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STABILITY OF SLOPES WITH CURVATURE IN PLANE VIEW
STABILITE DES RENTES AVEC TRACE COURSE EN PLAN

C. LOREN TE DE N O, Ing., M aster of Science 

M assachusetts Institute of Technology, Cambridge, M ass. U.S.A.

Ingeniero de Caminos, Canales y Puertos, Spain.

SYNOPSI S Ax i a l l y  s y mmet r i c a l  v er t i c a l  c ut s  ar e s t ud i ed  by  means  of  a ma t hema t i c a l  model  of  
s oi l  i n o r de r  t o ac qu i r e  a quan t i t a t i v e  k nowl edge  of  t he i r  behav i or .  So i l  i s as s umed t o be 
pe r f ec t l y  e l a s t o - p l a s t i c , i t s  s t r eng t h  i s on l y  de t e r mi ned  by  i t s  c ohes i on  as meas ur ed  i n ¡ m 
un c o n f i ned  c ompr es s i on  t es t .  The f a i l u r e  c r i t e r i on  i s t hat  of  v on Mi s es .  Two t en t a t i v e  l aws of  

s i mpl e  p r ac t i c a l  use ar e p r opos ed  f or  t he r e l a t i ons h i p  bet ween t he i nv er s e  of  t he s t ab i l i t y  
f ac t o r  and t he r at i o  of  t he ho r i z on t a l  c u r v a t u r e  r adi us  t o t he he i gh t  of  t he v er t i c a l  s l ope,  
depend i ng  upon t he c o nc av i t y  or  c onv ex i t y  of  t he t r ac e of  t he c ut  i n s ai d hor i z on t a l  pl ane.

I NTRODUCTI ON PROCEDURE

The us e of  f i n i t e  d i f f e r enc e  met hods ,  app l i ed 
t o l umped pa r amet e r  model s ,  mak es  pos s i b l e  
t he quan t i t a t i v e  i n t e r p r e t a t i on  of  many  
ques t i ons  whos e  behav i o r  wer e  onl y  qua l i t a  -  
t i v e l y  under s t ood .  Th i s  i s t he c as e,  f or  i ns ­
t anc e,  of  s l opes  wi t h  c u r v a t u r e  i n a h o r i z o n ­
t al  pl ane.  I t  s e e ms , e x p e r i men t a l l y  pr ov ed 
t hat  c onv ex  s l opes  ff a i l  at  l ower  he i gh t s  t han 
c onc av e  s l opes  do;  howev er ,  t her e i s no de -  
f i n i t e  r e l a t i ons h i p  wh i c h  per mi t s  a p r ac t i c a l  
app l i c a t i on  of  t hat  f ac t .

Us i ng t he l umped par amet e r  model  dev e l opped  

by  Ang & Ha r per  [ l ] » a r r anged  f or  ax i a l l y  
s y mmet r i c a l  c ond i t i ons ,  s ev er a l  c as es  of  c i r ­
c u l a r  e l ev a t i ons  as we l l  as ex c av a t i ons ,  wi t h  
v er t i c a l  s l opes  ( i . e . . c onv ex  and c onc av e  v e r ­
t i c a l  s l opes )  hav e been s t udi ed.  The s oi l  has  
been s uppos ed  t o be homogeneous ,  i s o t r op i c  
and f r i c t i o n l e s s , obey i ng  Hook e ' s  l aw i n t he 
e l as t i c  r eg i on  and y i e l d i n g  ac c o r d i ng  t o t he 
v on Mi s es  c r i t e r i on  of  f a i l u r e ,  i . e. :

2 2 2 
( 0 j - 0 2 ) + ( 0 2- 0 3 ) +( Oj - c>3 ) = c ons t an t  ( 1)

wh i c h  may  be r ewr i t t en

Ìf 3
3J ,  = q2 ^u

( 2 )

wh e r e i n  i s  t he f i r s t  i nv ar i an t  of  s t r es s es

° x +0y + 0e

Jr, i s  t he s ec ond  i nv ar i an t

o o + o  o + o o  - I  
x y y e e x xy

( 3)

( 4)

and qu i s t he unc on f i ned  c ompr es s i v e  s t r eng t h  
of  t he mat er i a l .  Af t e r  t he y i e l d  poi nt  i s 
r eac hed,  s t r es s es  and s t r a i ns  ar e'  no l onger  
un i que l l y  r e l a t ed  but  depend  upon t he l oad i ng  
h i s t o r y .

