i ni ng posi t i on wi t hi n a l ayer .

I f  t he above equat i on i s appl i ed t o t he i t h 
l ayer ,  t hen t he expr essi on f or  t he ( i +l ) fĉ  
l ayer  i s i dent i cal  pr ovi ded 0^ i s r epl aced by

Bi +l r wher e

®i +l  = ®L' ai , i +l ' bi , i +l

The l at t er  expr essi on i nvol ves t he l ogi cal  
assumpt i on t hat  t her e ar e an equal  number  of  
nodes i n each l ayer .  0. and t he cor r espon­
di ng 0 val ues f or  ot her  l ayer s must  be r e­
st r i ct ed t o 1/ 2 t o avoi d i nst abi l i t y i n t he 
numer i cal  sol ut i on.

wher e q

e = ai
i  n h^2 

‘i  h i +l

0^ i s def i ned as

i h-i £hi +l
--  and t

I t

I n t he quot ed numer i cal  r esul t s q i s equal

( ( bur ,

r , s "  5 (1+b) '  

Jr , s - 1 's+1 + ur , s- l > -  <bur , s+2 + ur , S- 2>)

The degr ee of  set t l ement  i s gi ven by t he ex ­
pr essi on

U = 1 -  
s

2qu
i - ( s( l )  + - i — s (2) + 
11 a i  , 2

i (3)  + - - - )

( 1  + + -------- )
® l ( 2 * 1 , 2 - a 2 , 3  

wher e u i s t he i ni t i al  uni f or m por e pr essur e,  
and s( l ?,  s (2) , — s( i )  ar e def i ned as

s( i )  = ug , + 2us,+1 + - - -  us „

wher e s'  i a an i nt eger  def i ni ng t he upper  
node of  t he i t h l ayer  ( =( i - 1) ( q+1) ) , and s"  
i s an i nt eger  def i ni ng t he l owest  node of  
t he i t h l ayer  ( =( i ) ( q+l ) ) .

For  a t wo l ayer  soi l  t he expr essi on si mpl i ­
f i es t o

Us -  1 2u q( l +a)
( a s( l )  + s (2) )

An al t er nat i ve numer i cal  pr ocedur e has been 
gi ven by Abbot t  ( 1960)  and an el ect r i cal  
anal ogue t echni que has been descr i bed by 
Chr i st i e ( 1966) .

SPECI AL CASES

Ther e ar e t wo speci al  cases i n whi ch t he 
set t l ement  t i me r el at i onshi p can be der i ved 
f r om t he sol ut i on f or  a homogeneous l ayer .
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C O N S O L I D A T I O N  O F  L A Y E R E D  S O I L S

Speci al  Case A

I t  was f i r st  suggest ed by Cl i ck ( 1945)  i n 
t he di scussi on t o Gr ay' s paper  t hat  i f  t he 
dept h,  z wi t hi n t he i * h l ayer  i s t r ans ­
f or med by t he r el at i onshi p

t h e n  t h e  d i f f u s i o n  e o u a t i o n

-  3 ' 

C ? z P

b e c o m e s  c o m m o n  t o  a l l  l a y e r s ,  t h a t  i s ,  t h e  

t r a n s f o r m e d  s i n g l e  l a y e r  o f  t o t a l  t h i c k n e s s  

i = n

H„ =  I
i  = l

i s  e q u i v a l e n t  t o  t h e  l a y e r e d  s y s t e m  w i t h  r e ­

s p e c t  t o  t h e  b a s i c  d i f f u s i o n  e q u a t i o n .  F o r  

c o m p l e t e  e q u i v a l e n c e  t h e  i n t e r - l a y e r  c o n t i n ­

u i t y  c o n d i t i o n  m u s t  a l s o  b e  s a t i s f i e d .  T h i s  

l e a d s  t o  t h e  c o n d i t i o n  t h a t

k i  = r jT
k i + l  V

o r  a .  . =  b .  . . .  o r  a .  . , ,  =  1 f o r  a l l  i .  
1 , 1 + 1  i , i + l  i , i + l

I t  c a n  t h e n  b e  s h o w n  t h a t  t h e  t o t a l  t r a n s f o r m ­

e d  t h i c k n e s s  i s  e q u a l  t o  t h e  a c t u a l  t o t a l  

t h i c k n e s s .

