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SYNOPSIS. The probability distributions of settlement and rotation of rectangular foundations on randomly com-
pressible, layered soils, ars analyzed, and results are given for the extreme cases of flexible and rigid founda-
tions. The determination of the statistical parameters of compressibility is also discussed.

Two possible ways of applying the results to the design of foundations are shown. One of them is based on
the concept of allowable settlements and rotations while the other is an optimization criterion permitting a de-
sign that minimizes the expectation of total cost. The two criteria are applied to the analysis of a particular
case and it is found that, under a reasonable set of assumptions, they lead to similar results.

Charts are given that permit application of the method to practical problems with a computational effort
little greater than that involved in conventional settlement analyses.

INTRODUCTION PROBABILISTIC FORMULATION OF THE SETTLEMENT PROBLEM

Natural soil deposits exhibit variations of me- In the present paper only the most usual case
chanical properties which, for the sake of conven— will be considered, i.e. that of rectangular founda-
lence, might be divided into two types. One of them in tions centrally loaded. The physical assumptions on
cludes systematic or clear-cut changes which are readi which the problem is to be formulated are stated and
ly identified by conventional exploration techniques: discussed below.
an example of this type of variation is the change of
compressibility with depth in either "homogeneous®™ or Hypatheses
stratified soil deposits. The other type of variation
does not show any systematic trend mor a deterministic 1. All variations in compressibility occurring in
character, and is best visualized as a random varia- the horizontal direction are random.
tion of properties: this 1s clearly apparent when one This might simply be considered as an expression
compares test results from a series of borings within of the fact that present knowledge is not precise e-
an arbitrary area. nough to allow of an exact description of such varia-

Random variations of compressibility are often tions on a deterministic basis, no matter how thor-
raesponsible for rotations of structures founded on oughly the site investigation is carried out.
soils which, from a deterministic viewpoint, might be o0 9 — = e
considered as homogeneous in the horizontal direction. n Mexico Cit Y /‘r—-
In many cases those rotations affect the stability or E a (dota from Mors nd Mazari 1953 M=
the serviceability of the structure, or else those of ) e ]7 ]
adjacent and appurtenant constructions. e //

There seems to be no rmtional procedure to esti- :
mate probable settlements or tilting due to erratic de -
viations from homogeneity within the foundation sub- c 0.6 2L i}
s0il. Such a method would be useful in practice, since = o
even the most uniform natural soil layers show irregu- 3 V4
larly distributed heterogeneities. On the other hand, =
it 1s clear that neither such complex variations nor = g /
the geologic factors from which they arise can be de R /
fined in a complete, deterministic way. Hence, the - A e
problem should be approached on a probabilistic basis. = 7 PR

The aim of this work is two-fold: (1) to derive , ‘
the probability distributions of settlement and rota- 50.2 1 — £ /,1—/
tion of a rectangular foundation, accounting for ran— + / . o3
dom variations of compressibility, and (2) to propose & | & , il b
criteria for the use of these distributions in the ra- S l/" /,/l”
tional design of foundations. /: J

N

1 1 1 ) | | i

Notation. Letter symbols are defined where they first 0.1 ~ 5 10 50 80 95 99 999
appear, and are arranged alphabetically in the last Cumr ive frequency, percent
section of the Appendix.
Fig 1. Cummulative freguency of the coefficient of wvol
ume change, m, ?stmss level p = 1 kg/cm2)
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Furthermore, there is some experimental evidence
showing that, within a given natural soil stratum,
the coefficient of volume change, m,,, behaves as a
normally distributed random variable. This is shown
in Fig 1, where data for Mexico City clays and Chica-
go clays have been plotted on probability paper. The
fact that points corresponding to each of these clay
deposits lie approximately along a straight line
means that their frequency distribution is normal.
Compressibility data for plotting Fig 1, was taken
from Marsal and Mazari (1959) and Peck and Reed
(1954).