The Ang & Har pe r  model  ( Fi g.  1)  c ons i s t s  of  ;i 
g r i d  of  mas s - po i n t s  r e l a t ed  by  s t r es s - po i i us .  
Mas s  f or c es  and d i s p l ac emen t s  ar e de f i ned  at  
mas s - po i n t s ,  wher eas  s t r es s es  and s l r a i ns  ; i rc 
on l y  de f i ned  at  s t r e s s - p o i n t s . St r a i ns  ar e 
c omput ed  f r om t he d i s p l ac emen t s  of  t he f our  
s u r r ound i ng  mas s - po i n t s ;  us i ng  t he c or r es  -  
pondent  s et  of  equa t i ons  ac c or d i ng  t o t he 
s t at e of  t he s t r es s - po i n t  ( i . e. ,  e l as t i c  or  
p l as t i c ) ,  s t r es s es  ar e c ompu t ed  f r om t hose 
s t r a i ns  and,  i n t ur n,  eac h mas s - po i n t  equi  -  
l i b r a t ed  under  t he ac t i on of  t he i n t er nal  
f or c es  dev e l opped  at  t he f our  s ur r ound i ng  
s t r es s - po i n t s  ( whi c h ar e s i mpl y  equal  t o t he 
c o r r es ponden t  c omponen t s  of  t he s t r es s  t ens or  
mu l t i p l i ed  by t he app r op i a t e  f r ac t i on  of  t he 
gr i d  s pac i ng)  and i t s  we i ght .  I n t hi s  way ,  ai  
any  s t age of  l oadi ng,  t he c ompa t i b i l i t y  c o n ­
d i t i ons  ar e met  bot h i n t er ms  of  s t r es s es  and 
s t r a i ns  t h r oughout  t he model  and t her ef or e ,  
i f  t he l oad i s mo n o t on i c a l l y  app l i ed  and t he 

geome t r y  of  t he mode l  unc hanged,  t he u n i q u e ­
nes s  of  t he s o l u t i on i s  as s ur ed  a pr i or i .  The 
p l as t i c  s t r es s - s t r a i n  r e l a t i ons h i ps  ar e 
de r i v ed  ac c or d i ng  t o t he no r ma l i t y  r ul e:  t he 
i nc r ement s  of  p l as t i c  s t r a i n  ar e nor mal  t o 
t he f a i l u r e  s ur f ac e  and c an be ex p r es s ed  as 
d i r ec t l y  p r opor t i ona l  t o t he par t i a l  der i  -  
v a t i v es  of  t he f a i l u r e  f unc t i on  wi t h  r es pec t  
t o t he c o r r es pond i ng  s t r es s es . For  a per f ec t l y  

p l as t i c  mat er i a l ,  t h i s  r u l e i mp l i es  t hat  
t her e i s no p l as t i c  v o l ume c hange dur i ng 
s hear .  The p r opo r t i ona l i t y  c ons t an t  bet ween 

par t i a l  der i v a t i v es  and I nc r ement s  of  p l as t i c  
s t r a i n  may  be ob t a i ned  f r om t he ener gy  pr o -  

duc ed dur i ng  p l as t i c  f l ow,  and t her e f o r e  t he 
i ns t an t aneous  i nc r ement s  of  s t r es s es  can be 

ex pr es s ed  as f unc t i ons  of  t he i ns t an t aneous  
i nc r ement s  of  s t r a i ns  and t he s t r es s es  ac t i ng 
i n t he p r ec ed i ng  l ev el  of  l oadi ng.  Thi s  i s,  
ac t ua l l y ,  a l i nea r i z a t i on  of  t he d i f f e r en t i a l  
equa t i on  gov er n i ng  t he p l as t i c  behav i o r  of  
t he mat er i a l .
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In t h i s  w a y ,  t h e  r e s u l t i n g  s e t  o f  e q u a t i o n s  
i s  a n a l o g o u s  t o  t h a t  d e r i v e d  by P r a n d t l  & 
R e u s s  [2] f o r  t h e  p e r f e c t l y  p l a s t i c  m a t e r i a l  
u n d e r  p l a n e  s t r a i n  c o n d i t i o n s .