LL_
L + l

H_ H

T h u s  t h e  d e g r e e  o f  s e t t l e m e n t  f o r  t h i s  s p e c i a l  

c a s e ,  w h e n  a l l  t h e  a ' s  a r e  u n i t y ,  i s  g i v e n  

d i r e c t l y  b y  t h e  o r d i n a r y  T e r z a g h i  s o l u t i o n , "  

p r o v i d e d  c  i s  u s e d  a s  t h e  c o e f f i c i e n t  o f  c o n ­

s o l i d a t i o n .

S p e c i a l  C a s e  B

E m p l o y i n g  t h e  t h i c k n e s s  t r a n s f o r m a t i o n  o f  

s p e c i a l  c a s e  A t o  a  t w o  l a y e r  s o i l  d e p o s i t  

s u b j e c t  t o  t w o - w a y  d r a i n a g e  ( P T P B ) , t h e  i n t e r ­

l a y e r  c o n t i n u i t y  c o n d i t i o n  i s  s a t i s f i e d  i r ­

r e s p e c t i v e  o f  t h e  v a l u e  o f  a  i f  t h e  t r a n s f o r m ­

e d  t h i c k n e s s e s  o f  t h e  t w o  l a y e r s  a r e  e q u a l .  

T h i s  o c c u r s  w h e n  a . b  =  1 .

I t  t h e n  f o l l o w s  t h a t  t h e  d e g r e e  o f  s e t t l e m e n t  

i s  g i v e n  b y  t h e  o r d i n a r y  T e r z a g h i  t h e o r y  f o r  

t w o - w a y  d r a i n a g e  o f  a  h o m o g e n e o u s  s i n g l e  l a y e r  

o f  t o t a l  t h i c k n e s s  HT  a n d  h a v i n g  a  c o e f f i c i e n t  

o f  c o n s o l i d a t i o n  c .  F o r  e x a m p l e  t h e  t i m e  f o r  

50%  s e t t l e m e n t  i s  g i v e n  b y

2
H_

0 . 0 4 9 3
0 . 1 9 7 a

H2 ( 1 + a ) 2 

T h e  t w o  s p e c i a l  c a s e s  c a n  b e  u s e d  a s  a  p a r t i a l  

c h e c k  o n  t h e  a c c u r a c y  o f  t h e  n u m e r i c a l  a n a l y s -

i  s .

M U L T IP L E  L A Y E R  P A I R S

T h e  r e l a t i o n s h i p  b e t w e e n  d e g r e e  o f  s e t t l e m e n t  

a n d  t i m e  f a c t o r  f o r  a  s o i l  d e p o s i t  c o m p o s e d  

o f  a  f i n i t e  n u m b e r  o f  i d e n t i c a l  l a y e r  p a i r s  

l i e s  b e t w e e n  t h a t  f o r  a  s i n g l e  p a i r  a n d  t h a t  

f o r  a n  i n f i n i t e  n u m b e r  o f  p a i r s .  T h e  

l a t t e r  s o l u t i o n  i s  g i v e n  b y  t h e  o r d i n a r y

T e r z a g h i  a n a l y s i s  f o r  a  s i n g l e  h o m o g e n e o u s  

l a y e r  b y  e q u a t i n g  t h e  c o e f f i c i e n t  o f  c o n s o l ­

i d a t i o n  i n  t h i s  a n a l y s i s  t o  c  o f  t h e  m u l t i ­

p l e  l a y e r  p a i r s .

T h e  t r a n s i t i o n  f r o m  t h e  c u r v e  f o r  a  s i n g l e  

l a y e r  p a i r  t o  t h a t  f o r  a n  i n f i n i t e  n u m b e r  o f  

p a i r s  c a n  b e  s e e n  i n  F i g u r e  1  i n  w h i c h  s o m e  

o f  t h e  r e s u l t s  o f  t h e  n u m e r i c a l  a n a l y s i s  f o r  

t h e  b o u n d a r y  c o n d i t i o n s  P T P B  w i t h  a  v a l u e  o f  

t h e  p a r a m e t e r  " b "  o f  1 0  a n d  v a r i o u s  v a l u e s  

o f  t h e  p a r a m e t e r  " a "  a r e  p l o t t e d .  F u r t h e r  

r e s u l t s  f o r  t h e  d r a i n a g e  c o n d i t i o n s  P T P B  

a r e  s h o w n  i n  F i g u r e  2 ,  a n d  f o r  t h e  c o n d i t i o n s  

P T I B  i n  F i g u r e  3 .  F i g u r e s  1  a n d  3 b r i n g  

o u t  t h e  p o i n t  t h a t  r e l a t i v e l y  f e w  p a i r s  o f  

l a y e r s  a r e  r e q u i r e d  t o  e n s u r e  t h a t  u n d e r  

t h e s e  o n e - d i m e n s i o n a l  c o n s o l i d a t i o n  c o n d i ­

t i o n s ,  a  v a r v e d  o r  l a m i n a t e d  d e p o s i t  e f f e c t ­

i v e l y  b e h a v e s  a s  a  s i n g l e  h o m o g e n e o u s  l a y e r .  