2. The component of the foundation settlement a-
rising from the random component of compressibility,
can be approximated by a rigid movement,

This hypothesis is reasonable for, at least,
those structures where the detrimental consequences
of tilting are most severe, such as towers, elevated
tanks, tall or slender buildings, and machine founda-
tions, since all of them have high vertical rigidi-
ties,

4abgq = total net load on the
— foundation area

2a = long axis of the foundation
| 2b=short axis of the foundation

Fig 2. Geomatry af the foundation area

Then, in the frame of reference shawn in Fig 2,
the sattlement aof the faundatian ia described by

Pix,y) = polx,y)+p +8y x+8y ....1|

where
Fb(l,y)- deterministic component of settlement

;H = vertical displacement due to the random com
ponent of compressibility

0y = rotation in the direction of the long axis
of the foundation due to the random compo-
nent of compressibility

6y, = rotation in the direction of the short axis
of the foundation due to the random compo-
nent of compressibility

3. The relationship between settlement, p , coef-
ficient of volume change, and effective vertical stress
increment Ap, under every point of the foundation is

p=f:vapdz .. 2
where H 1s the total thickness of the compressible stra
ta.

If the appropriate value of my is used in Eq 2,
the validity of this relationship has been demonstrated

empirically (Skempton and Bjerrum, 1957; Rutledge,
1964; Seed, 1564).
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Solution

The design of structural members requires a
knowledge of p,(x, y), whose computation on determin
istic grounds is a problem dealt with elsewhere -
(Sommer, 1965; Flores, 1968). On the other hand, an
analysis of the overall behavior of a soil-structure
system for the purpose of its rational design, is pos
sible only if the probability distributions of 85 and
8p , and that of the average settlement,  , can be
estimated.

The mathematical derivation of those distribu-
tions is presented in the Appendix, If, as usual, the
settlement computation is carried numerically after
subdivision of the compressible strata into N horizon
tal sublayers such that each of the variables m,, and
Ap 1s approximately the same throughout the thick-
ness of the corresponding sublayer, then the results
are as follow.

a) The average settlement, ﬁ , is a normally

distributed random function. Its expected value and
its variance are given by Eqs 3 a and b, respectively:

N
E[p] = q PAL
var[7) =(q%/16 ob)z:lflxi vi/a?

in which, the subscript i identifies quantities corre
aponding to the i-th sublayer, and

t; = CriHia;/2.3(p, +Q)

R Y |

2 . 3¢
v? = Ag var [Cr-l] / Cyi
Ag = cross-section area of specimens in which de
terminations of the compression ratio* Cpi,
were made
Cri = mean value of the compression ratio (see
. . Eas A=13b)
var[Cril = variance of the compression ratio (see Eqs
© A-13b)
Hy = thickness of the sublayer
Ky = coefficient plotted in Fig 3
-2} = vertical stress in the subsoil due to over-

lying soil, taking the depth of foundation
as the datum

Q = gross pressure on the soil-foundation con-
tact area

q = net pressure increment of the soil-founda-
tion contact area

af = coefficient plotted in Fig 6

b} The rotations in the directions of the long
and short axes, 8, and 8, respectively, are normally
distributed random functions. Their expectations and
variances are

Efs) £[6s] - 0 ... .40
var [80] = (9q2/1663b)§lflzKir:, v,z / df

var [eb] = (9¢%/16ab’) 1K EivE 7 af l

in which r3i and rfy are the coefficients plotted in
Figs 4 and S respectively.
The statistical soil parameters Ty and var[Cr1]

*+ In general, the compression ratio is defined as
Cr = Cc/(1 + eg), where C. is the compression index
(or the recompression index, when applicable) and eg
is the initial void ratio.
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Fig 3. The dimensionless parameter Ki

appearing in the results, can be computed with a good
appruximation only on the basis of a number of indi-
vidual Cpy values greater than that usually determined
for conventiaonal settlement analyses. Yet, this should
not be considered as a limitation of the present sta-
tistical approach, since the compression ratio is,
more than any other engineering property, closely re-
lated to the natural water content of a clay. Conse~
quently, a large number of values of Cry can be deter
mined at reasonable expense on the basis of that rela
tionship (Terzaghi and Peck, 1948; Peck and Reed,
1954) .

From Eqs 3 and the properties of the normal dis-
tribution, it follows that, with an arbitrary proba-
bility P, the average settlement of a foundation lies
within the interval

a[t-uPVE | <7 <aftutpiv/R] L5
f = ‘g'fl

N
Fo= (1/16ab) X f{K; vi/af

where

and u(P) is the value in the standard normal distribu
tion such that the probability of a deviation numeri-
cally greater than u(P) is P.

