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A ONE-DIM ENSIONAL M ODEL FOR PROGRESSIVE FAILURE.
UN E M ODELE UN IDIM EN SION N ELLE POUR LA RUPTURE PROGRESSIVE
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R. V. WHITM AN, Professor of Civil Engineering 

M assachusetts Institute of Technology, Cambridge, M assachusetts, U. S. A.

SYNOPSI S A mat hemat i c a l  mode l  f or  t he p r ogr es s i v e  f a i l ur e of  a s i ngl e l ay er  bonded t o a 
r i g i d bas e i s  dev e l oped f or  el as t i c ,  p l as t i c ,  and s t r a i n s of t en i ng behav i or  of  t he bondi ng 
mat er i a l .  I nc l i na t i ons  of  t he s l ope and f r i c t i onal  s t r engt h ar e i nc l uded.  The s ol ut i ons  
ar e pr es en t ed  i n d i mens i on l es s  f or m and i n t er ms  of  c onv ent i onal  soi l  mec han i c s  par amet er s .  
The i n i t i a t i on  of  a f a i l ur e s ur f ac e i s s hown t o depend l ar gel y  upon t he s wel l i ng pot ent i a l  
of  t he s oi l  and t he i n i t i a l  l a t er al  s t r es s es ,  and c an oc c ur  ev en i f  t he c onv ent i onal  f ac t or  
of  s af et y  agai ns t  f a i l ur e at  peak  s t r engt h i s  hi gh.  The ex t ent  of  p r opagat i on of  t he 
f a i l ur e s ur f ac e depends  f ur t her  on t he r es i dual  f ac t or  of  saf et y .  A s i mpl e c har t  al l ows  
t hes e i n t er ac t i ons  t o be s t ud i ed eas i l y .

I NTRODUCTI ON

Sk empt on ( 1964)  and Bj er r um ( 1967)  hav e de ­
s c r i bed t he f a i l ur e of  s l opes  c ut  i nt o ov er ­
c ons o l i da t ed  c l ay s  or  c l ay  s hal es  and hav e 
s hown t hat  s uc h f ai l ur es  c an oc c ur  as t he 
r es u l t  of  p r ogr es s i v e  s of t en i ng and s t r a i n ­
i ng of  t he c l ay  ov er  t he y ear s  af t er  t he cut  
was  made.

Bef or e a c ut  i s  made  i nt o s uc h soi l ,  t her e 
ex i s t  l ar ge,  hor i z ont a l ,  c ompr es s i v e  s t r es s ^  
es,  wh i c h  ar e r e l eas ed at  t he s ur f ac e of  
t he s l ope by  t he d i gg i ng of  t he cut .  Cons e ­
quent l y ,  t he c l ay  t ends  t o swel l ;  i t  ma y  t hen 
l os e s t r engt h and y i e l d  p l as t i c al l y .  I f  
t he p l as t i c  y i e l d i ng c aus es  f ur t her  l os s  of  
s t r engt h,  f ur t her  p l as t i c  f l ow may  oc c ur  un ­
t i l  t he c o l l aps e of  t he s l ope.  Ther e i s a 
c omp l i c a t ed i n t er ac t i on be t ween t he s t r es s es  
c aus ed by  t he we i gh t  of  mat e r i a l  i n t he 
s l ope,  t he s t r es s es  r e l eas ed by  ex c av at i on,  
t he s wel l i ng of  t he soi l ,  t he i n i t i a l l y  
av a i l ab l e  s t r engt h  of  t he s oi l  ( peak  s hear  
s t r engt h) ,  t he s t r a i n- s o f t en i ng  of  t he soi l ,  
and t he f i nal  s t r engt h of  t he s oi l  ( r es i dual  
s hear  s t r engt h. )

I n addi t i on  t o l abor at or y  s t udi es  of  t he 
peak  and r es i dual  s t r engt hs ,  s wel l i ng po t en ­
t i al ,  and ot her  mat e r i a l  pr oper t i es ,  t heor e ­
t i c al  anal y s es  ar e needed t o under s t and how 
t hes e v ar i ous  f ac t or s  i nt er ac t .  The ge o me ­
t r y  of  t he pr ob l em i s c l ear l y  t wo or  t hr ee 
d i mens i onal ,  bu t  muc h  i ns i ght  c an be ga i ned  
by  s t udy i ng a s i mpl er  mode l  t o s ee t he e f ­
f ec t  of  t he v ar i ous  f ac t or s .