I n  F i g u r e s  1 ,  2 a n d  3 t h e  t i m e  f a c t o r  T| 

h a s  b e e n  e m p l o y e d .  T h i s  i s  c o n v e n i e n t  i n  

s e p a r a t i n g  t h e  f a m i l i e s  o f  c u r v e s  f o r  d i f f ­

e r e n t  v a l u e s  o f  " a " .  I t  a l s o  d e m o n s t r a t e s  

i n  F i g u r e  2 t h a t  t h e  c u r v e  t e n d s  t o  t h e  

o r d i n a r y  s o l u t i o n  f o r  o n e - w a y  d r a i n a g e  o f  a  

s i n g l e  l a y e r  ( T i  =  0 . 1 9 7  f o r  U s  =  0 . 5 )  w h e n  

" b "  i s  s m a l l  c o m p a r e d  w i t h  " a " ,  s i n c e  i n  

t h e s e  c i r c u m s t a n c e s ,  l a y e r  2 i s  i n  e f f e c t  

o n l y  a n  i n c o m p r e s s i b l e  i m p e r m e a b l e  p l a t e .

I n  F i g u r e s  4  a n d  5 s o m e  o f  t h e  n u m e r i c a l  r e ­

s u l t s  f o r  a  s i n g l e  p a i r  o f  l a y e r s  a r e  _  

p l o t t e d  w i t h  t h e  t i m e  f a c t o r  d e f i n e d  a s  T .  

T h e s e  f i g u r e s  s h o w  h o w ,  w i t h  t h i s  d e f i n i t i o n  

o f  t i m e  f a c t o r ,  t h e  c u r v e  f o r  a n  i n f i n i t e  

n u m b e r  o f  l a y e r  p a i r s  i s  a l w a y s  i d e n t i c a l  

w i t h  t h a t  f o r  a  s i n g l e  h o m o g e n e o u s  l a y e r  

w h a t e v e r  t h e  v a l u e s  o f  t h e  p a r a m e t e r s  " a "

" b "  o r  " a " ,  a n d  f u r t h e r m o r e ,  t h a t  t h i s  p a r ­

t i c u l a r  c u r v e  i s  t h e  c u r v e  f o r  a  s i n g l e  ( o r  

a n y  n u m b e r )  p a i r  o f  l a y e r s  w h e n  a  =  1 a s  

e x p l a i n e d  u n d e r  t h e  h e a d i n g  s p e c i a l  c a s e  A .  

T h i s  l a s t  p o i n t  i s  a l s o  a p p a r e n t  i n  F i g u r e s  

1 ,  2 a n d  3 (w h e n  a  =  1 ,  a  =  b ) , t h e  s l i g h t  

d i s c r e p a n c y  i n  F i g u r e  2 b e i n g  a n  i n d i c a t i o n  

o f  t h e  o r d e r  o f  a c c u r a c y  o f  t h e  n u m e r i c a l  

a n a l y s i s .

T h e  c u r v e s  i n  F i g u r e  4 (P T P B )  a l s o  a p p l y  t o  

v a l u e s  o f  " a "  a n d  " a "  w h i c h  a r e  b o t h  t h e  i n ­

v e r s e  o f  t h o s e  s p e c i f i e d  i n  t h e  f i g u r e ,  

w h e r e a s  i n v e r s i o n  o f  t h e s e  q u a n t i t i e s  f o r  

F i g u r e  5 ( P T I B )  r e n d e r s  t h e  c u r v e  a p p l i c a b l e  

t o  t h e  d r a i n a g e  c o n d i t i o n s  I T P B .

1 ol
0001 O 01

F i g u r e  1 .  R a t e  o f  S e t t l e m e n t .  M u l t i p l e  L a y e r  

P a i r s .  b = 1 0  (P T P B )
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Fi gur es 2 t o 5.  Rat e of  Set t l ement  f or  Mul t i ­
pl e Layer  Pai r s.