Similarly, fram Eqs 4, with an arbitrary proba-
bility P the rotations of the foundation are
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Fig 4. The dimensionless parameter r%i

|6, | % a u(P) /T

|8y | = qutP)/F2

where N
2 2
Fi=(9/160%b) SH7K; 15 / V5
i=1
8.2 2 2
Fz=(9/|60b"')‘}=:|fi Ki mi/ Vi
2 2
Figs 4 and 5 show that riy and rypi for a rigid
foundation are always greater than those for a flexible
one. Then, from Eq 6, the probability of rotations

exceeding a certain value increases with the vertical
rigidity of the structure, other factors being equal.

DESIGN CRITERIA

Once the probability distributions of settlement
and rotation are known, several approaches to design
are possible. Two of them will be briefly outlined be

low,

A criterion based on allowable values of settlement

and rotation

The design of every foundation involves some con
sideration regarding the settlement that can be allow
ed without endangering the stability or the servicea-
bility of the structure under design, or those of
neighboring constructions.

The average settlement allowable in buildings is
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usually limited by the permissible differences in ele
vation between some portions of the structure and
thelr surroundings, or by the flexibility of connec-
tions for utilities such as water and sewerage pipe-
lines, or else, by the amount of settlement which
will not cause intolerable damage to structures near-
by.
Calling IPoI the permissible vertical movement of
the structure, €q S implies that the average vertical
displacement will be smaller than 'PPlv with a proba-
bility P, 1f the following inequality is satisfied

|q|§|pp|/[f+u(P)m] R ¢

Similarly, if 8p denotes the permissible rota-
tion for a given structure, the design should satisfy
the condition

& 2 r
6=./62+6% =6,
Taking Eqs 6 into account, it is seen that, with

a probability P, the rotation of the structure is with
in the permissible renge if

lo| = 8,/ [utm) vF+F; ] .8

In the cases of tall, relatively rigid structu-
res, the dominant consideration in limiting the allo~-
wable tilting is generally human sensibility. In fact,
according to Skempton and MacDonald (1956), the value
of 8 where tilting of high, rigid buildings might be-
come visible is close to 1/250, whereas structural
damage probably starts to be of concern for values of

approaching 1/150.

More generally, if the shift of the line of ac-
tion of the loads due to tilting is negligible, the
permissible rotation of rigid structures certainly
depends on the height of the structure, and only on
that.

On this basls, the followlng value is proposed
for the permissible rotation of structures where hu-
man perception of tilting is the dominant factor®*

8p = 1/(100 +3h) ... 9

Here, h 1s the height of the structure in meters.
It is seen that Eq 9 gives 6 = 1/100 for h = O, which
is about the 1limit of perceptible deviations frum
horizontality in a floor; and 8h £ 0.33 m for every
h. For intermediate values of h, Eq 9 gives values of
8 in agreement with the observations of Skempton and
MacDonald (1956). It also excludes the possibility of
rotations endangering stability, since the maximum
horizontal displacement of the tallest structure is
limited to 0.33 m.

Regarding the allowable rotations of machine
foundations, Bjerrum (1963) mentions that 1/750 is
the 1limit where difficulties are to be feared. In
the lack of more specific information, this limit
might be used for @y in the case of machine founda-
tions.

When using the design approach based on allowa-
ble values of settlement and rotation, the probabili-
ties of not exceeding those values should be selected
at a level consistent with the implication of each
event, i.e. excessive settlement or tilting.

A criterion based on cost minimization

When the necessary statistical information is
avallable, a better approach to design is based on
the condition of minimum of expected cost (see for

* This equation was suggested to the authors by Or. E.
Rosenblueth, of the Universidad Nacional Auténoma de
México.
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example Turkstra, 1962; Rosenblueth, 1969/, accounting
for all possible sources of costs and their corre-
sponding probabilities. Yet, the method has limita-
tions because of the lack of quantitative informa-
tion regarding the relationship between cost and dam
age, and the difficulties of evaluating some possible
outcomes of the design in monetary terms.

However, 1f these limitations are kept in mind,
the results of a cost-minimization approach based on
reasonable assumptions are of interest.

