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Some Stres s - Strain Re la tions hips  for  Soils
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Que lque s  Re la t ions  e ntre  contra inte s  e t dé fo r ma tions  des sols

J . B R IN C H  H A N S E N , d r .  t e c h n . ,  Pro fe s s o ral ¡he  T e chnical Univ e rs ity  o f  De nm ark , Dire c to r o f  the  Danis h  Ge ote chnic al 
Ins titu te , Cope nhage n, De nm ark

S U M M A R Y

By means  o f a s imple  ass umption concerning the  dis tr ibution 
o f the  de formation states o f par ticle  contacts  in a  potential 
rupture  surface  be fore loading, an e quation is developed for  the 
re lations hip between shear stresses and s trains  at first loading. 
Some e mpir ica l relationships  o f a  s till s imple r  fo r m are also 
indicated. One  o f them is combine d with a n e mpir ica l fo rmula  
for  isotropic compress ion, giving rise to a more  general for mula , 
which is also applicable  to oedometer  and tr iaxial tests.

S O M M A IR E

Au  moyen d’une  suppos ition s imple  conce rnant la répartition 
des états  de déformation aux  contacts  des grains  sur un  plan de 
rupture  potentie l avant chargement, on a é laboré une  équation 
établissant la  re la tion contrainte- déformation au premier  charge 
ment. Quelques  re lations  empiriques  plus  s imples  sont aussi 
indiquées . Une  d’entre  elles est combinée  à une formule  
empir ique  pour  la  compression isotrope, résultant en une  formule  
plus  générale  qui est aussi applicable  aux  essais à l’oedomèlre  
e t aux essais tr iaxiaux.

A S S U M P T IO N S

Cons id e r  a  s a mple  o f a s o il, cons is t ing  o f s e parate  pa r 
ticles , w h ic h  has  be e n de pos ite d in a ny  na tur a l o r  ar t ific ia l 
way . In  a  po te n t ia l r up tu r e  s ur face  a ny  tw o  par tic le s  in  c on 
tac t w ith  e a ch o the r  w ill p r o ba b ly  a lr e a dy  ha ve  s lid ba c k 
a n d  fo r th  s everal t ime s  du r ing  de pos ition.

In  a n  a r b itr a ry  k ind  o f s he ar  tes t w e  no w  a pp ly  a n 
incr e a s ing  s lid ing  o r  s he a r  de fo r ma t ion  S a nd  me as ur e  the  
c or re s ponding  ave rage  s he ar  stress r . T h is  gives  the  dotte d 
curve  in  F ig . 1, co r re s ponding  to “firs t lo a d ing .” Afte r  a

f i g .  1. Stress- strain diagram with hysteresis loop.

de fo r m a t io n  Sf the  ave rage  s he ar  stress has  re ac he d  it  u lt i 
ma te  va lue  r f, cor re s ponding  to fa ilu re . I f  w e  incre as e  the  
de fo r m a t io n  be yond 8r, t  w o u ld  r e ma in  cons ta nt ( = r f ) .  If  
we  no w  reverse  the  de for ma tions , we  get the  fu ll curve  
th r o ug h  p o in t  3 w h ic h , the or e tica lly , re ache s  the  oppos ite  
fa ilu r e  stress —t ( a fte r  a  de fo r m a t io n  8f. T h is  cur ve  cor re 
s ponds  to “fu ll un lo a d in g .” If ,  fina lly , w e  revers e  the  de for 
ma tions  a  s e cond time , we  ge t the  fu ll curve  th r ough  po int
4, cor re s ponding  to  “fu ll r e lo a d ing .” By  p a r t ia l un lo a d in g  
o r  r e loa d ing  we  m a y  ar r ive  a t a ny  p o in t  ins ide  the  hys te res is  
lo o p  fo r m e d  by  the  tw o  fu ll curve s  me nt ione d  above .