TWO LAYER SYSTEM

The pr esent at i on of  a suf f i ci ent  number  of  
t i me- set t l ement  cur ves t o cover  t he f ul l  r ange 
of  pr act i cal  val ues of  " a"  and " a" ,  even f or  
a t wo l ayer  syst em,  woul d t ake t oo much space.  
However ,  Fi gur es 1 t o 5 show t hat ,  at  l east  
f or  degr ees of  set t l ement  i n excess of  0.2 
f or  PTPB and 0. 4 f or  PTI B,  t he cur ves f or  a 
si ngl e l ayer  pai r  ar e al l  geomet r i cal l y si mi ­
l ar  i n shape and si mi l ar  t o t hat  f or  one homo­
geneous l ayer .  Thus i t  shoul d be adequat e f or  
most  pr act i cal  pur poses t o have t he t i me f or  
50» set t l ement  and t o r el y on t he shape si mi ­
l ar i t y t o obt ai n t he r est  of  t he t i me- set t l e­

ment  cur ve.  The numer i cal  r esul t s have been 
used t o der i ve cont our s of  Tso ( f or  Us = 0. 5)  
on a pl ot  of  " a"  and " a"  as shown i n Fi gur e 
6 f or  PTPB and i n Fi gur e 7 f or  PTI B.

Fi gur e 6. Cont our s of  T so f or  Two Layer  Soi l .  
( PTPB)

Fi gur e 7.  Cont our s of  T50 f or  t wo l ayer  soi l .  
( PTI B)

For  t he condi t i on PTPB,  i nver si on of  bot h "a"  
and " a"  must  l ead t o t he same val ue of  T50.
The symmet r y f ol l owi ng f r om t hi s r equi r ement  
i s evi dent  i n Fi gur e 6. Ther e i s no cor r es ­
pondi ng symmet r y i n Fi gur e 7 ( PTI B)  but  i n­
ver si on of  bot h " a"  and " a"  on t hi s f i gur e 
gi ves t he val ues of  T50 f or  t he condi t i on I TI B.
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Cer t ai n l i mi t i ng cases m: . :  i.:, c, r . poci al  
eases A  and 13 al r eady expl ai ned can hel p t o 
conf i r m t he cont our s obt ai ned f r om t he numer ­
i cal  anal ysi s.  For  a = b,  t hat  i s a = 1,  T50 
must  be equal  t o 0. 0493 f or  PTPB and 0. 197 
f or  PTI B so t hat  t he cont our s of  t hese val ues 
ar e t he absci ssa of  each pl ot .  For  PTPB t he 
sccond speci al  case of  ab = 1 al l ows t he de­
t er mi nat i on ,of  Tso al ong a st r ai ght  l i ne at  a 
sl ope of  2 t o 1 on a l og- l og pl ot  ( a2 = a) .

The l i mi t i ng cases ar e as f ol l ows

PTPB (i ) m2 0, a -> ", a ->■ => but b f i ni t e
PTPB ( i i ) k 2 °°, a -►0 but a f i ni t e
PTI B (i ) m2 -*■ 0, a a -*• “  but b f i ni t e
PTI B ( i i ) mi ■+ 0, a -*• 0, a -*• 0 but b f i ni t e
PTI B( i i i ) k] °°f a -+ 00 but a f i ni t e
PTI B ( i v) k 2 -► a ■+ 0 but a f i ni t e

The anal yt i cal  expr essi ons f or  t hese l i mi t i ng 
cases ar e gi ven i n an Appendi x.  The cont our s 
i n Fi gur es 6 and 7 mer ge i nt o t he l i mi t i ng 
l i nes gi ven by t hese expr essi ons.  The con­
t our s al so agr ee wi t h spot  val ues der i ved 
f r om anal yt i cal  r esul t s gi ven by Gr ay ( 1945)  
and by Bar ber  ( 1945) .  Thus t her e i s adequat e 
conf i r mat i on of  t he r el i abi l i t y of  t he mai n 
numer i cal  cal cul at i ons.

