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SYNOPSIS. The p ro b a b i l i t y  d i s t r ib u t io n s  o f  settlem ent and ro ta t io n  o f  re c tan gu la r  foundations on randomly com­
p re s s ib le ,  layered  s o i l s ,  are  analyzed, and r e s u lt s  are g iven  f o r  the extreme cases o f  f le x ib le  and r i g id  founda­
t io n s .  The determ ination  o f  the s t a t i s t i c a l  parameters o f  c o m p re s s ib i l it y  i s  a lso  d iscu ssed .

Two p o s s ib le  ways o f  a p p ly in g  the r e s u lt s  to the d e s ign  o f  foundations are shown. One o f  them i s  based on 
the concept o f  a llow ab le  settlem ents and ro ta t io n s  w h ile  the o the r i s  an o p t im iza t io n  c r i t e r io n  p e rm itt in g  a de­
s ig n  tha t m in im izes the expectation  o f  t o ta l  co st . The two c r i t e r ia  are  app lied  to the a n a ly s is  o f  a p a r t ic u la r  
case and i t  i s  found that, under a reasonab le  se t  o f  assum ptions, they lead to s im i la r  r e su lt s .

C ha rts  a re  g iven  tha t perm it a p p lic a t io n  o f  the method to p ra c t ic a l  problems w ith a com putational e f f o r t  
l i t t l e  g re a te r than tha t in vo lved  in  conventiona l settlem ent a na ly se s.

INTRODUCTION PROBABILISTIC  FORMULATION OF THE SETTLE KENT PROBLEM

N a tu ra l s o i l  d e p o s it s  e x h ib it  v a r ia t io n s  o f  me­
ch an ica l p ro p e rt ie s  which, f o r  the sake o f  conven­
ience, m ight be d iv id e d  in to  two types. One o f  them in  
e ludes sy stem atic  o r  c le a r -c u t  changes which are  readl^ 
l y  Id e n t if ie d  by conventiona l e xp lo ra t io n  techniques: 
an example o f  t h i s  type o f  v a r ia t io n  i s  the change o f 
c o m p re s s ib i l it y  w ith  depth in  e it h e r  "homogeneous" o r  
s t r a t i f ie d  s o i l  d e p o s it s .  The o the r type o f  v a r ia t io n  
does not ehow any system atic  trend  no r a d e te rm in is t ic  
characte r, and i s  best v is u a l iz e d  a s  a random v a r ia ­
t io n  o f  p ro p e rt ie s :  t h i s  i s  c le a r ly  apparent when one 
compares te s t  r e s u lt s  from a s e r ie s  o f  b o r in g s  w ith in  
an a rb it r a r y  area.

Random v a r ia t io n s  o f  c o m p re s s ib i l it y  a re  o ften  
re sp o n s ib le  f o r  ro ta t io n s  o f  s t ru c tu re s  founded on 
s o i l s  which, from a d e te rm in is t ic  v iew point, m ight be 
considered  a s  homogeneous in  the h o r iz o n ta l d ire c t io n .  
In  many ca ses those ro ta t io n s  a^ffect the s t a b i l i t y  o r  
the s e r v ic e a b i l i t y  o f  the s tru c tu re , o r  e lse  those o f  
adjacent and appurtenant co n stru c t io n s .

There seems to be no r a t io n a l procedure to e s t i ­
mate probable  settlem ents o r  t i l t i n g  due to e r r a t ic  de 
v ia t io n s  from homogeneity w ith in  the foundation  sub­
s o i l .  Such a method would be u se fu l in  p ra c t ice , s in ce  
even the most un iform  n a tu ra l s o i l  la y e r s  show ir r e g u ­
l a r l y  d is t r ib u te d  he te ro g e n e it ie s .  On the o the r hand, 
i t  i s  c le a r  that n e ith e r  such complex v a r ia t io n s  nor 
the g e o lo g ic  fa c to r s  from which they a r i s e  can be de 
f in e d  in  a complete, d e te rm in is t ic  way. Hence, the 
problem shou ld  be approached on a p r o b a b i l i s t ic  b a s is .

The a la  o f  t h i s  work i s  tw o-fo ld : ( l )  to d e r ive  
the p ro b a b i l i t y  d is t r ib u t io n s  o f  settlem ent and ro ta ­
t io n  o f  a re c ta n gu la r  foundation, accounting  f o r  ran­
dom v a r ia t io n s  o f  c o m p re s s ib ility ,  and (2) to propose 

c r i t e r ia  f o r  the u sb  o f  these d i s t r ib u t io n s  in  the ra ­
t io n a l d e sign  o f  foundations.

N o ta t io n . L e t te r  sym bols are  defined  where they f i r s t  
appear, and are  arranged a lp h a b e t ic a lly  in  the l a s t  
se c t io n  o f  the Appendix.

In  the p re sent paper o n ly  the most u sua l case 
w i l l  be considered, I . e .  that o f  re c tan gu la r founda­
t io n s  c e n t ra l ly  loaded. The p h y s ic a l assum ptions on 
which the problem i s  to be form ulated are  sta ted  and 
d iscu sse d  below.

Hypotheses

1. A l l  v a r ia t io n s  in  c o m p re s s ib i l it y  o cc u rr in g  in  
the h o r iz o n ta l d ire c t io n  are random.

T h is  m ight s im p ly  be considered  a s an exp re ss ion  
o f  the fa c t  that p re sent knowledge i s  not p re c ise  e - 
nough to a llow  o f  an exact d e sc r ip t io n  o f  such v a r ia ­
t io n s  on a d e te rm in is t ic  b a s is ,  no m atter how thor­
ough ly  the s i t e  in v e s t ig a t io n  i s  c a rr ie d  nut.

0 .1 10 50  8 0  95 99 99.9

Cummulative frequency, percent

F ig  1. Cummulative frequency o f  the c o e f f ic ie n t  o f  v o l 
ume change, m ( s t r e s s  le v e l p -  1 kg/cm2) ~
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Furthermore, there i s  some experim ental evidence 
showing that, w ith in  s  g iven  n a tu ra l s o i l  stratum , 
the c o e f f ic ie n t  o f  volume change, my, behaves a s a 
no rm a lly  d is t r ib u te d  random v a r ia b le .  T h is  i 3 shown 
in  F ig  1, where data f o r  Mexico C it y  c la y s  and Ch ica­
go c la y s  have been p lo tte d  on p ro b a b i l it y  paper. The 
fa c t  that p o in ts  corre spond ing  to each o f  these c la y  
d e p o s it s  l i e  approxim ate ly  a long  a s t r a ig h t  l in e  
means tha t t h e ir  frequency d i s t r ib u t io n  i s  normal. 
C o m p re ss ib ilit y  data f o r  p lo t t in g  F ig  1, was taken 
from M arsa l and M azari (1959) and Peck and Reed 
(1954).