For the case under discussion, it will be con-
sidered that the cost of the structure is given by

Cr=Co+C, +C

where
Co = 1initial cost
CP =« present value* of the cost due to settlement
CB = present value®* of the cost due to tilting
It will be further assumed that
Co=Caf 2 e e 10
where Cq to C4 are constants and Df is the depth of
foundation.
Thus, since Df = (@ ~ q)/y , the expected total
cost is

E[Crl= €+ Co(Q-q)/y+ C3E[5%] + CLE[67]
Here, fram Eqs 3

2
-2 - - 2
E[p°) =var[p]1 +(E[5 1) = q3(f* + Fy)
and, similarly, from Egs 4
E[69- E63 +0§]=vor[9.,] +var[9|,] = q2(F, +F,)

* Assuming the design decision is made at time t = O,
the present value of the cast due to damage oc-
curring at t = t, is its equivalent cost at t « O.
Then, if A is the rate of intersst. the present val
ue is the cost at t = t4 times e~""1

Table I. Computation of f, Fo' F1 and F

Use of these 1n ElCTJ glves:
E[Cy) = C1+C,(Q-q)y +q¥[Col P+ R +Cy(F #R)] ...l
If H>> D¢, the functions f, Fo» Fq and Fp are
but very slightly sensitive to changes in D¢, which
means that they can be considered independent of q.
Thus, the condition for a minimum of E[CT] being
dECr] /da = O, the following is obtained for agp,
the net pressure increment that gives a minimum ex-
pected total cost: 2
Gop =Co/27 [CfF R +C(Fy v F)] L

A NUMERICAL EXAMPLE

Consider a structure 50 m in height with 2a=20m,
2b = 10 m. Suppose three floors are required for
parking facilities so that the space from excavation
down to any depth Df < 9 m is, in principle, usable.

The gross weigth of the foundation-structure sys
tem is estimated to be W = 3400 + 70 Df (tons), with™
Df in meters.

P -4

Cr = 0.20
18m y =1.8 ton/m3 ) -
ve =9X10°m

3 C, =015
10m y =1.65ton/m* . > 2
=2X10°m’

P77 77777727 777277272727 7777277777777

Incompressible

Fig 7. Soil profile and properties for the example

2
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The soil profile and properties are shown in
Fig 7.
The following is to be determined:
a) The minimum Of for which the probability of a
rotation within the permissible range given by Eq 9
is 0.99
b) The minimum Df for which the probability of
an average settlement less than 15 cm is 0.95
c) How the results for (a) and (b) compare with
the optimum depth of foundation for the hypotheses of
costs given by Eqs 10 under the following conditions:
c1) Since the excavated space is usable, the ini
tial cost of the project is estimated to in-
crease only about 3 percent per meter of ex-
cavation. Then in Egs 10, C3/Ci~ 3x102 m~1

c2) An average settlement of 0.3 m 1s estimated
to imply a cost whose present values is about
10 percent of the Initial cost of the pro-
Ject. Then in Eqs 10, C3/Cy ~ 1.14 m=2

c3) A rotation of 1/100 is estimated to imply a
cost with a present value of about 15 per-
cent of the initial cost of the project.
Then, in Egs 10, C4/Cq ~ 1.5 x 103

Solution for the criterion of allowable settlement
and rotation

The values of the parameters involved in the
solution are computed in table I, assuming infinite
vertical rigidity of the structure. From these val-
uves the following is obtained:

1. For requirement (a) of the example, P = 0.99,
then u(P) « 2.58 and, from Eq 9 Bp = 1/250. Thus,
from Eq 8%

la| =1/(250x2.58x9.65x10%) =16.1 ton/m?

2. For requirement (b) of the example, P = 0.95,
then u(P) = 1,96. Thus, from Eq 7:

|a| =0.2/(2.81x10%+1.96x2.35x10%=7.1 ton/m?

Therefore, requirement (b) prevails and the mini
mum depth of foundation for the criterion of allo-
wable settlement and rotation is computed from
Of = (@ -q)/y . with [q] < 7.1 ton/m2 which gives
Of » 6.8 m.

Solution for the criterion of cost minimization

Substitution of the pertinent data in Eq 12
gives

Gop = 3x1072x1.8[1.14(7.84x16%5 5x10%+1.5¢10 x9.3x13]

. q°p=9.l ton/m?
from which, Dy = 5.5 m

Comparison of results

Notice that, under the assumptions adopted for
the analysis of this particular example, the criteri
on of cost minimization and that of allowable settle
ment and rotation, give solutions which are similar
to each other: a difference in Of little greater
than 20 percent results between the two criteria.
Furthermore, the computations involved are so simple
that several analyses can be made with alternative
hypotheses (and in a practical case this should be
done) in order to judge the sensitivity of the results
to these hypotheses.