BASI C MODEL

The one d i mens i ona l  mode l  c ons i s t s  of  a s i n ­
g l e l ay er  of  t h i c k nes s ,  h,  of  e l as t i c  ma t e r ­

i al  whos e ex t ens i ona l  s t r ai n i s r e l at ed t o 
t he t ens i l e  s t r es s  ( or  t he dec r eas e i n c om­
pr es s i v e s t r ess )  by  a modul us ,  E.  Thi s  mo d ­
u l us  c an a l s o be c ons i der ed as  a s wel l i ng 
pot ent i a l .  The l ay er  has  an i ni t i a l  c ompr es ­
s i v e s t r es s ,  a , and i s  bonded t o a r i gi d 
base,  as i s s hown i n Fi g.  1.  I n i t i a l l y  a i s 
t ak en as  zer o.

Fi g.  1 Bas i c  Model

I f  a i s  r emov ed,  t he l ay er  wi l l  t end t o 
s wel l  t o t he r i ght .  How f ar  i t  wi l l  mov e 
depends  on t he na t ur e of  t he bond bet ween t he 
l ay er  and t he base.  Us i ng t he c onv ent i on 
i l l us t r a t ed i n Fi g.  1 and c al l i ng d i s pl ac e-
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ment s  u,  and l oc at i ons  x,  one c an dev e l op  
t he equ i l i b r i um of  an i n f i n i t es i mal  el ement ,  
wh i c h  l eads  t o t he bas i c  equat i on:

Eh
d 2u

dx

( 1)

where t i s  the shear s t r e s s  i n the bond

SOLUTI ONS FOR VARI OUS STRESS- STRAI N 
RELATI ONS

Ther e  ar e many  pos s i b l e  r e l a t i ons  be t ween 
t he s hear  s t r es s  c ar r i ed by  t he bond,  t ,  
and t he r e l a t i v e d i s p l ac ement  be t ween t he 
l ay er  and t he r i g i d base,  u.  One of  t he 
s i mp l es t  oc c ur s  i f  t her e i s no r e l a t i v e  d i s ­
p l ac ement  unt i l  a c r i t i c a l  s hear  s t r es s ,  c,  
i s r eac hed,  a f t er  wh i c h  t her e i s  no f ur t her  
r es i s t anc e t o mot i on  al ong t he bond.  Suc h 
a r i g i d - p l as t i c  bondi ng mat er i a l  g i v es  eq ua ­
t i ons  t hat  ar e eas i l y  s ol v ed t o g i v e d i s ­
p l ac ement s  al ong t he f a i l ur e sur f ac e:

( 2 )

and t he ex t ent  of  t he p l as t i c  f a i l ur e s u r ­
f ac e :

CR
o^ h

c ( 3)

The negat i v e  s i gn ar i s es  bec aus e t he s ur f ac e 
mus t  p r opagat e  t o t he l ef t  i n t he - x  d i r ec ­
t i on .

For  l i near l y  e l as t i c  r e l a t i on bet ween x and 
u i n wh i c h  t her e i s nev er  any  y i el d i ng,  t he 
bas i c  equat i on i s agai n eas i l y  s ol v ed t o 
g i v e  :

(Ejl) 1 /2 exp ( 4)

A c ombi nat i on  of  t he t wo pr ev i ous  s t r es s -  
s t r a i n r e l a t i ons  g i v es  a l i near l y  e l as t i c  -  
per f ec t l y  p l as t i c  mat er i a l ,  i l l us t r a t ed  i n 
Fi g.  2.  The t wo pr ev i ous  s ol u t i ons  ar e mo d ­
i f i ed t o i ns ur e c ompat i b i l i t y  and equ i l i b r i ­
um at  t he s ec t i on wher e t he bond c hanges  
f r om p l as t i c  t o el as t i c .

Fi gur e 3 s hows  a l i near l y  e l as t i c  -  s t r a i n 
s of t en i ng ma t e r i a l  wh i c h  has  a peak  s hear  
s t r engt h,  C , and a r es i dual  s t r engt h,  C . 
The s o l u t i on f or  t hi s  c as e i s v i r t ua l l y  r  
i dent i c a l  t o t he s o l u t i on f or  t he per f ec t l y  
p l as t i c  ma t e r i a l  ex c ept  t hat  t he r a t i o  b e ­
t ween peak  and r es i dual  s t r engt h i s  un i t y  
f or  t he per f ec t l y  p l as t i c  mat er i a l .