2. The component o f  the foundation  settlem ent a -  
r i s i n g  from the random component o f  c o m p re s s ib ility ,  
can be approximated by a r i g id  movement.

T h is  h yp o th e s is  i s  reasonab le  fo r ,  a t  le a s t ,  

those s t ru c tu re s  where the detrim enta l consequences 
o f  t i l t i n g  are  most severe , such a s  towers, e levated  
tanks, t a l l  o r  s le n d e r b u ild in g s ,  and machine founda­
t io n s ,  s in ce  a l l  o f  them have h igh  v e r t ic a l  r i g i d i ­

t ie s .

and HERRERA

S o lu t io n

The d e sign  o f  s t r u c tu r a l  members re q u ire s  a 
knowledge o f  p0 (x , y ) , whose computation on determin 
i s t i c  grounds i s  a problem d e a lt  w ith elsewhere ~  
(Sonraer, 1965; F lo re s ,  1966). On the o the r hand, an 
a n a ly s i s  o f  the o v e ra l l  behav io r o f  a s o i l - s t r u c t u re  
system f o r  the purpose o f  i t s  r a t io n a l design , i s  pos 
s ib le  o n ly  i f  the p ro b a b i l i t y  d i s t r ib u t io n s  o f  8a and 
Ob , and tha t o f  the average settlem ent, 'p , can be 
estim ated.

The mathematical d e r iv a t io n  o f  those d is t r ib u ­
t io n s  i s  presented in  the Appendix. I f ,  a s  u su a l, the 
settlem ent computation i s  c a rr ie d  n u m e rica lly  a f t e r  
s u b d iv is io n  o f  the com pressib le  s t r a t a  In to  N ho rizon  
t a l  su b la ye rs  such tha t each o f  the v a r ia b le s  my and 
A p  i s  approxim ate ly  the same throughout the th ic k ­
ne ss o f  the corre spond ing  sub la ye r, then the r e s u lt s  
are a s fo llo w .

a) The average settlem ent, p , i s  a no rm a lly  
d is t r ib u te d  random fun c t io n . I t s  expected va lue  and 

i t s  va riance  are  g iven  by Eqs 3 a and b, re sp e c t iv e ly :

E [ ? ]  = q f r i  ........3o

var|>] » ( q V ie a b l l ^ K j v f / a ?  ........3b

in  which, the su b s c r ip t  i  id e n t i f ie s  q u a n t it ie s  corre  
sponding to the i - t h  sub la ye r, and

F ig  2. Geometry o f the foundation  area

Then, in  the frame o f re ference shown in  F ig  2, 
the settlem ent o f  the foundation  i s  described  by

p (x,y) = ¿>0(x,y)+p,+flQ x+0by
where

A> (x,y) -  d e te rm in is t ic  component o f  settlem ent
p -  v e r t ic a l  d isp lacem ent due to the random oom 

ponent o f  c o m p re s s ib i l it y  
Bg *  ro ta t io n  in  the d ire c t io n  o f  the long  a x is  

o f  the foundation  due to the random compo­
nent o f  c o m p re s s ib il it y  

-  ro ta t io n  in  the d ire c t io n  o f  the sh o rt  a x is  
o f  the foundation  due to the random compo­
nent o f  c o m p re s s ib il ity

3. The re la t io n sh ip  between settlem ent, p , coef­
f ic ie n t  o f  volume change, and e f fe c t iv e  v e r t ic a l  s t r e s s  
increment Ap, under every p o in t  o f  the foundation  i s

p = /Q mv Ap dr .............2
where H i s  the to ta l th ic k n e ss  o f  the com pressib le  s t r a  
to.

I f  the app rop ria te  va lue  o f  my i s  used In  Eq 2, 
the v a l id i t y  o f  t h i s  re la t io n sh ip  has been demonstrated 
e m p ir ic a lly  (Skempton and BJerrum, 1957;  Rutledge,
1964;  Seed, 1964) .

fi = CriHiai/2.3(pl+Q)

m\  = A0 vor [C ri] /  C
_ 2 3c

\>

C r i

Hi

K i

P i

-  c ro s s - se c t io n  area o f  specimens in  which de 

te rm inat ion s o f  the com pression r a t io *  C r i,  
were made

-  mean va lue  o f  the com pression r a t io  (see 
Eqs A-13b)

var|Cr i| -  va r ian ce  o f  the com pression r a t io  (see Eqs 
A-13b)

• th ic k n e ss  o f  the su b la ye r
-  c o e f f ic ie n t  p lo tte d  in  F ig  3

-  v e r t ic a l  s t r e s s  in  the s u b s o i l  due to o v e r- 
ly in g  s o i l ,  tak in g  the depth o f  foundation  

a s the datum
-  g ro s s  p re ssu re  on the s o il- fo u n d a t lo n  con­

ta c t  area
-  net p re ssu re  increment o f  the s o il- f o u n d a -  

t io n  con tact area
• c o e f f ic ie n t  p lo tte d  in  F ig  6

Q

q

01

b) The ro ta t io n s  in  the d ir e c t io n s  o f  the long 

and sh o r t  axes, 9a and Bt>, re sp e c t iv e ly ,  a re  no rm a lly  
d is t r ib u te d  random fu n c t io n s .  T h e ir  expe cta t ion s and 
va r ia n ce s  are

E W ’ EM °

vor [e0] -- (9qz/l6tflb)| iffKir02|vf / «• 

vor [eb] = (9qZ/l6ob3) Z f f V ^ v f / o f

. 4a

.4b

in  which r f i  and r ^ i  a re  the c o e f f ic ie n t s  p lo tte d  in  
F ig s  4 and 5 re sp e c t ive ly .

The s t a t i s t i c a l  s o i l  param eters Crf. and v a r [C rf]

*  In  genera l, the com pression r a t io  i s  de fined  a s 
Cr  “ Cc/ (1 + e p ), where Cc i s  the com pression index 
(o r  the recom pression index, when a p p lica b le ) and eo 
i s  the I n i t i a l  vo id  r a t io .

7

2a = long axis of the foundation 

2b  = short axis of the foundation

4ab q  = total net load on the 
foundation area
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0 .0 1  0 . 1  1  1 0  1 0 0  

Z [ A / a  b

F ig  3. The d im en sian le ss  parameter K i

appearing in  the r e su lt s ,  can be computed w ith  a good 
approxim ation o n ly  on the b a s is  o f  a number o f  in d i ­
v id u a l Cr i  v a lu e s  g re a te r than that u su a l ly  determined 
fo r  conventiona l settlem ent a na ly se s. Yet, t h i s  shou ld  
not be considered  a s a l im it a t io n  o f  the p re sent s ta ­
t i s t i c a l  approach, s in ce  the com pression r a t io  i s ,  
more than any o the r eng inee ring  property, c lo se ly  re ­
la te d  to the n a tu ra l water content o f  a c lay . Conse­
quently, a la rg e  number o f  va lu e s  o f  Cj-i can be dete r 
mined a t  reasonab le  expense on the b a s is  o f  that re la  
t io n sh ip  (Terzagh i and Peck, 194Q; Peck and Reed,
1954).