It is also apparent that for typical urban struc
tures on compressible soils with a coefficient vf
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of the orden of 0.1 m or smaller*, the controlling
parameter is f, while F,, F4 and Fp have practically
no effect on design decisions.

CONCLUSIONS

1. From statistical considerations, the average
settlement of a foundation can be regarded as a nor-
mally distributed random function with mean and vari-
ance given by Eqs 3

2. Similarly, the rotations around the principal
axes of the foundation are normally distributed about
zero and their variances are given by Egs 4

3. Other things being equal, the probability of a
rotation exceeding a certain value increases with the
rigidity of the foundation

4. The results permit a rational approach to the
design of foundations whose settlement and rotation
are to be kept within tolerable values. Furthermore,
when information is obtainable, or assumptions can be
made regarding the potential costs of tilt and settle
ment, the results given can be used to arrive at a
design that minimizes the expectation of total cost

5. The methods of analysis ‘suggested involve com
putational work that is but little greater than that
required in a conventional settlement analysis.
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APPENDIX. MATHEMATICAL DEVELOPMENTS

Determining the probability of settlement and rota-
tion

The following are equations arising from the
hypotheses of the paper:

P(x,y)=p°(x,y)+p,+90x +8,y |
H
p(x,y)=f°mv(x,y)Ap(x,y)dz )

Settlement analyses are usually made by numeri-
cal integration of Eq 2, after subdivision of the
compressible strata into a number of horizontal sub-
layers such that m,, and [Sp are both approximately
constant throughout the thickness of each sublayer,
under a certain point of the foundation area.

From hypothesis 1, the coefficient of volume
change for the i-th sublayer may be written:

myg w9y ey . A
where
m@{ = mean value of m,i, a constant for each sub-

layer

m,1 = deviation of m, from the mean, a random varia

ble for each sublayer
Similarly, the net vertical stress increment may
be written

Ap, = Ap’+ Ap) ... AS2

where Z&pi is the deterministic componente of [Spi,
and [Spi is its deviation from

Since myi is a normally distributed random vari
able, it follows that m}j 1s normally distributed as
well. Its mean and covariance are, respectively

E[mh]=0

...A-3
cov[m(,;(V,),mQ;(V’j}covE'nw-(\'/J LtV 2 86y, -\p)
where V are the position vectors of arbitrary

volume lem nts within the corresponding sublayer,
8(vy - V) 1s the Dirac delta function and sf is an
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empirical parameter whose determination is discussed
in a later section of this Appendix.

Combining Egs 1, 2, A~1 and A=2, and eliminating
the deterministic components:

P, +6ax +9by=l_2['nv.Ap.+(m +mv.)Ap] . ...A-4
where N is the number of sublayers used in the numari
cal integration.

From the concept of the coefficient of subgrade
reaction, the second term in the right-hand side of
Eq A4 mey be written:

z (mGi+m, )ZSP|H kao/k
where [Spb is the value of lﬁpi at z =« 0, and kg 1s
an appropiiate coefficient (Terzaghi, 1955) Using
this in Eq A-4 ylelds:

N
App= ks[P+9ox+9by -2 m'v-.Ap".H;] ....A-8

From equilibrium conditions:
L1 W
Lot Apx,y)dxdy =4 abg

[:I:Apo(*.y)xdxdwo
-/::.[-zApo x,ylydxdy=0

and

./-.:.[:Ad)o(‘.y)dxdy =4 abq ]
./::I:Apﬂ(x.y)xd; dy=0
-[:.[: Ap%(x.y)ydx dy=0

where [Spb 1s the pressure increment on the founda-
tion area, ApY is the value of [Sdi at z « 0 and g
is the average pressure increment at the depth of
foundation.

From Eqs A-2 and A-6 it follows that

/::/::Apa(x.y)dxdy=o
.[:,/.‘:APB(! ,¥ )xdxdy=0

./-:./-:APC',(X ,y)ydxdy=0

Substitution of Eq A-S in Eq A-7 results in a
system of three equations with three unknowns, from
which

J

N

Py (I/4ob).[:f: [i‘l il e, y) ey

b N
90=(I/Iy)./_-::j:b [IZ' m'v.'Ap;g(x,y)Hi]xdxdy ,....A-8

9,,=(|/1,)_/_':[: [%' m:,-,Ap?(x,y)H-‘]ydxdyJ

where I, and I,, are the moments of inertia of the
foundation area with respect to x and y,

Notice that Eqs A-8 are independent of kg; then
the actual value of this coefficient in Eq A=-S 1s
irrelevant,