I MPERFECT POROUS PLATES I N OEDOMETER TESTS

As r ecogni zed by Gr ay ( 1945) ,  t he l i mi t i ng 
case PTI B(i i ) i s r el evant  t o an oedomet er  t est  
i n whi ch t he soi l  speci men i s l oaded bet ween 
t wo equal l y i mper f ect  por ous pl at es.  Cur ve A 
of  Fi gur e 8 gi ves t he r esul t s of  cal cul at i ons 
f or  t hi s l i mi t i ng case i n a f or m sui t abl e f or  
assessment  of  t he ef f ect  of  i nadequat e per me­
abi l i t y of  t he por ous pl at es.  For  exampl e,  
i f  t he t hi ckness of  each pl at e i s equal  t o 
hal f  t hat  of  t he speci men,  t he coef f i ci ent  of  
per meabi l i t y of  t he pl at es has t o be l ess t han 
t went y t i mes t hat  of  t he soi l  f or  t he t i me 
f or  50% consol i dat i on t o be i ncr eased by mor e 
t han 20%.

Fi gur e 8. Oedomet er  t est  -  ef f ect  of  i mper ­
f ect  por ous pl at es.

Cur ve B i n Fi gur e 8 has been cal cul at ed f r om 
l i mi t i ng case PTPB( i )  and,  i n t he pr esent  
cont ext ,  i s r el evant  t o an oedomet er  t est  
wi t h onl y one i mper f ect  pl at e.

A P P RO XI  * 'ATI*: «LTi ' . ODS FOR MULTI PLE LAYER SOI L 
DEPOSI TS

Ther e ar e sever al  possi bl e appr oxi mat e met hods 
f or  pr edi ct i ng t he r at e of  set t l ement  of  a 
l ayer ed soi l  deposi t .  Two of  t hese met hods 
wi l l  now be consi der ed i n det ai l .

The si mpl est  met hod i s t o t r eat  t he whol e de­
posi t  as a si ngl e homogeneous l ayer  havi ng a 
coef f i ci ent  of  consol i dat i on equal  t o c,  t he 
r at e of  set t l ement  bei ng gi ven by t he or di nar y 
Ter zaghi  t heor y.  Thi s i s t he met hod pr oposed 
by Ter zaghi  ( 1940) .

The second appr oxi mat e met hod i s t o empl oy 
t he t hi ckness t r ansf or mat i on speci f i ed under  
Speci al  Case A even when t he val ues of  a ar e 
not  uni t y.  The di st r i but i on of  por e pr essur e 
wi t hi n t he t ot al  t r ansf or med dept h can t hen 
be t aken as t hat  gi ven by t he or di nar y Ter z ­
aghi  t heor y.  However ,  i n or der  t o t ake i nt o 
account  t he di f f er ent  val ues of  t he coef f i ci ­
ent  of  vol ume decr ease,  m of  t he sever al  l ay ­
er s,  cal cul at i on of  t he degr ee of  set t l ement  
r equi r es eval uat i on f r om t he Ter zaghi  t heor y 
of  t he degr ee of  consol i dat i on wi t hi n onl y a 
por t i i on of  t he t ot al  dept h.  On t hi s basi s,  
Fi gur e 9 enabl es t he degr ee of  consol i dat i on,  
Ui  f or  t he i  t h l ayer  t o be cal cul at ed.  The 
degr ee of  set t l ement  of  t he whol e soi l  deposi t  
i s t hen gi ven by

E m . h . U . 
i l l

Fi gur e 9.  Char t  f or  l ayer  t r ansf or mat i on met hod.  

As al r eady expl ai ned,  t hi s second appr oxi mat e 
met hod i s onl y exact  when i t  r educes t o 
Speci al  Case A,  i . e.  f or  al l  l ayer s a i s uni t y
or  E*.  = m2c = const ant ,  

yw

A st udy of  t he avai l abl e dat a on a var i et y of  
soi l  t ypes suggest ed t hat ^t he val ue of  m2c i s 
of  t he or der  of  0. 1 x 10”  f t 6/ t ons2 day.  The 
r ange of  m2c i n t hi s st udy was 0.01 t o 1 x 10 
f t 6/ t ons2 day so t hat ,  on t hi s evi dence,  a 
can r ange f r om 0.01 t o 100 i f  t he ext r eme
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combi nat i ons of  soi l  t ypes ar e t aken.

To est abl i sh t he ext ent  t o whi ch t he l ack of  
a cor r ect  i nt er l ayer  cont i nui t y condi t i on af ­
f ect s t he t i me f act or  cal cul at ed by t he sec ­
ond or  t r ansf or mat i on met hod,  r ef er ence i s 
made t o Fi gur es 6 and 7.  I n t hese f i gur es r e­
gi ons ar e i ndi cat ed by hat chi ng wher e t hi s a-  
ppr oxi mat e met hod l eads t o a t so l ess t han 
t wo t hi r ds of  t he cor r ect  val ue.  El sewher e 
wi t hi n t he f i gur es t he appr oxi mat e val ue i s 
wi t hi n t wo t hi r ds t o t hr ee hal ves of  t he cor ­
r ect  t i me.