From Eqs 3 and the p ro p e rt ie s  o f the normal d i s ­
t r ib u t io n ,  it  fo llo w s  that, w ith an a rb it r a r y  proba­
b i l i t y  P, the average settlem ent o f  a foundation  l i e s  

w ith in  the in t e r v a l

q [ f - u ( P ) - / ^  ] ^  p -q [ f+ u (P ) . /^ ’] — 5

where

F0 = (1 / 16a b) I  f f  K j v f/ a f

and u ( p )  i s  the va lue  in  the standard  normal d is t r lb u  
t io n  such tha t  the p ro b a b i l i t y  o f  a d e v ia t io n  numeri­
c a l ly  g rea te r than u ( p )  i s  P .

S im ila r ly ,  from Eqs 4, w ith an a rb it r a r y  proba­
b i l i t y  P the ro ta t io n s  o f  the foundation are

Z[ / v/ cTb

F ig  4. The d im en sion le ss  parameter r ^ i

| e „  | -  q  u ( p )  y r  6

j a b | £  q  u ( p ) y p r

where

F, = (9 /1 6 a 3b ) (2 f fK j  ra* / v *

Fz = ( 9 / 16 a  b3 ) Z f f K j  /  v f

F ig s  4 and 5 show tha t r ^  and r § i  f o r  a r i g id  
foundation  are  always g re a te r than those fo r  a f le x ib le  
one. Then, from Eq 6 , the p ro b a b il it y  o f  ro ta t io n s  
exceeding a c e rta in  va lue  in c re a se s  w ith  the v e r t ic a l  

r i g i d i t y  o f  the s tru c tu re , o the r fa c to r s  being equal.

DESIGN CRITERIA

Once the p ro b a b i l it y  d is t r ib u t io n s  o f  settlem ent 
and ro ta t io n  are known, se ve ra l approaches tp de sign  
are p o s s ib le .  Two o f  them w i l l  be b r ie f l y  o u tlin e d  be 
low.

A c r i t e r io n  based on a llow ab le  va lue s o f  settlem ent 
and ro ta t io n

The d e sign  o f  every foundation  in v o lv e s  some con 
s id é ra t io n  re ga rd in g  the settlem ent tha t can be a llow  
ed w ithout endangering the s t a b i l i t y  o r  the se rv ice a ­
b i l i t y  o f  the s tru c tu re  under design , o r  those o f 
ne ighbo ring  co n stru c t io n s .

The average settlem ent a llow ab le  in  b u ild in g s  i s
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z ,  / V ' a b  

2
F i g  5.  Th e  d i me n s i o n l e s s  pa r a me t e r  r b ^

z t /  V a F

Fi g  6.  Th e  c o e f f i c i en t  Ct i

u su a l ly  lim ite d  by the p e rm iss ib le  d if fe re n ce s  in  e le  
v a t io n  between some p o rt io n s  o f  the s tru c tu re  and — 
t h e ir  su rrou nd in gs, o r  by the f l e x i b i l i t y  o f  connec­
t io n s  f o r  u t i l i t i e s  such a s water and sewerage p ipe­
l in e s ,  o r  e lse , by the amount o f  settlem ent which 
w i l l  not cause in to le ra b le  damage to s t ru c tu re s  near-

C a l l in g  | | the p e rm iss ib le  v e r t ic a l  movement o f 
the s tru c tu re , Eq 5 im p lie s  that the average v e r t ic a l  
d isp lacem ent w i l l  be sm a lle r than |pp| , w ith  a proba­
b i l i t y  P, i f  the fo llo w in g  in e q u a lit y  i s  s a t i s f ie d

|q|* K | / [ f * u ( P ) v ^ “ ] . . . . 7

S im i la r ly ,  i f  9p denotes the p e rm iss ib le  ro ta ­
t io n  f o r  a g iven  s tru c tu re , the d e sign  shou ld  s a t i s f y  
the con d it io n

Taking Eqs 6 in to  account, i t  i s  seen that, w ith 

a p ro b a b i l i t y  P, the ro ta t io n  o f  the s t ru c tu re  i s  w ith 
in  the p e rm iss ib le  renge i f  —

h i  -  / [ u ( p ) / f “ T f ; ]  ...... e

In  the cese9 o f  t a l l ,  r e la t iv e ly  r i g id  s t ru c tu ­
re s, the dominant c o n s id e ra t io n  in  l im it in g  the a l l o ­
wable " t i l t in g  i s  g e n e ra lly  human s e n s ib i l i t y .  In  fac t, 

accord ing  to Skempton and MacDonald (1956), the value 
o f  8 where t i l t i n g  o f  h igh , r i g id  b u ild in g s  m ight be ­
come v i s i b le  i s  c lo se  to 1/250, whereas s t ru c tu ra l  
damage probab ly  s t a r t s  to be o f concern f o r  va lu e s  o f
9 approaching 1/150.

More g e n e ra lly , i f  the s h i f t  o f  the l in e  o f  ac­
t io n  o f  the load s due to t i l t i n g  i s  n e g l ig ib le ,  the 
p e rm iss ib le  ro ta t io n  o f  r i g id  s t ru c tu re s  c e r ta in ly  
depends on the he igh t o f  the s tru c tu re , and on ly  on 
that.

On t h i s  b a s is ,  the fo llo w in g  va lue  i s  proposed 
f o r  the p e rm iss ib le  ro ta t io n  o f  s t ru c tu re s  where hu­
man perception  o f t i l t i n g  i s  the dominant fa c to r *

0p = 1 / ( 1 0 0  + 3 h )  ____ 9

Here, h i s  the h e igh t  o f  the s t ru c tu re  in  m eters. 
I t  i s  seen that Eq 9 g iv e s  9 ■ 1/100 fo r  h -  0, which 
i s  about the l im it  o f  p e rcep t ib le  d e v ia t io n s  from 
h o r iz o n t a l it y  in  a f lo o r ;  and 9 h  i  0 .3 3  » f o r  every
h. F o r in term ed ia te  va lu e s  o f  h, Eq 9 g iv e s  va lu e s o f
9 in  agreement w ith  the ob se rva t io n s  o f  Skempton and 
MacDonald (1956). I t  a ls o  exc ludes the p o s s ib i l i t y  o f  
ro ta t io n s  endangering s t a b i l i t y ,  s in ce  the maximum 
h o r iz o n ta l d isp lacem ent o f  the t a l l e s t  s t ru c tu re  i s  
l im ite d  to 0 .33  m.