From Eq A-8 and the Central Limit Theorem,;n ,
8 a and8, have normal distributions. From Eq A-3 and
the rules of integration of stochastic processes
(Parzen, 1964):
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vor[p,] (I/IGozbz)[:_[:{gll[s, Ap‘{(x,y)H-lz}dxdy
- var [p,] =(1/16 62b?) E ¢ H-z{ f 7D[Ap?(x,y)]<zixdy}
vor[9°]=(l/ly )Z Hz{f f A;?(x,y)]z dldy

var [9.,]=(I/I )}:slH {fuf [Ap.(x,y)]ydxdy}
Eln]-E ef6)- £[6y)- o

The integrals in the right-hand side of Egs A-9
depend on the geometry of the foundation area and on
the pressure distribution at the mean depth z4 of
the corresponding sublayer. For a specific problem,
i.e. for a foundation of given geometry and rigidity,
those integrals are functions of zi only, and they
can be written as follows:

,[:_[: [Ap‘i’(x,y)]zdxdy =oqul'<.l

.[:./_: [Ap? (i.Y)]z)(zdx dy:u’qu K; razi

fa /b [Ap? (x.y)]zyzdxdwob’q"' Ki rdi

Here, Ky, riiund r%i are dimensionless parame-
ters depending on a/b, zj//ab and on the contact-
pressure distribution. They have been computed by
numerical integration of Eqs A=10 and are plotted in
Figs 3 to 5 for both, infinitely rigid and infinite-
ly flexible foundations., The numerical integration
of Eqs A-10 in the case of flexible bases was per-
formed using Fadum's (1948) solution for Ad}. The
method of integration for the case of rigid founda-
tions has been developed and described by Elorduy et
al (19685).
~  Substitution of Egs A-10 into Eqs A-9 results
in the following:

~A-9

N
vor[p,] *(q*/160b) X & HK,

N
var o] = (967/160°b) SHEK, &

N
var Bb] = (9¢%16ab) & S HEK, r2,
(¢

J-cla] - <[] -0

where, py , 96 and eb are normally distributed
random functions.

Now, let p be the average of p(x, y) and po
that of pg (x, y). Then from Eq 1,5 = Po + p4 and,
since pq has been found to be normally distributed,
the same holds true for p, its mean and variance

bein
B S

wr 7] - vor [ o]

It is known that, for rectangular plates, the
difference in p, between the extreme case of zero
and infinite foundation flexibility is not larger
than three percent (Barkan, 1963). Therefore, for
practical purposes and for every degree of founda-
tion rigidity, p0 be estimated from Eq 2 using
my = m{y and Ap -cﬁiai, where

e (l/4c|b)f f Apix,y)dxdy = a;q

is the average of the stress increment for the i-th
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sublayer, corresponding to a uniform load distribu-
tion over the Foundatign area. Then in Eq A-12a
Z myi Ap}H Zm“q aHi .. ... A-42b

The cnefficient di has been computed as a func-~
tion of a/b and z3/+~ab and is given in Fig 6.

Egs A-11 together with Eqs A-12a and b constitute
the mathematical solution to the proposed problem.

Determining the statistical soil parameters

Let myj represent experimental values of myji from
laboratory tests on samples of the i-th sublayer. Then
myi = (1/74,) mVl(x,y)dA

where Ag is the crnss-section area of the test specil-
men for which m,j was determined.
Therefore

vur[ﬁvi] =(1/A )zvorf myi(x,y) dA

From the rules of integration of stochastic proc
esses (Parzen, 1964) the variance of the integral in
the right-hand side is

orL mv-ldA='£ {j; cov[mw(V,),m,,-.(Vz)] dA,} dA,
In':"troducino E; A=3 1626 the‘Iast integration:

o [t | (| 83y anf | & dhe

Substitution o? this in the equation for var[mvﬂ

ylelds
si = Ay var [m“]

Now, m,q may be written in terms of Cpi, the
compression ratio, as follows

Mvi = (Cri/ Bp}) log, (1+Bp/ poi)

where pgy 1s the eff
for sublayer i, and
defined.

Then, m%; and sf become:

ive vertical stress in situ
pl = @yq has been previously

m3i= (Eri/aiq) |Og|0(]*aiq /po“) .
2 onur[C,J [(I/aiq)loglo(haiq/poi)]
Hera,
= _1 &
Cri= TT'EE Cr
1T [c -e.1?
vor[C”] = [I/(n 15_]]2::‘ [Cr, C”]

C#i (4=1,2, ... n) being a set of n experimental
values of the compression ratio for the i-th sublayer.