The f i r st  appr oxi mat e met hod l eads t o an an-  
ser ,  t o wi t hi n t he same accur acy r ange,  f or  
combi nat i ons of  " a"  and " a"  bounded by t he 
cont our  T 50 = 0. 0329 f or  PTPB,  and bet ween 
t he 0. 131 and 0. 296 cont our s f or  PTI B.  Thus 
i t  i s evi dent  t hat  t he second or  t r ansf or med 
l ayer  met hod has a gr eat er  r ange of  appl i ca­
bi l i t y .

Thi s evi dence suggest s t hat  t he t r ansf or med 
l ayer  met hod coul d f i nd appl i cat i on i n a pr ac ­
t i cal  case of  het er ogeneous mul t i pl e l ayer s 
pr ovi ded t he " a"  and " a"  val ues of  each adj a­
cent  l ayer  combi nat i on l i e wi t hi n t he r ange 
wher e t he er r or s i n t he t wo l ayer  soi l  de­
posi t  ar e deemed t o be accept abl e.  A compl et e 
cover age of  r esul t s f or  mul t i - l ayer ed deposi t s 
i s,  of  cour se,  a pr act i cal  i mpossi bi l i t y.  I f  
t heor et i cal l y cor r ect  set t l ement  r at es wer e 
essent i al  f or  any par t i cul ar  pr obl em t hen 
speci al  sol ut i on of  t hat  pr obl em by a comput er  
pr ogr amme woul d be necessar y.  However ,  i f  a 
r api d manual  cal cul at i on i s r equi r ed and some 
degr ee of  appr oxi mat i on i s accept abl e,  t hen 
t he t r ansf or med l ayer  met hod can be consi der ed

To exami ne f ur t her  t he ef f ect i veness of  t he 
t wo appr oxi mat e met hods i n par t i cul ar  cases cf  
mul t i pl e l ayer s,  t wo f our  l ayer  soi l  deposi t s 
wer e anal ysed by t he f i ni t e di f f er ence pr o­
gr amme.  The cur ves of  degr ee of  set t l ement  
ver sus t i me f act or  ar e shown i n Fi gur es 10 ai d 
11 f or  t he boundar y dr ai nage condi t i ons PTPB,  
PTI B,  and I TPB.

Case 1 ( Fi g. 10)  i s f or  a f ai r l y ext r eme r ange 
of  a' s but  except  f or  t he dr ai nage condi t i on 
PTI B,  t he second appr oxi mat e met hod i s i n sat ­
i sf act or y agr eement  wi t h t he cor r ect  sol ut i on.  
The r esul t s of  t he compar i son,  i ncl udi ng t he 
f i r st  appr oxi mat e met hod ar e summar i zed i n 
Tabl e 1 on t he basi s of  t he t i me f or  50*  set ­
t l ement .  Her e i t  can be seen t hat  f or  Case 1,  
t he f i r st  appr oxi mat e met hod can be gr eat l y i n 
er r or .

Fi gur e 10.  Rat e of  Set t l ement  f or  f our  l ayer  
soi l .  Case 1.

Tabl e 1 T50 val ues f or  t wo cases of  f our  
l ayer  deposi t s

Case Dr ai nage Appr ox . 
Met hod 1

Appr ox. 
Met hod 2

Cor r ect
Sol ut i on

1
( Fi g. 10) PTPB . 049 . 019 . 016

PTI B . 197 . 123 . 230
I TPB . 197 . 088 . 078

2
( Fi g. 11) PTPB . 049 . 033 . 057

PTI B . 197 . 155 . 185
I TPB . 197 . 170 .220

00001  OOOl ODI T 01 1

Fi gur e 11.  Rat e of  Set t l ement  f or  f our  l ayer  
soi l .  Case 2.

Case 2 ( Fi g. 11)  const i t ut es a much l ess sever e 
combi nat i on of  l ayer  par amet er s and f r om Fi g.  
11 and Tabl e 1 i t  i s evi dent  t hat  bot h appr ox ­
i mat i ons mi ght  be consi der ed accept abl e.