Regard ing the a llow ab le  ro ta t io n s  o f  machine 
foundations, BJerrum (1963) mentions that 1/750 i s  
the l im it  where d i f f i c u l t i e s  are to be feared. In  
the la ck  o f  more s p e c i f ic  in fo rm ation , t h is  l im it  
m ight be used f o r  0 p in  the case o f machine founda­
t io n s .

When u s in g  the d e sign  approach based on a llow a­
b le  va lu e s  o f  settlem ent and ro ta t io n ,  the p ro b a b il i­
t ie s  o f  not exceeding those va lu e s  shou ld  be se lected  
a t  a le v e l c o n s is te n t  w ith the im p lic a t ip n  o f  each 
event, i . e .  e xce ss iv e  settlem ent o r  t i l t i n g .

A c r i t e r io n  based on co st  m in im ization

When the nece ssary  s t a t i s t i c a l  in fo rm ation  i s  
a v a ila b le ,  a be tte r approach to d e sign  i s  based on 
the con d it io n  o f  minimum o f expected co st  (see fo r

*  T h is  equation was suggested to the au thors by Dr. E. 
Rosenblueth, o f  the U n ive rsid ad  Naciona l Autônoma de 

México.

220



S E T T L E M E N T - C O N T R O L L E D  DESI GN  

example T u rk stra , 1962; Rosenblueth, 1969), accounting 
f o r  a l l  p o s s ib le  sources o f  c o s t s  and t h e ir  corre­
sponding p r o b a b i l it ie s .  Yet, the method has l im it a ­
t io n s  because o f  the lack  o f  q u a n t ita t iv e  inform a­
t io n  re ga rd in g  the re la t io n sh ip  between co st  and dam 
age, and the d i f f i c u l t i e s  o f  e va lu a t in g  some p o s s ib le  
outcomes o f  the d e sign  in  monetary terms.

However, i f  these l im it a t io n s  are  kept in  mind, 
the r e s u lt s  o f  a co st-m in im iza tlon  approach based on 
reasonab le  assum ptions are  o f  in te re s t .

Fo r the case under d is c u s s io n ,  i t  w i l l  be con­
sid e red  that the co st  o f  the s t ru c tu re  i s  g iven  by

C T = C0 + C + C g

where

Co ■

c '  ‘  
CB

i n i t i a l  co st
p re sent v a lu e * o f  the co st  due to settlem ent 
p re sent v a lu e * o f  the co st  due to t i l t i n g  

I t  w i l l  be fu r th e r  assumed that

CD -  C 1 + Cj  Of

C3 P 1 0

- e
c a e2

where to C4 a re  con stan ts and Df i s  the depth p f 
foundation.

Thus, s in ce  D f • (0 -  q ) / y  , the expected to ta l 
co st  i s

E[Ct ]= c,+ C2(0-q  )/y+ C 3 E [pz] + C4 E [ 9Z]

Her e,  f r om Eqs  3

E [p 2] = v o r ^ ] + ( E [ p  ])Z= q 2 ( f 2 + F0 )

and,  s i mi l ar l y ,  f r om Eqs  4

E O 2]-- E [flf = var [e0] *var [flj = q2(F, + Fz )

*  As s umi ng  t he des i gn  dec i s i on  i s  made  a t  t i me t  -  0,  

t he p r es en t  v a l ue  of  t he c os t  due t o da ma g e  oc ­

c u r r i ng  a t  t  ■ t 1 i s  i t s  e q u i v a l e n t  c os t  a t  t  -  0.  

Then,  i f  X i s  t he r at e of  i nt er es t ,  t he p r e s e n t  v al  

ue  i s  t he c os t  a t  t  » t-]  t i mes  e 1

: u  rv _ _

Us e of  t hes e i n E[ Ct J g i v es :

EtcJ-C^C jlQ -q l/y+ iitC st^FoJ+C ^ lF ,*^ ] ....tl

I f  H »  Of, the fu n c t io n s  f ,  F0 , F^ and Fg are  
but ve ry  s l i g h t l y  s e n s it iv e  to changes in  Df, which 
means that they can be considered  independent o f  q. 
Thus, the co n d it io n  f o r  a minimum o f  E [C j] being 

dE [CT] / d q  -  0, the fo llo w in g  19 obtained f o r  qop , 
the net p re ssu re  increment that g iv e s  a minimum ex­
pected to ta l co st;

0 . P BCi / 2 y [ ( y f ' * F o )* -C 4 (F ,« -F I ) ]  ..............12

A NUMERICAL EXAMPLE

C onside r a s t ru c tu re  50 m in  h e igh t  w ith 2a-20m, 
2b -  10 m. Suppose three f lo o r s  a re  requ ired  fo r  
p a rk in g  f a c i l i t i e s  so tha t the space from excavation  
down to any depth D f ^  9 m i s ,  in  p r in c ip le ,  usab le .

The g ro s s  weigth o f  the fo u n d a t io n -s tru c tu re  sy s  
tem i s  estim ated to be W -  3400 + 70 Df (to n sj ,  w ith-  
D f in  meters.

1 8 m y  - 1.8 to n /m 3

C r = 0 .2 0  

v2 = 9  X  lO 2 m2

10 m

I

y  = 1 .65  to n /m 2
C r = 0.15  

v = 2 X 10 m

In c o m p re ss ib le

F ig  7. S o i l  p r o f i le  and p ro p e rt ie s  f o r  the example

Table  I .  Computation o f  f ,  F F , and F?

H 2i Pi p( + Q

C ri
♦ i

,2 r 2

2
V.
1

Ki 2 
f . —  y
1 d ?  1

* 2  JiL v2 r2
\  _2 vi roi

, 2 Ki 2 2

1 o f  V‘ bi

(m )

v^ob
a i

( ton /m  2 ) ( to n /m 2)
-4

((0 m3/ton)

K i roi bi

(I0 'Z m2 ) ((0 6 m8 / to n 2 )

i

((¿ 6 m8 / to n 2 )

I
-6 Q 0 

(<0 m8 /to n 2 )

2 0. 14 0.902 1.80 19.80 0.20 79.2 3 .5 5 0 .4 8 2 0 .4 5 6 9 2 4 .5 11.8 1 1 .2
It 0 .4 2 0 .7 4 0 5 .4 0 2 3 .4 0 " 5 4 .9 1 .82 0 .3 7 8 0 .3 2 5 " 9 .0 3 .4 2 .9
" 0 .7 1 0 .6 0 0 9.00 2 7 .0 0 " 3 6 .6 1.20 0 .3 3 6 0.290 M 4 .5 1 .5 1 .3