I NCLI NED SLOPES AND FRI CTI ONAL MATERI ALS

The bas i c  mode l  c an be mod i f i ed  t o r ep r e ­
s ent  an i nc l i ned l ay er  by  t ak i ng o not  equal  
t o zer o.  The we i gh t  of  mat e r i a l  i n t he

Fi g.  2 El as t i c  Per f ec t l y  Pl as t i c  Soi l

r

Fi g.  3 St r a i n Sof t en i ng Soi l

l ay er  n ow ent er s  t he c a l c ul at i ons ,  f or ,  i f  
i t  has  a uni t  we i gh t  of  y t her e wi l l  be a 
v er t i c a l  f or c e on eac h Ax Df  t he bondi ng ma t ­
e r i a l  equal  t o ' »hAx.  Thi s  wi l l  g i v e  a c om­
ponent  of  s t r es s  >h cosa,  nor mal  t o t he 
s l ope and a c omponent ,  Vh s i n a , par a l l e l  
t o t he s l ope.  I f  t he av a i l ab l e  s hear  
s t r engt h,  C , or  C , i s t hen r educ ed by  t he 
amount  nec es s ar y  t o ho l d  t he s l ope i n p l ac e 
bef or e 0Q was  r emov ed,  namel y ,  *fh s i n a,  a 
new set  of  s t r engt hs ,  C ' and C ' ar e f ound.  
Thes e s t r engt hs  c an be § sed i n al l  t he equa ­
t i ons  f ound abov e bec aus e t he r es t  of  t he 
pr ob l em i s i dent i c a l  t o t hat  f or  t he f l at  
l a y e r .
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I t  i s  now pos s i b l e  t hat  C ' may  go t o z er o 
i f  C i s equa l  t o yh s i n a.  Thi s  c or r es ponds  
t o a r c r i t i c a l  h or  c r i t i c a l  v er t i c a l  dept h 
Z= h/ c os  a,  f or  wh i c h  a f a i l ur e  s ur f ac e,  onc e 
s t ar t ed,  wou l d  p r opagat e  t o i nf i ni t y .  Suc h a 
c as e c annot  oc c ur  f or  a hor i z ont a l  l ay er .

A f r i c t i ona l  ma t e r i a l  c an a l s o be c ons i der ed 
s i mpl y  by  r ep l ac i ng C and C by  t he i r  equ i ­
v a l en t  f r i c t i ona l  s heSr  s t r engt hs  i n t er ms  
of  c ohes i on,  Cp or  Cr , and f r i c t i on,  or  4>r .

The new s t r engt hs  ar e her e c a l l ed S and Sr  
t o d i s t i ngu i s h  t hem f r om t he c ohes i v e  c om­
ponent s .  For  i nc l i ned s l opes  t he s t r engt hs  
ar e agai n  r educ ed by  yh s i n a t o bec ome S ' 
and S'  . The s o l u t i on  i nc l udes  al l  pr ev i oBs  
s o l u t i ons .

I t  i s  pos s i b l e  t hat  a f a i l ur e  s ur f ac e may  not  
s t ar t  at  al l  i f  t he s t r engt h  i s l ar ge enough 
or  o t her  c ondi t i ons  ar e met .  By  ex ami n i ng 
t he s o l u t i on  f or  t he e l as t i c  ma t e r i a l  and 
c ons i der i ng  when  t he s t r es s es  wi l l  ex c eed  S , 
a c r i t e r i on  of  f i r s t  y i e l d  c an be f ound.

I n o r der  t o s t udy  t he ef f ec t s  of  v ar y i ng t he 
par amet e r s  i t  i s  c onv en i en t  t o r es t a t e  t he 
equat i ons  i n d i mens i on l es s  f or m.  The f o l l ow­
i ng f our  d i mens i on l es s  quan t i t i es  wer e c hos en 
as  t he bas i c  ones .

and t he p l as t i c  d i s p l ac ement s  ar e:

u
h

1 r P go
2 S1-  " ^o E

P

2

(K> - ^ C R

?  [«S' -  O o ]

(8)

I f  no y i e l d ev er  oc c ur s ,  t he e l as t i c  d i s ­
p l ac ement s  ar e:

u ° o . E , 1/>2
h = È"  (kh> ex P

1/ 2  , kh.  x
' e ' h

( 9)

EXPRESSI ON I N TERMS OF CONVENTI ONAL SOI L  MECH 
ANI CS PARAMETERS

The hor i z ont a l  i n s i t u s t r es s  c an a l s o be 
ex pr es s ed as  k yZ wher e  k Q i s t he c oef f i c i en t  
of  l a t er al  ear t h  p r es s ur e  at  r es t ,  y i s t he 
uni t  we i gh t  of  t he soi l ,  and Z i s t he d i s *  - 
t anc e f r om t he s ur f ac e.  The t ot a l  f or c e ov e j  
a uni t  t h i c k nes s  of  a f ac e wou l d  be 1/ 2 k ^ y h 
so aQ c an be r ep l ac ed by  1/ 2 k 0 Yh.