I t  i s r ecogni zed t hat  t he evi dence f r om t he 
above cases of  f our  l ayer s, and t hat  pr evi ous ­
l y pr esent ed f or  t wo l ayer s,  i s i nadequat e f or  
def i ni t e concl usi ons t o be dr awn on t he accur ­
acy of  t he appr oxi mat e met hods f or  al l  poss ­
i bl e mul t i - l ayer  deposi t s.  I t  woul d f r equent ­
l y be necessar y t o exer ci se per sonal  j udgement .  
However ,  t her e i s t he f undament al  obj ect i on t o 
t he f i r st  appr oxi mat e met hod t hat  no account  
i s t aken of  t he l ayer  sequence.  The t r ansf or m­
ed l ayer  met hod on t he ot her  hand does t ake 
t hi s aspect  i nt o account ,  al t hough not  neces ­
sar i l y gi vi ng t he sequence t he r i ght  emphasi s.  
I t  i s wor t h not i ng t hat ,  f or  t he f our - l ayer  
cases consi der ed above,  t he appr oxi mat e t r ans­
f or med l ayer  met hod has an accept abl e accur acy 
when t he pai r s of  val ues of  " a"  and " a"  al l  
pl ot  as poi nt s out si de t he hat ched ar eas i n 
Fi gur es 6 and 7,  but ,  when at  l east  one of  t he 
poi nt s l i es wi t hi n t he hat ched ar ea,  t he ac ­
cur acy may or  may not  be accept abl e. I t  may 
wel l  be t hat  t hi s i s gener al l y t r ue and not  
onl y f or  t he exampl es gi ven.  Cer t ai nl y i f  al l  
pai r s of  val ues of  " a"  and " a” f or  a par t i cu­
l ar  mul t i l ayer  deposi t  pl ot  wi t hi n a hat ched 
ar ea,  t he appr oxi mat e t r ansf or med l ayer  met hod 
i s ver y unl i kel y t o be sat i sf act or y.
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APPENDI X

LI MI TI NG CASES FOR TWO- LAYER DEPOSI TS

PERMEABLE TOP,  I MPERMEABLE BOTTOM ( PTI B) ( i )

m2 = 0
mi  hi

Hence a

but

h 2

hi k2
h 2 k i

j  mi  k i“  and a = , = » 
m2k 2

i s f i ni t e

i . e.  l ayer  2 has a f i ni t e per meabi l i t y and 
t hi ckness but  i s i ncompr essi bl e.  Ther ef or e,  
because t he bot t om boundar y of  l ayer  2 i s i m­
per meabl e,  i t  ef f ect i vel y suppl i es an i mper m­
eabl e boundar y t o t he bot t om of  l ayer  1.  The 
consol i dat i on of  l ayer  1 must  t hen be gover ned 
by t he or di nar y Ter zaghi  t heor y f or  one- way 
dr ai nage.

Thus Us = UT

wher e U„  i s gi ven by t he Ter zaghi  t heor y f or  
a t i me f act or ,  

c l t
T,  =

hi -

l 7bTl  Wher e T = P
and T

For  exampl e,  f or  Us = 0. 5
0. 197b
1+b

PFRMEABLE TOP,  I MPERMEABLE BOTTOM ( PTI B) ( i i )  

m i = 0

Hence a = u = 0 but  b i s f i ni t e
i . e.  l ayer  1 has a f i ni t e per meabi l i t y and
t hi ckness but  i s i ncompr essi bl e.  I t  t her ef or e

i mpedes t he consol i dat i on of  l ayer  2 but  does 
not  cont r i but e t o t he t ot al  set t l ement .

I n l ayer 2 ^  = ( 1+b)  y 
3T Fz*

wher e di st ance f r om bot t om of  l ayer  2 i s zh2.

Wi t h boundar y condi t i ons

( £) z=0 = ( f f )  z=l  =- E ( u) z=l '  and ( U) T=0 -  X'

sol ut i on i s
”  si nX cos( X z) _

u = 2 V . ? .--- —. exp( - X 2 ( 1+b)  T)
l (\ +«nnl  r -osX )  ̂ n 1

and

U s = 1 - 2

, (X +si nX cosX . 
n=l  n n n

_ s i n2X

n=l  n n

n
c c  

n n
y (X +si nX cosX )e' ^  ^n

wher e t he X ' s ar e t he r oot s of  cot X = bX 
n n n

PERMEABLE TOP,  I MPERMEABLE BOTTOM ( PTI B) ( i i i )

k ]  =

Hence a = “  and b = 0 but  a i s f i ni t e
i . e.  l ayer  1 i s compr essi bl e but  f ul l y per me­
abl e so t hat  i t  does not  i mpede t he dr ai nage 
of  l ayer  2 but  makes an i mmedi at e cont r i bu­
t i on t o t he t ot al  set t l ement .  Thus consol i da­
t i on of  l ayer  2 i s gover ned by t he or di nar y 
Ter zaghi  t heor y f or  one- way dr ai nage.