0.99 0 .5 0 0 12 .60 3 0 .60 " 2 8 .4 0 .8 0 0 .3 0 2 0 .2 81 H 2 .3 0 .7 0 .2
H 1 .27 0 .4 1 0 16 .20 3 4 .2 0 2 0 .8 0 .6 3 0 .2 8 6 0 .2 8 3 ** 1 .4 0 .4 0 .1
M 1 .56 0 .3 3 5 19.80 3 7 .80 " 15 .4 0 .5 0 0 .2 8 0 0 .2 8 8 1.0 0 .3 0 .1

1 .84 0 .2 9 0 2 3 .4 0 4 1 .40 M 12.1 0 .3 8 0 .2 7 7 0.295 0 .6 0 .2 0 .1

2.12 0 .2 4 0 2 7 .0 0 4 5 .0 0 " 9 .2 0 .2 5 0 .2 7 8 0 .3 0 3 0 .3 0.1 -
2 .4 0 0 .2 1 5 3 0 .60 4 8 .60 " 7 .6 0 .2 0 0 .2 8 0 0 .3 0 5 " 0 .2 0 .1 -

" 2 .6 6 0 . 180 3 3 .9 0 5 1 .90 0 .1 5 4 .5 0 .1 5 0 .2 8 3 0 .3 0 6 2 - - -
* 2 .9 7 0 .1 6 0 3 7 .20 5 5 .2 0 M 3 .7 0 . 11 0 .2 8 6 0 .3 0 7 " - - -

M 3 .2 5 0 . 130 4 0 .5 0 5 8 .50 " 2 .9 0 .0 9 0 .2 9 0 0 .3 11 - - -
N 3.53 0 .1 1 5 4 3 .80 6 1 .8 0 " 2 .4 0 .0 7 0 .2 9 4 0 .3 1 5 - - -
" 3.82 0.100 4 7 .1 0 6 5 .1 0 " 2 .0 0 .0 5 0 .2 9 7 0 .3 1 8 - - -

N 1 2 8 1 .8 4 3 .8 18 .5 15 .9

f = 2 .81 x 10 m3 / to n

c i ?• ,2 K i y2 1 a w tn® -  k k - i n 8 /  tnn2
hC I6ab u i 1 o f  i I6 x  10 * 5

F 9
V 2 _H l  „2 2 9 jo r  . tn ^ - n 1 tr) * / to n 2

(6a 3 b ,r, i Cf2 i 01 '  (6 x 1 0 0 0 x 5  '

p £ v  <2 * i 2 . 9
15.9 x (O' ^ - *7 O v rri 4 / t o n ‘

'  (6 o b 3 ¡7, 1 c t ?  v ‘ l bi '  I 6 x l0 x t2 5
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The s o i l  p r o f i le  and p ro p e rt ie s  are  shown in  

F ig  7.
The fo llo w in g  i s  to be determined:
a) The minimum Of fo r  which the p ro b a b il it y  o f  a 

ro ta t io n  w ith in  the p e rm iss ib le  range g iven  by Eq 9 

i s  0.99
b) The minimum Df fo r  which the p ro b a b il it y  o f 

an average settlem ent le s s  than 15 on i s  0 .95
c) How the r e su lt s  f o r  (a) and (b) compare w ith 

the optimum depth o f  foundation  fo r  the hypotheses o f 

c o st s  g iven  by Eqs 10 under the fo llo w in g  co n d it io n s:
c l)  S in ce  the excavated space i s  usab le, the i n i  

t l a l  co st  o f  the p ro jec t  i s  estim ated to in ­
crease on ly  about 3 percent per meter o f  ex­
cavation. Then in  Eqs 10, C2/ C ^  3*10—^ m“ 1

c2) An average settlem ent o f  0 .3  m i s  estim ated 
to im ply a co st  whose p re sent va lu e s  i s  about

10 percent o f  the I n i t i a l  co st  o f the pro­
ject. Then in  Eqs 10, C3/C1 =  1.14 m_2

c3) A ro ta t io n  o f  1/100 i s  estim ated to im ply a 
c o st  w ith a present va lue  o f  about 15 per­
cent o f  the I n i t i a l  co st  o f  the p ro jec t.
Then, in  Eqs 10, C4/C1 ^  1.5 x 10^

S o lu t io n  fo r  the c r i t e r io n  o f  a llow ab le  settlem ent 
and ro ta t io n

The va lu e s  o f  the parameters in vo lved  in  the 
so lu t io n  are  computed in  tab le  I ,  assum ing i n f in i t e  
v e r t ic a l  r i g i d i t y  o f  the s tru c tu re . From these v a l­
ues the fo llo w in g  I s  obtained:

1. Fo r requirem ent (a) o f  the example, P -  0.99, 
then u (p ) m 2 .50  and, from Eq 9 Bp -  1/250. Thus, 
from Eq 8»

|q| *  1/(250x2.58x9.65x10®) = 16.1 ton/m2

2. Fo r requirem ent (b) o f  the example, P « 0.95, 
then u(P) -  1.96. Thus, from Eq 7:

| q | — 0.2/(2.8l x l(Xz+l.96x2.35x ICJ4) =7.l ton/m2

Therefore, requirem ent (b) p re v a i ls  and the min^ 
mum depth o f  foundation  f o r  the c r i t e r io n  o f  a l l o ­
wable settlem ent and ro ta t io n  i s  computed from 
Df -  (Q -  q ) / y  , w ith iq l  ^ 7 . 1  ton/m^ which g iv e s  
D f ^  6.8 m.

S o lu t io n  f o r  the c r i t e r io n  o f  co st  m in im ization

S u b s t itu t io n  o f  the p e rt in e n t  data in  Eq 12 

g iv e s  f „ -i

qoP -  3 x 10 / 2 x 1.8 . 14 (7.84 x 10 +5.5xlOj+1.5xlO x9.3xlC?J

q op  = 9 - 1 t o n /m Z

from which, -  5 .5  m 

Comparison o f  r e su lt s

N otice  that, under the assum ptions adopted fo r  
the a n a ly s is  o f  t h i s  p a r t ic u la r  example, the c r i t e r i  
on o f  co st  m in im ization  and that o f  a llow ab le  s e t t le  
ment and ro ta t io n , g iv e  s o lu t io n s  which a re  s im i la r -  
to each other: a d if fe re n ce  in  D f l i t t l e  g rea te r 
than 20 percent r e s u lt s  between the two c r i t e r ia .  
Furtherm oret the com putations in vo lved  are  so sim ple 
that se ve ra l a n a ly se s  can be made w ith a lte rn a t iv e  
hypotheses (and in  a p ra c t ic a l case t h is  shou ld  be 
done) in  o rder to judge the s e n s i t i v i t y  o f  the r e s u lt s  
to these hypotheses.

I t  i s  a ls o  apparent that f o r  t y p ic a l urban s t ru c  

tu re s  on com pressib le  s o i l s  w ith a c o e f f ic ie n t  v ?

o f the orden o f  0 .1 m2 o r  sm a lle r*,  the c o n t r o l l in g  
parameter i s  f ,  w h ile  F0 , F^ and F2 have p r a c t ic a l ly  
no e f fe c t  on d e sign  d e c is io n s .