+« A-130

"
"

A-13b

Simplifying the results

In the general case, the in situ vertical stress
Pos should be uritten.
= py+y Dy
where pi is the veé%ical stress in the subsoil taking
the depth of foundation Of as the datum, and 7y is
the average unit weight of the excavated soil. Further
more,

D¢=(Q-q)/y

where Q is the gross pressure on the soil-foundation
contact area. Therefore

Poi* P +Q-q
and, in Eqgs A-13a

log,o(1+a,9/p )= Ioglc{ [pi+Q-Q(I-a‘)]/pi+Q-q)}

whose expansion in a Taylor's series gives
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In many cases, the ratio q/(py + Q) will be much
smaller than unity (in fact, the heavier the structu
re and the more compressible the foundation soil, the
smaller that ratio will be), Thus the first term of

the series will generally suffice as an approximation,

i.e.,
log,, (1+a@;q /pg) = @,q/23 (p;+Q)

Then, from Egqs A-11 to A-14 the following re-
sults are finally obtained:

a) The average settlement, § , is a normally
distributed random function. Its expectation and
variance are

_ N
E [p] =q E:lfi e 3a
var [3] = (a/16ab) 2, K V2 /a? ..3b
where
fi = CiH; @723 (p;+Q)
. 3¢

#enpwr[c] / E2

b) The rotations in the directions of the long
and short axes, 93 and Gb respectively, are normal
ly distributed random functions, Their expectations
and variances are

E[6o=E[6) - 0

N
vor[ea] = (9¢2/160°b) 12) 2K ravir &

.4a

; .4b
vor[eb] = (99%/160b%) T £2 K i ver of

Notation

a = half the length of the foundation area

A = area

Ao = cross-section area of consolidation specl
mens

b = half the width of the foundation area

Co = initial cost of the project

Cri = compression ratio for the i-th sublayer

Cri = mean value of Cpq

Ct = total cost of the project

Cg = present value of the cost due to tilting

CP = present value of the cost due to settle-
ment

Cq to Cq = constants (see Eqs 23)

£ = depth of foundation

e[ ] = mathematical expectation of

f, Fo, Fq, F2, functions (see Eqs 5 and 6)

h = height of the structure, in meters

H = total thikness of compressible subsoil

Hi = thickness of the i-th sublayer

iy 3, = integers

I‘,I , = moments of inertia of the foundation area

ks y = coefficient of subgrade reaction

ki = dimensionless parameter (see Fig 3)

L = coefficient of volume change for the i-th
sublayer

nfi = mean value of m

m?’ « deviation of m Y'from the mean

—vi vi

m i = experimental value of m oy

n = number of experimental values of C_.

N = number of sublayers used in the numerical
integration

Py = effective vertical stress in the subsoil

taking the depth of foundation’ as the
datum
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Xy Yy Zy

g(V Vo)
Apﬁl.y
Z&vkx,y)
Ap(x,y)
Apy(x,y)

8
2 (x,y)
Po (lvy)
Py
5
Po

effective vertical stress in situ

a probability

average net pressure increment on the founda
tion area -
gross pressure on the foundation area
optimum value of q, for cost minimization

a dimensionless parametsr {see Fig 4

a dimensionless parameter (see Fig 5

a measure of the variance of m,y (see Eq
A-3)

value in the standard normal distribution
such that the probability of a deviation
numerically greater than u(P) 1s P

a measure of the coefficient of variation

of myi (see Egs ac)

variance of

position vector of an elemental volume of
soil

coordinates (see Fig 2)

a dimensionless parameter (see Fig 6)

unit weight of the soil

Dirac delta function

net vertical stress increment, in sublayer i
deterministic component of ZSp‘

deviation of Ap; from the mean

value of Apj at z =« O

deterministic component of Z&po

deviation of Apg from the mean

rotation of the foundation

rotation of the foundation in the direc-
tion of a

rotation of the foundation in the direc-
tion of b

permissible value of 8

settlement at point (x, y)

deterministic component of p (x, y)

uniform settlement due to the random compo
nent of compressibilit
the average of p (x, y
tion area

the average of p,(x, y) over the founda-
tion area

over the founda-