a + Uf
For  t he whol e deposi t ,  Ug = ^ +

wher e UT i s gi ven by t he Ter zaghi  t heor y f or  
a t i me f act or  def i ned as c 2t  = ( l +a) T.

h 2 2

PERMEABLE TOP,  I MPERMEABLE BOTTOM ( PTI B) ( i v)  

k 2 = “
Hence a = 0 and b = « but  a i s f i ni t e
i . e.  l ayer  2 i s compr essi bl e but  f ul l y per me­
abl e so t hat  at  al l  dept hs i t  has a por e pr es ­
sur e equal  t o t hat  i n l ayer  1 at  t he i nt er ­
f ace,  and t he r at e of  f l ow of  wat er  out  of  
l ayer  2 i nt o l ayer  1 i s pr opor t i onal  t o t he 
r at e of  compr essi on of  l ayer  2.
_ . i 3u (1+a)  ?2u 
i n l ayer  1 ^

wher e dept h bel ow t op = zhi  .
Wi t h boundar y condi t i ons

( u) z=0 "  ° '  a f e^ z=l  = ^3z2" ) z=i and ( u) T=0 = 1'

sol ut i on i s _
» ( 1- cosX ) si n( X z) - X ( l +a) T

«  =  2 I  / i  - < J f  « , . »  r -  e x P ( ----------- i --------- )

and

, (X - si nX cosX ) 
n=l  n n n

- -  ( 1- cosX ) ( a- acosX +X si nX )
2 v n n n n

u c  =  1 _  T T J  I' s 1+a L, X (X - si nX cosX T
n= 1 n n n n

exp (— -
- X 2 ( l +a) T

wher e t he ^n ' s ar e t *16 r oot s of  cot Xn = — .

PERMEABLE TOP,  PERMEABLE BOTTOM ( PTPB) (i ) 

m 2 =  0

Hence a = a = °° but  b i s f i ni t e
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i . e.  l ayer  2 has a f i ni t e per meabi l i t y  and 
t hi ckness but  i s i ncompr essi bl e.  I t  t her ef or e 
i mpedes t he consol i dat i on of  l ayer  1 but  does 
not  cont r i but e t o t he t ot al  set t l ement .

I n l ayer  1

■ u 

-T
111
'■¡z2

wher e dept h f r om t op i s zhi .

Ki t h boundar y condi t i ons

(u)  z = 0 = ° ' ( i l ) *  = l  = - b( u) z. r and ( u) f =Q = 1,

Sol ut i on i s

( 1- cosX ) si n( X z)  - X 2 ( 1+b) T
-, “ n n ( n ï

a = 2 L (X - Si n x cosX ) exP (----- b  J
n=l  n n n

”  ( 1 - c o s X  ) 2 _ X  2 ( 1 + b ) T

L’ s  = 1 - 2  E . X (X - s i n X ^ o s X  ) e x p  ( 2  b   ̂
n = l  n  n n  n

wher e t he A ’ s ar e r oot s of  t an X = - r ^ 
n n b

- X

PERMEABLE TOP,  PERMEABLE BOTTOM ( PTPB) ( i i )

k 2 = rx-

Hence a = 0 and b = “  but  a i s f i ni t e 
i . e.  l ayer  2 i s compr essi bl e but  f ul l y per me­
abl e so t hat  i t  does not  i mpede t he dr ai nage 
of  l ayer  1 but  makes an i mmedi at e cont r i bu­
t i on t o t he t ot al  set t l ement  of  t he whol e de ­
posi t .  Thus consol i dat i on of  l ayer  1 i s 
gover ned by t he or di nar y Ter zaghi  t heor y f or  
t wo- way dr ai nage.

Degr ee of  set t l ement  of  whol e deposi t ,
1+aU

Us = " T+a

wher e UT i s degr ee gi ven by Ter zaghi  t heor y,  
t he t i me f act or  bei ng 4c i t / hi 2 i f  t hi s f act or  
i s def i ned i n t er ms of  t he hal f  t hi ckness f or  
t wo- way dr ai nage i n t he convent i onal  way.  

c t _ r _ a _ i  c |t  

H2 ' ■l+a-1 h i 2 '
Then T
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