CONCLUSIONS

1. From s t a t i s t i c a l  co n s id e ra t io n s , the average 
settlem ent o f  a foundation  can be regarded a s  a no r­
m a lly  d is t r ib u te d  random fun ct io n  w ith mean and v a r i ­
ance g iven  by Eqs 3

2. S im ila r ly ,  the ro ta t io n s  around the p r in c ip a l 
axes o f  the foundation  are  no rm a lly  d is t r ib u te d  about 
zero and t h e ir  v a r ia n ce s  are  g iven  by Eqs 4

3. Other th in g s  being equal, the p ro b a b i l i t y  o f  a 
ro ta t io n  exceeding a c e rta in  va lue  in c re a se s  w ith  the 
r i g i d i t y  o f  the foundation

4. The r e s u lt s  perm it a ra t io n a l approach to the 
d e sign  o f  foundations whose settlem ent and ro ta t io n  
are  to be kept w ith in  to le ra b le  v a lu e s. Furthermore, 
when in fo rm ation  i s  ob ta inab le , o r  assum ptions can be 
made re ga rd in g  the p o te n t ia l c o s t s  o f  t i l t  and se t t le  
ment, the r e s u lt s  g iven  can be used to a r r iv e  a t  a 
d e sign  tha t m in im izes the expectation  o f  t o ta l  co st

5. The methods o f  a n a ly s is  suggested in v o lv e  com 
p u ta t io n a l work that i s  but l i t t l e  g re a te r than that 
requ ired  in  a conventiona l settlem ent a n a ly s is .
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APPENDIX. MATHEMATICAL DEVELOPMENTS

Determ ining the p ro b a b i l i t y  o f  settlem ent and ro ta ­
t io n

The fo llo w in g  are  egua tlon s a r i s in g  from the 
hypotheses o f  the paper:

/D(x,y)=/3o(x ,y )+ ^ + 0 ox + 0 by

rH
p(*,y) = J mv (x,y) A p U .y ld z

.1

2

Settlem ent a n a ly se s  are u su a l ly  made by numeri­
ca l in te g ra t io n  o f  Eg 2, a f t e r  su b d iv is io n  o f  the 
com pressib le  s t r a t a  in to  a number o f  h o r iz o n ta l sub­
la y e r s  such tha t my and A p  a re  both approxim ately 
con stant throughout the th ick n e ss  o f  each sub layer, 
under a c e rta in  p o in t  o f  the foundation  area.

From h yp o th e s is  1, the c o e f f ic ie n t  o f  volume 
change f o r  the i - t h  su b la ye r may be w ritten :

mvi  "  
wher e

"01  -

"Si "•Ci A-1

mean va lue  o f  mv^, a con stant f o r  each sub­
la y e r

m^i -  d e v ia t io n  o f  from the mean, a random v a r la  
b le  f o r  each sub la ye r 

S im i la r ly ,  the net v e r t ic a l  s t r e s s  increm ent may 
be w ritten

APi = Ap°4+ Ap’j ..........A-2
wher e Ap ® i s t he det er mi ni s t i c  component s of  Ap i ,  

and A  p' i  i s i t s dev i at i on f r om Ap i  .

S in ce  ntyi i s  a norm ally  d is t r ib u te d  random v a r l  
ab le , i t  fo llo w s  that m^i i s  no rm a lly  d is t r ib u te d  as 
w e ll. I t s  mean and covariance  are, re sp e c t iv e ly

..A-3

E [mvi] =0

•here Vj, Vp are  the p o s it io n  v e c to rs  o f  a rb it r a r y  
volume elements w ith in  the corre spond ing  sub layer, 

S(v< -  Vo) i s  the D ira c  d e lta  fu n c t io n  and s f  i s  an

em p irica l parameter whose determ ination  i s  d iscu ssed  
in  a la t e r  se c t io n  o f  t h i s  Appendix.

Combining Eqs 1, 2, A-1 and A-2, and e lim in a t in g  
the d e te rm in is t ic  components:

N i

py + Qa x + 0b y - IJpviApi+lm'ii+mU) ApijlHi . . A -4

where N i s  the number o f  su b la ye rs  used in  the numeri 
ca l in te g ra t io n .

From the concept o f  the c o e f f ic ie n t  o f  subgrade 
reac tion , the second term in  the r ig h t-h an d  s id e  o f  
Eq A—4 may be w ritten :

I  (m ° i+rT1’vi) A p ’jH j = Ap|/k s
where Apf c i s  the va lue  o f  A  p^ a t  z « 0 , and k s  i s  
an app rop ria te  c o e f f ic ie n t  (T erzagh i, 1955). U sing  
t h is  in  Eg A -4  y ie ld s :

N 1

.. A -5A P o = kî [ / 5 + 0 o x + e b y  -  Z ^ v i ^ P ^ i ]

From e q u ilib r iu m  con d it io n s: 

t»o fb

a A p0(x,y)dxdy = 4 abq
J. o •'-b

xdxdy=0

and

A p 0( x ,y ) y d x d y = 0

/ a / b A $ * .y > d xdy = 4 abq

A -6a

L L A$ x-y>xdxdy=0-o«/-b 
ro /*b

X a / b A p o( x ’ y ) y d x d y  = 0

. A - 6 b

wher e A  Pp i s t he pr essur e i ncr ement  on t he f ounda­

t i on ar ea,  ApJ,  i s t he val ue of  A f ^  at  z -  0 and g 

i s t he aver age pr essur e i ncr ement  at  t he dept h of  

f oundat i on.

From Eqs A-2 and A-6  i t  fo llo w s  t hat

f a f-b A Pc/* iy)dxdy = 0 

/ o / b A Po( x - y ) x d x d y - ' °   A ~ 7  

f-a f-b A Pi<x .y>ydxdy=0

S u b s t itu t io n  o f  Eq A -5  in  Eq A -7  r e s u l t s  in  a 
system o f  three equations w ith three unknowns, from 
which

Pr mob) Z f  b[ | " W < x , y )  H|]dxdy

0O = ( I/ Iy )j fa J_b [ l  m’vjAp°(x,y)Hi]xdxdy \.. ...A -8  

8b=̂ / h)f° af b [ Z  m ^ A  p°(x ,y)H J ydx dy

where I x and I y a re  the moments o f  in e r t ia  o f  the 
foundation  area w ith re spect to x and y.

Notice  tha t Egs A-8 a re  independent o f  k s ; then 
the a c tu a l va lue  o f  t h i s  c o e f f ic ie n t  in  Eq A -5  i s  
ir r e le v a n t .