As an e x c a v a t i o n  r e p r e s e n t s  an e x t r a c t i o n  o f  
m a s s ,  t h e  g e o m e t r y  o f  t h e  m o d e l  ha s  t o  be 
c h a n g e d ,  and t h e r e f o r e  t h e  u n i q u e n e s s  o f  t h e  
s o l u t i o n  c a n n o t  be g u a r a n t i e d .  To a v o i d  t h i s  
p r o b l e m ,  t h e  i n c r e a s e  o f  t h e  e x c a v a t i o n  d e p t h  
h a s  b e e n  r e p r e s e n t e d  by an i n c r e a s e  o f  t h e  
u n i t  w e i g h t  o f  t h e  m a t e r i a l ,  i . e . ,  t h e  e x c a ­
v a t i o n  i s  assumed  t o  h a v e  b e e n  p r e v i o u s l y  
o p e n e d  i n  a w e i g h t l e s s  s o i l  t o  i t s  f i n a l  
d e p t h  and t h e r e a f t e r  t h e  u n i t  w e i g h t  o f  t h i s  
s o i l  i s  s u c c e s s i v e l y  i n c r e a s e d  u n t i l  f a i l u r e  
o c c u r s .

CIRCULAR EXCAVATION

F i g .  1 The l umped  p a r a m e t e r  m o d e l  f o r  
a x i a l l y  s y m m e t r i c a l  c o n d i t i o n s .

STRIP EXCAVATION

F i g .  2 D e f o r m a t i o n s  o f  a p a r t i c u l a r  m od e l  
a t  f a i l u r e  ( c o n c a v e  s l o p e )  as com -  
p a r e d  w i t h  t h o s e  o f  a s t r i p  e x c a v a ­
t i o n  .

I t  s h o u l d  be p o i n t e d  o u t  t h a t ,  as  a l l  c ompu ­
t a t i o n s  h a v e  b e e n  c a r r i e d  o u t  i n  t e r m s  o f  
d i m e n s i o n l e s s  q u a n t i t i e s ,  w h i c h  i s  p o s s i b l e  
when no f i x e d  e x t e r n a l  f o r c e s  a r e  a p p l i e d ,  
as  i n  t h e  p r e s e n t  s t u d y ,  t h e  p l a s t i c  z o n e  i s  
i n d e p e n d e n t  f r o m  t h e  u n i t  w e i g h t ,  t h e  s h e a r  
m o d u l u s  and t h e  c o h e s i o n  o f  t h e  m a t e r i a l ,  
b e i n g  o n l y  a f u n c t i o n  o f  t h e  P o i s s o n ' s  r a t i o .

As a r e s u l t  o f  t h e  u s e  o f  t h e  v on  M i s e s  c r i ­
t e r i o n  o f  f a i l u r e ,  f i r s t  y i e l d i n g  w i l l  a l l ­
ways  d e v e l o p  a t  t h e  b o t t o m  o f  t h e  m o d e l .  As 
a m a t t e r  o f  f a c t ,  w i t h  i n c r e a s i n g  d e p t h ,  ( s o  
t h a t  t h e  e f f e c t  o f  t h e  p r e s e n c e  o f  t h e  c u t  
i s  n é g l i g e a b l e  and 0 = ° 3 ) t h e  von  M i s e s  c r i .  
t e r i o n  c o i n c i d e s  w i t n  t h a t  o f  T r e s c a ,  i . e . ,  
f a i l u r e  i s  d e t e r m i n e d  by t h e  d i f f e r e n c e  o f  
t h e  p r i n c i p a l  s t r e s s e s ,  d i f f e r e n r e  w h i c h  i n ­
c r e a s e s  w i t h  d e p t h  u n l e s s  t h e  e a r t h  p r e s s u r e  
c o e f f i c i e n t  a t  r e s t ,  k Q, e q u a l s  o n e , a n d  t h i s  
i s  n o t  t h e  c a s e ,  s i n c e  by h y p o t h e s i s
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and P o i s s o n ' s  r a t i o  v ha s  b e e n  t a k e n  e q u a l  t o  
0 . 2 5  i n  a l l  s t u d i e d  e x a m p l e s .  To a v o i d  t h i s  
d i f f i c u l t y ,  t h e  s h e a r  s t r e n g t h  ha s  b e e n  
as s u med  t o  i n c r e a s e  l i n e a r l y  w i t h  d e p t h  f r o m  
t h e  s u r f a c e  o f  t h e  e x c a v a t i o n .