s'
p

t he r at i o 
s t r es s  t o 
av a i l ab l e

H e
S'

r

t he r at i o 
av a i l ab l e

E
kh

t he r at i o 
l ay er  and

ao
E

t he r at i o 
s t r es s  t o

One c oul d  anal y z e t he s t ab i l i t y  of  a s l ope,  
s uc h as  t hos e c ons i der ed her e,  by  t he c onv en ­
t i onal  means  of  t ak i ng t he r at i o of  t he r e ­
s i s t i ng s hear  f or c es  t o t he dr i v i ng f or c es  
c aus ed by  t he we i ght  of  t he soi l .

The f ac t or  of  s af et y  f or  peak  s t r engt h  wou l d  
b e :

+ yh c os a t an<t >p 
y h s i na

( 1 0 )

and t hat  f or  r es i dual  s t r engt h  woul d be:

The us e of  t hes e par amet er s  a l l ows  t he s o l u ­
t i ons  t o be s ummar i z ed as  f ol l ows :

Fi r s t  y i e l d  oc c ur s  i f :

_ r  + yh c os a t an<t >r  
r  yh s i na

( 1 1 )

[TThJ

The ex t en t  of  t he f a i l ur e  s ur f ac e i s:

( i )  h CR
p

1 / 2

The e l as t i c  d i s p l ac ement s  ar e:  

E ° 0

R H -r -i T exp
u
ÏÏ

, kh.  1/ 2 a o 
{E ' . S^ p

S'  S'
ex p

( 5)

( 6 )

( 7)

The f ac t or  of  s af e t y  agai ns t  t he f i r s t  y i e l d 
c an be f ound f r om equat i on  ( 5) ,  wh i c h  def i nes  
t he c ond i t i ons  nec es s ar y  t o i n i t i a t e t he 
f a i l ur e s ur f ac e.  Subs t i t u t i on  of  t he c onv en ­
t i onal  s oi l  mec han i c s  par amet er s  g i v es  t he 
f o l l owi ng equat i on  f or  t he f ac t or  of  s af et y  
agai ns t  f i r s t  y i el d,  FS :

1/ 2

FSy = <&> <FSp "  D ( 1 2 )

Subs t i t u t i on  of  t hes e par amet er s  i nt o equa ­
t i on ( 6)  f or  t he ex t ent  of  t he f a i l ur e  s u r ­
f ace,  and s ome a l gebr a i c  man i pu l a t i ons  l eads  
t o

543



CHRISTIAN and WHITMAN!

' ï ^ CR
2 s i ng 

K h r 1-  i ] [ , s y " x] (13)

whi c h  ex pr es s es  t he ex t ent  of  t he f ai l ur e 
s ur f ac e i n t er ms  of  t he angl e of  t he s l ope,
K , and t he f ac t pr  of  saf et y .  Thi s  enabl es  
t ne anal y s i s  t o be s ummar i z ed i n a di mens i on-  
l es s  pl ot ,  Fi g.  4.

I n Fi g.  4 t he or d i na t e  i s  t he f ac t or  of  s a f e - 
t y  agai ns t  f i r s t  y i el d.  I f  t he l a t t er  i s  
g r eat er  t han one,  no  f a i l ur e  begi ns .  I f  t he 
r es i dual  f ac t or  of  s af et y  and t he f ac t or  of  
s af e t y  aga i ns t  y i e l d  ar e bot h  l es s  t han one,  
t ot al  f a i l ur e occ ur s .  I n t he r egi on wher e  
y i e l d i ng c an oc c ur  but  wher e  u l t i mat e f a i l ­
ur e c annot ,  l i nes  ar e p l o t t ed  f or  c ons t ant  
v al ues  of

<- > 
h CR

2 s i ng 
K

Fi gur e 4 can be us ed by  c a l c u l a t i ng  FS and 
FS , f i ndi ng t he d i mens i on l es s  par amet e r

(—) h CR
2 s i ng 

Kb 
/ X\and t hen c omput i ng ( j ^ c r  f r c m k nown v al ues

of  a and k . Ex ampl es  ar e s hown i n t he 
nex t  sec t i on.