From Eq A-8 and the C en tra l L im it  Theorem ,^ ,

9 a andôb have normal d is t r ib u t io n s .  From Eq A-3 and 
the ru le s  o f  in te g ra t io n  o f  s to c h a s t ic  p rocesses 
(Parzen, 1964):
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r [^i] =<,/,6aZb2>jTJX b{il'l [s' A t f U . y J H j j d x d y

r [p,] =(I/I6a2b2) Z  s* H f { j f / b [Ap°(x,y)]dxdy]

r W  = ( , / I y >,?, s t i  / j A p f ’ t x ^ d x d y }

r [©b] = (l/I x ) Z  A  Hf { j T / b [Ap°¡(xjí)] y2dxdy}

RESEN DIZ and  HERRERA

■ A - 9

A -  10

e [>,]-- e [0q]= E [ e b]=  0

The in t e g r a ls  in  the r ig h t-h an d  s id e  o f  Eqs A—9 
depend on the geometry o f  the foundation  area and on 
the p re ssu re  d is t r ib u t io n  a t the mean depth z i  o f  
the corre spond ing  sub la ye r. Fo r a s p e c i f ic  problem,
i . e .  f o r  a foundation  o f  g iven  geometry and r i g id i t y ,  
those In t e g r a ls  are  fu n c t io n s  o f  z i  on ly , and they 
can be w ritten  a s fo llo w s;

J-Q f_b [ A p ?  (x,y)] d x d y = a b q z K i 

f-a -^ b  [ A p ‘ (x -y)] x2dxdy = a3bq2 K i r2

■ C - C  <x,y> ]  y2 d x d y = o b V K i rbi

Here, , r ^ a n d  are d im en sion le ss  parame­
te rs  depending on a/b, Z j A / a b  and on the con ta c t- 
p re ssu re  d is t r ib u t io n .  They have been computed by 
num erical in te g ra t io n  o f  Eqs A-10 and are  p lo tte d  in  
F ig s  3 to 5 f o r  both, i n f i n i t e l y  r i g id  and i n f i n i t e ­
ly  f le x ib le  foundations. The num erical in te g ra t io n  
o f  Eqs A-10 in  the case o f  f le x ib le  bases was per­
formed u s in g  Fadum 's (1948) so lu t io n  fo r  A  pPj. The 
method o f  in te g ra t io n  fo r  the case o f  r i g id  founda­
t io n s  has been developed and described  by E lo rduy  et 

a l (1965).
S u b s t itu t io n  o f  Eqs A-10 in to  Eqs A -9  r e su lt s  

in  the fo llo w in g :

■[/>,] = (qz/!6 ob ) Z s -  Hf K 

r[ea]--(9q2/l6a3b )Z  s2 H? K 

' [®b] * (9q2/l6ab3) Z  s2 Hf K,

■ [/»,]= e [ s J  = e [ e b] =0

2

I rol

A - H

where, py , 8a and 9& are norm a lly  d is t r ib u te d  
random fu n c t io n s.

Now, le t  p be the average o f  p ( x ,  y) and po 
that o f  p0 (x, y ) . Then from Eq 1 ,~p m~pQ +• p  ̂ and, 
s in ce  py has been found to be norm ally  d is t r ib u te d ,  
the same ho ld s  true fo r  />, i t s  mean and va riance  
being

E [ p ]  = Po

[/>] = vor [ p]
A - 1 2 0

I t  i s  known that, f o r  re c ta n gu la r  p la te s ,  the 
d iffe re n ce  in  pQ between the extreme case o f  zero 
and in f i n i t e  foundation  f l e x i b i l i t y  i s  not la rg e r  
than three percent (Barkan, 1963). Therefore, f o r  
p ra c t ic a l  purposes and f o r  every degree o f  founda­
t io n  r i g id i t y ,  pQ can be estim ated from Eq 2 u s in g  

mv ■ mj^ and A  p *  A  p^, where 

t  k
S p ;  = ( l / 4ab ) I J  A p f(  x,y) dx dy = «¡q 

*■ b
i s  the average o f the s t r e s s  increment f o r  the i —th

sub la ye r, corre spond ing  to a uniform  load  d i s t r ib u ­
t io n  ove r the foundation  area. Then in  Eq A-12a

N __  ^ ^

p0 = Z  m“ iA p° Hi = Z m^q « ¡ H i ..................... A -12b

The c o e f f ic ie n t  has been conputed a s  a func­
t io n  o f  a/b and z i/ V n E  and i s  g iven  In  F ig  6 .

Eqs A—11 togethe r w ith Eqs A-12a and b c o n s t itu te  
the mathematical s o lu t io n  to the proposed problem.

Determ ining the s t a t i s t i c a l  s o i l  parameters

Let myi rep re sent experim ental va lu e s  o f  myi from 
la b o ra to ry  t e s t s  on samples o f  the i - t h  sub la ye r. Then

mv i = ( l/ A 0) J  mvi(x,y) dA 
Ao

where i s  the c ro s s - se c t io n  area o f  the t e s t  sp e c i­
men f o r  which mv^ was determined.

Therefore

v a r [m vi] = ( I/A 0fvarJ* mvi( x,y) dA
Ao

From the ru le s  o f  in te g ra t io n  o f  s to c h a s t ic  proc 
e s se s  (Parzen, 1964) the va riance  of the In t e g r a l  in  
the r ig h t-h an d  s id e  i s

vor J mvldA=J" cov[mv,{V)),mvi(V2)j dA,|dA2
'a0 "  •'a0^ a 0
In t ro d u c in g  Eq A -3  in to  the l a s t  in te g ra t io n :

= I  { I  s i 8  ( d  4 d  A 2 ' - i  d A = ^

S u b s t itu t io n  o f  t h is  in  the equation f o r  v a r
y ie ld s

var J mv¡dA

s- = A0 v a r [m vl]

[™vl]

Now, mvi  may be w ritten  in  terms o f  C rt, the 
com pression r a t io ,  a s  fo llo w s

™ v i '  (C ri/ A p - ) log|0( l  + A p ° / p 0l)

where p0  ̂ i s  the e f fe c t iv e  v e r t ic a l  s t r e s s  in  s i t u  
f o r  su b la ye r i ,  and f i p l  =■ Cl^q has been p re v io u s ly  
defined.

Then, and s ?  become:

(C ri/a ¡q ) loglo(l + a ¡q /p oi)

= Agvar [ c rJ [( l/a¡ q ) log]0( l + a¡q / Poi)]

Here,

c - = ^ i c j
ri n J=1

va r[c ri] = [l/ (n -l)]|  [c* ¡- cri]

A- 13a

A- 13 b

( j  • 1, 2 , . . .  n) being a se t  o f  n experim ental 
v a lu e s  o f  the com pression r a t io  f o r  the i - t h  sub la ye r.