CONCAVE SLOPE CASE

F i g .  ( 2 )  show s  t h e  d e f o r m a t i o n s  o f  a p a r t i  -  
c u l a r  m o d e l  ( c i r c u l a r  e x c a v a t i o n )  a t  f a i l u r e  
as c o m p a r e d  w i t h  t h e  r e s u l t s  o b t a i n e d  f o r  a 

p l a n e  s t r a i n  s i t u a t i o n  [3] ,  i t  c a n  be  s e e n  
t h a t  t h e  h o r i z o n t a l  and v e r t i c a l  d i s p l a c e m e n t s  
o f  t h e  t o p  o f  t h e  c u t  a r e  l o w e r  i n  t h i s  c a s e  
o f  c o n c a v e  s l o p e  than  w e r e  i n  t h e  c a s e  o f  t h e  
s t r i p  e x c a v a t i o n .  ( A l t h o u g h  n o t  s h ow n ,  i n  t h e  
c a s e  o f  a c o n v e x  v e r t i c a l  c u t  t h o s e  d i s p l a c e ­
ments  w e r e  g r e a t e r . )

F i g .  ( 3 )  shows t h e  t y p i c a l  p l a s t i c  z o n e s  at  
f a i l u r e  f o r  t h e  two c a s e s :  c o n c a v e  and c o n v e x  
v e r t i c a l  s l o p e s .

F i n a l l y ,  F i g .  ( 4 )  shows t h e  v a l u e s  o f  the  
i n v e r s e  o f  t h e  s t a b i l i t y  f a c t o r  o b t a i n e d  f r o m  
t h e  c o m p u t e r  v e r s u s  t h e  r a t i o  o f  t h e  r a d i u s  
o f  h o r i z o n t a l  c u r v a t u r e  t o  t h e  h e i g h t  o f  t h e  
s l o p e  as c o m p a r e d  w i t h  Lhe s i m p l e  h y p e r b o l i c  
r e l a t i o n s h i p s  t e n t a t i v e l y  p r o p o s e d .

c
o

3
O 
>
Oj

o  

U)
X  
<

CONVEX SLOPE CASE

K i g .  3 T y p i c a l  p l a s t i c  z o n e s  a t  f a i l u r e .

D i f f c r c n i  h e i g h t s  o f  e x c a v a t i o n  ( o r  e l e v a t i o n )  
and d i f f e r e n i  r a d i i  o f  h o r i z o n t a l  c u r v a t u r e  
o f  i h(> v c r i  u  a l  s l o p e  h a v e  b e e n  c o n s i d e r e d .
Tht* b o i i o m  b o u n d a r y  has  b e e n  c o n s i d e r e d  at  
. ' lul l  a d e p t h ,  and t h e  l e f t  b o u n d a r y  at  s u c h  a 
d i s t a n c e  f r o m  Lhe s y m m e t r i c  a x i s ,  t h a t  the  
p r e s e n c e  o f  t h e  c x c a v a t i o n  ( o r  e l e v a t i o n )  
w o u l d  not a p p r e c i a b l y  a f f e c t  t h e i r  b e h a v i o r .  
T h e r e f o r e ,  n o r  h o r i z o n t a l  n e i t h e r  v e r t i c a l  
m ovements  a r e  a l l o w e d  at  t h e  b o t t o m  b o u n d a r y ;  
l e f t  b o u n d a r y  moves  o n l y  v e r t i c a l l y  l i k e  a 
l a y e r  o f  s o i l  r e s t i n g  on a h a r d  s t r a t u m .  The 
u p p e r  b o u n d a r i e s  a r e  assumed t o  be f r e e ,  as 
w e l l  as  th e  w a l l  o f  t h e  v e r t i c a l  c u t .  The 
r i g h t  b o u n d a r y  h as  b e e n  t h e  a x i s  o f  s y m m e t r y .