Of  t he par amet er s  us ed so f ar  t he s hear  c on ­
s t ant  k i s t he har des t  t o def i ne r a t i ona l l y  
and t o meas ur e.  I f  one has  ex per i ment a l  ev i ­
denc e of  t he r e l a t i v e d i s p l ac ement  at  peak  
s t r engt h,  u , t he par amet er  k c an be r e d e -  
f i j f ed as t hey r at i o of  peak  av a i l ab l e  s hear  t o 
r e l at i v e d i s p l ac ement  at  peak  shear .  Thi s  
l eads  t o a new equat i on  f or  FS :

FS =
y

Eu s i na ( FS -1)  
__________ P -

Ko h

( 14)

EXAMPLE PROBLEM

As  an ex ampl e of  t he us e of  t he c har t  of  Fi g.  
4,  a p r ob l em was  c hos en wi t h  d i mens i ons  and 
mat e r i a l  p r oper t i es  c ompar ab l e  t o t hos e f or  
a r eal  case.  The f o l l owi ng pr oper t i es  wer e 
not  c hanged t h r oughout  t he c al c ul at i ons :

k o = 2 
a = 5°

y = 100 pc f

* p = 21. 6°

C = 1300 ps f  
P

<t>r  = 9. 5»

H I  H r )
-0 .0 5t

\

F. S. r

Cr  = 900 ps f

The v al ues  of  4> and C wer e  c hos en f r om t he 
dat a on Cuc ar ac ha s hal e r epor t ed  by  Hi r s c h-

F i g .  4 Di me n s i o n l e s s  Re s u l t s
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f el d,  et .  al .  ( 1965) .  Tab l e  I  s ummar i z es  
t he v a l ues  of  E,  h,  and u and t he r es u l t i ng 
f ac t or s  of  s af e t y  FS , FS^  and FS . The 
l engt hs  of  t he f a i l ur e  s ur f ac e ar e i n t he 
l as t  col umn.  At  hei ght s  of  100 f eet  s uc h 
s l opes  hav e f a i l ed i n t he f i el d.

I t  c an be s een t hat  c hanges  of  ma t e r i a l  c on ­
s t ant s  wi t h i n  a r eas onab l e  r ange do no t  af ­
f ec t  t he l engt h of  p r opaga t i on  s ev er el y .  
Howev er ,  ev en f or  s l opes  wi t h  hi g FS and 
FS v al ues ,  t her e i s  l i k e l y  t o be ex t ens i v e  
p r opagat i on  of  t he f a i l ur e s ur f ac e.  I f  t he 
l ay er  i s  t hi nner ,  t he ex t en t  of  t he f a i l ur e 
s ur f ac e dec r eas es ,  and ev ent ua l l y  t her e i s  
no f i r s t  y i el d.

CONCLUSI ONS

The one d i mens i ona l  mode l  i ndi c at es  t hat  
f ac t or s  ot her  t han t hos e c ons i der ed i n t he 
c onv ent i ona l  s t ab i l i t y  anal y s i s  of  s l opes  
may  hav e a domi nant  e f f ec t  on whe t her  f a i l ­
ur e wi l l  s t ar t .  Onc e f a i l ur e s t ar t s ,  t he 
l engt h of  p r opagat i on  bec omes  muc h  mo r e  de ­
pendent  on t he c onv ent i ona l  par amet er s  of
c , and s l ope dept h.

The anal y s i s  r es u l t s  i n a s i mpl e c har t  t hat  
can be us ed at  l eas t  qua l i t a t i v e l y  t o ev a l ­
uat e t he pos s i b l e  behav i o r  of  a l ong s l ope.

Cl ear l y ,  t wo d i mens i ona l  anal y s es  ar e es s en ­
t i al  t o an under s t and i ng  of  t he pr ob l em i n 
t he f i el d.  Thes e wi l l  r equ i r e  numer i c a l  
p r oc edur es  bec aus e of  t hei r  g r ea t e r  c om­
pl ex i t y ,  and wor k  on t hi s  i s  now i n p r o ­
gr ess .
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TABLE I

Fai l ur e  Sur f ac e
Pr ob l em

No.
E H u

y
FS

P
FSr

FSy
Di mens i on-

l ess
' f t .

1 105ps f 100
f t .

0. 01
f t .

6. 00 2. 94 0. 0208 0. 505 568

2 107 100 0. 01 6.  00 2. 94 0. 208 0. 4 458

3 107 100 0. 04 6. 00 2. 94 0. 416 0. 3 344

4 107 75 0. 04 6.  50 3. 28 0. 585 0. 18 152

5 107 50 0. 04 7. 50 3. 96 0. 953 0. 016 9. 1

6 107 40 0. 04 8. 25 4. 48 1. 26 ------- —
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