S im p l ify in g  the r e s u lt s

In  the genera l case, the in  s i t u  v e r t ic a l  s t r e s s  
p I shou ld  be w ritten :

P o , = Pi+ y ° f
where p i i s  the v e r t ic a l  s t r e s s  in  the s u b s o i l  ta k in g  
the depth o f  foundation  Of a s  the datum, and y  i s  
the average u n it  w eight o f  the excavated s o i l .  Fu rthe r 
more,

Df = ( Q - q ) / y

where □ i s  the g ro s s  p re ssu re  on the s o l1-fou nda tion  
con tact area. Therefore

P o r P i + Q -< i
and, in  Eqs A-13a

l o9i O(1 + a i ^ 7 Poi ) = l o9| d(  [ p i +Q- q O- a j / Pi +Q- q ) }  

whose expansion in  a T a y lo r 's  s e r ie s  g iv e s
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logJfp.+O-qt l-a^J/p.+O-q )}=-^{[q/(p,*Q)]-[(2-aj)/2][q/(p*Q)]+-j

In  many cases, the r a t io  q / (p i + Q) w i l l  be much 
sm a lle r than u n ity  ( in  fa c t, the h e av ie r the s tru c tu  
re  and the more com pressib le  the foundation  s o i l ,  the 
sm a lle r  that r a t io  w i l l  b e ). Thus the f i r s t  term o f 
the s e r ie s  w i l l  g e n e ra lly  s u f f ic e  a s  an approxim ation, 

i . e . ,

S E T T L E M E N T - C O N T R O L L E D  D E S I G N

Poi
P

Q

q„p

lo g ^ O + c^ q / p oi) - a , q/2.3 (p,+Q)

Then, from Eqs A-11 to A-14 the fo llo w in g  re­

s u l t s  are f i n a l l y  obtained:
a) The average settlem ent, ~p , i s  a norm ally  

d is t r ib u te d  random fun c t io n . I t s  expectation  and 

va riance  are

M  ■■

[¿>] = (q/16ab) I  f f  K| v f / a 2

N

£ f '
. 3 q

, 3 b

wher e

fl = Cn H, « i / 2.3 (Pi+Q) 

A o V a r f C r J  /  C r -v? =

3c

b) The ro ta t io n s  in  the d ire c t io n s  o f  the long 
and sh o rt  axes, 9a and 9& re sp e c t ive ly ,  a re  normaJL 
ly  d is t r ib u te d  random fu n c t io n s .  T h e ir  expectations 

and va r ia n ce s  are

E [ e J  = e [eb] -- o

/a r  [ f ia ]

. 4 a

(9  q2 /!6 o3b)

var[ôbj - (9 q 2/ l6 o b 3) 2  ff K¡ rbj vf/<*f

, 4b

Notation
a
A

b

Co

C r l

Cr i

Ct

c b

to C4

Of

E[

f ,
h

H
H.
. l
I ,

I
k

]

F o ,

J.

F1

i
m . 

v i

m° .

—vi  
m . 

v i
n
N

to
to

t i l t i n g
s e t t le -

h a lf  the length  o f  the foundation  area 

area
c ro s s - se c t io n  area o f  c o n so lid a t io n  specif 

mens
h a lf  the w idth o f  the foundation  area 
i n i t i a l  c o s t  o f  the p ro je c t  
com pression r a t io  f o r  the i - t h  sub la ye r 

mean va lue  o f 
t o ta l co st  o f  the p ro je c t  
p re sent va lue  o f the c o s t  due 
p re sent va lue  o f  the co st  due 
ment
con stan ts (see  Eqs 23) 
depth o f  foundation  

mathematical expectation  o f 
F2 i fu n c t io n s  (see Eqs 5 and 6) 
h e igh t  o f  the s tru c tu re , in  meters 
t o ta l th ik n e ss  o f com pressib le  s u b so il  
th ic k n e ss  o f  the i - t h  sub la ye r 
in te g e rs
moments o f  in e r t ia  o f the foundation  area 

c o e f f ic ie n t  o f  subgrade re ac t io n  
d im en sion le ss  parameter (see F ig  
c o e f f ic ie n t  o f  volume change fo r  the i - t h  
sub la ye r 
mean va lue o f  m

3)

d e v ia t io n  o f 

experim ental

vi
from the mean

va lue  o f m
v i.

number o f  experim ental va lu e s  o f  C . 
number o f  su b la ye rs  used in  the numerical 
in te g ra t io n

e f fe c t iv e  v e r t ic a l  s t r e s s  in  (;he s u b so il  
t a k in g  the depth o f foundation* a s the 
datum

(P)

« 1

v a r [
V

x, y, z,

S ( Y l - V ¡ , )

A p ix .y T

AufU.y)
ApHx. y)

Ap„ ( x, y)
A p ;(*,y )
Api ( x, y)
e
9a

flb

p (*.y)
Pa ( * , y )  

p^

e ffe c t iv e  v e r t ic a l  s t r e s s  In  s i t u  
a p ro b a b il it y

average net p re ssu re  increment on the founda 
t io n  area ”
g ro s s  p re ssu re  on the foundation  area 
optimum va lue  o f  q, f o r  co st  m in im ization  
a d im en sion le ss  parame t a r  (see  F ig  4) 
a d im en sion le ss  parameter (see  F ig  5J 
a measure o f  the va riance  o f  (see Eq 
A-3)
va lue  in  the standard  normal d is t r ib u t io n  
such tha t the p ro b a b i l i t y  o f  a d e v ia t io n  
nu m e rica lly  g re a te r than u(P) I s  P 
a measure o f  the c o e f f ic ie n t  o f  v a r ia t io n  
o f  mvi (see  Eqs 3c) 
va riance  o f
p o s it io n  ve c to r o f  an elem ental volume o f 
s o i l

coo rd ina te s (see F ig  2) 
a d im en sion le ss  parameter (see F ig  6) 
u n it  w eight o f  the s o i l  
D ira c  d e lta  fun ct io n
net v e r t ic a l  s t r e s s  increment, In  su b la ye r 1 
d e te rm in is t ic  component o f  A  
d e v ia t io n  o f  A p ^  from the mean 
va lue  o f  A p i  a t  z ■ 0 
d e te rm in is t ic  component o f  A p a 
d e v ia t io n  o f  A p 0 from the mean 
ro ta t io n  o f  the foundation  
ro ta t io n  o f  the foundation  in  the d ire c ­
t io n  o f  a
ro ta t io n  o f  the foundation  in  the d ire c ­
t io n  o f  b
p e rm is s ib le  va lue  o f  B 
settlem ent a t  p o in t  (x, y) 

d e te rm in is t ic  component o f  p 
un iform  settlem ent due to the 
nent o f  c o m p re s s ib i l it y  
the average o f  p (x, y) ove r the founda­
t io n  area

the average o f  p0 (x, 
t io n  area

* .  y )

random compo

y) ove r the founda-
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