(T h e  c a l c u l a t i o n s  i n v o l v e d  i n  t h e  r e s o l u t i o n  
o f  t h e s e  p r o b l e m s  w e r e  c a r r i e d  o u t  on t h e  IBM 
11 3 0  c o m p u t e r  o f  t h e  E n t r e c a n a l e s  y  T S vor a  
f  i  rm. )

o computer results 

—  assum ed relationship

RESULTS

The o b t a i n e d  r e s u l t s  a r e  r e p r e s e n t e d  i n  
F i g u r e s  ( 2 ) ,  ( 3 )  and ( 4 ) .

F i g .  4  I n v e r s e  o f  t h e  s t a b i l i t y  f a c t o r
v e r s u s  t h e  r a t i o  o f  h o r i z o n t a l  c u r ­
v a t u r e  t o  t h e  h e i g h t  o f  t h e  v e r t i c a l  
s l o p e  as  c o m p a r e d  w i t h  t h e  t e n t a t i v e ^  
l y  p r o p o s e d  h y p e r b o l i c  l a w s .
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CONCLUSIONS

P l o t t i n g  th e  o b t a in e d  r e s u l t s  i n  a s y s t e m  o f  
o r t o g o n a l  c o o r d in a t e s  w h ose  a x i s  a re  th e  
i n v e r s e  o f  th e  s t a b i l i t y  f a c t o r :

f  J L ! L
c

and th e  r a t i o  b e tw een  th e  c u r v a t u r e  r a d i u s  

and th e  h e i g h t  o f  th e  s l o p e :

( 6)

R

r  = ¥
(7 )

w h e re in

= u n i t  w e ig h t

= h e i g h t  o f  t h e  v e r t i c a l  s l o p e  
= c o h e s io n ,  e q u a l s  one h a l f  o f  th e  

u n c o n f in e d  c o m p r e s s iv e  s t r e n g t h  

= r a d i u s  o f  h o r i z o n t a l  c u r v a t u r e

i t  can  be s e e n  t h a t  t h e s e  r e s u l t s  c o i n c i d e  

v e r y  a p p r o x im a t i v e l y  w i t h  th e  s im p le  h y p e r  -  

b o l i c  la w s :

f  -  4  + 7 7 Ï T

f o r  c o n c a v e  v e r t i c a l  s l o p e s  and

( 8 )

r e q u i r e d  a 

a c c u r a t e  va  

g r i d  w o u ld  
c o m p u te r .  I  

th e  p l a s t i c  
b e f o r e  i t  c 
c r e a t i n g  a 

w h ic h  w i l l  

a c t i o n  o f  s 

s a i d  a x i s  o 

o f  f a i l u r e  
s i o n  c r a c k s  

c o n t i n u i t i e

DE NO

f i n e r  n e t  to  o b t a in  re  

l u e s  o f  f  f o r  r <  0 . 6 ,  

e x c e e d  th e  c a p a c i t y  o f  
n th e  c a s e  o f  c o n v e x  c 

f lo w  r e a c h e s  th e  a x i s  
an f u l l y  d e v e lo p  t o  th  

t e n s i o n a l  zone  a ro u n d  

c a u s e  a f a i l u r e  by  th e  

h e a r  and  a t e n s io n  e r a  
f  sym m e try . A t  p r e s e n t  

h a s  n o t  been  a n a ly z e d ,  

w o u ld  i n v o l v e  p ro b le m  

s and g e o m e t r ic  c h a n g e

a s o n a b ly  

b u t  s u c h  a 

th e  u se d  
u t s ,  f o r  r< 1  

o f  sym m e try  

e s u r f a c e ,  
t h a t  a x i s  

co m b in e d  

c k  a lo n g  

, t h i s  t y p e  

s i n c e  t e n -  

s o f  d i s  -  

s .

I n  t h e  c a s e  o f  c o n c a v e  s l o p e s ,  t h e  p l a s t i c  
w e dge , b e g in n in g  a t  th e  to e  o f  th e  c u t ,  seem s 

to  d e v e lo p  to w a rd  th e  s u r f a c e  o f  th e  m ode l 
m a k in g  an a n g le  l e s s  th a n  Tl/4 w i t h  th e  v e r  -  

t i c a l ,  w h e re a s  f o r  c o n v e x  s l o p e s  t h i s  a n g le  
seem s t o  be g r e a t e r  t h a n  n / 4 .  F o r  t h e  s t r i p  

e x c a v a t i o n ,  t h i s  same a n g le  w as a p p r o x im a t iv e  

l y  Tl/4.
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