F r o m  the  above  it  fo llow s  th a t, a fte r  de pos ition bu t  be fore  
firs t lo a d ing  in  the  s he a r  tes t, a ny  e x is ting  par tic le  c onta c t in 
the  po te ntia l r up tu r e  s ur face  cor re s ponds  to  a  p o in t  ins ide  
o r  on the  hys te res is  lo op, or  on one  o f its  tw o s traight-  
line d e x te ns ions  (c o r e s pond ing  to  ± r f ) .

A n  unk n o w n  fr a c t io n  a  o f the  par tic le  contacts  cor re 
s ponds  to po in ts  in  o r  o n  the  hys te res is  lo o p , a nd  the  
r e m a in ing  fr a c tion  1 — a  to po ints  o n  its  e x te ns ions  (h a lf 
o n  e a c h ). T he  fr a c tion  a  is dis t r ibute d s ta tis tica lly in  s ome  
unk n o w n  wa y, b u t  fo r  s im plic ity  we  s ha ll he re  as s ume  an 
e ve n d is tr ibution, no t  ove r  the  are a  o f the  lo o p , b u t  ove r  the  
tw o bo unda r ie s  (h a lf on  e a c h ).

By  firs t lo a d ing  in  the  s he ar  tes t u lt im a te  fa ilur e  w ill no t  
be  re ache d un t il a ll par tic le  contacts  in  the  fa ilu re  s ur face  
have  be en b r ough t  to  fa ilure . T his  me ans , as  a lr e a dy  s ta te d 
above , tha t  the  de fo r ma t ion  8r ne cessary fo r  fa ilu r e  in  the  
firs t lo a d ing  mus t be  ide nt ic a l w ith  the  de fo r m a t io n  neces 
s ary fo r  comple te  reve rs a l in  un lo a d in g  or  re load ing.

G E N E R A L  F O R M U L A  F O R  S H E A R  D E F O R M A T IO N S  

Ex pe r ie nc e  s hows tha t the  un lo a d ing  a nd  r e lo a ding  curve s  
c a n  us ua lly  be  e xpre ss ed in  the  s im ple  fo r m :

r / r f  =  2 ( S / 8 f ) "  ( 1 )

whe re  n  m us t  be  de te rmine d  e x pe r ime nta lly. By  me ans  o f 
this , a nd  the  above  as s umptions , we  s ha ll no w  de duc e  an 
e qua t io n  fo r  the  curve  co r re s ponding  to  f irs t loading  
(do tt e d  in  F ig . 1 ) .  F o r  e ach par tic le  conta c t we  c a n find  an 
e xpre s s ion fo r  the  a dd it io na l s he a r  for ce  t  de ve lope d by  a n  
a dd it io na l s he a r  de fo r m a t io n  8. F o r  a  pa r tic le  conta c t 1, 
w hic h  a lr e a dy  was  a t fa ilu r e  (in  the  s ame  d ir e c t ion) be fore  
the  tes t, we  find  o f cours e :

t i =  0. (2 )

F o r  a  pa r tic le  conta c t 2 , w h ic h  was  at fa ilu r e , bu t in  the  
oppos ite  d ir e c tion e qua t io n  ( 1 ) gives  the  fo llo w ing  forc e :

Ti = 2 t , ( S/ S, y (a <  5, ).  (3)

F o r  a  par tic le  conta c t 3 o n  a n un lo a d ing  cur ve  we  get:

r 3 =  2 T t ( 5 / 5 r ) "  (6  <  5 f — 5 0)  (- la )

and

r 3 =  2 r i[ (5 f -  5 o )/ 8 i)" (8 >  8 ( -  50) .  (4 b )
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By in te g r a tion we  c a n find the  ave rage  va lue  fo r  the  
un lo a d ing  curve :

ti = I I  2t- ( i ) dh + i  l j T' ( ^ ir 2) ds°

= | ^ [ « " c5, - 5 ) + ^ ] .  (5)

F ina lly , fo r  a par tic le  conta c t 4  o n  a r e loa ding  curve  we  
ge t:

T/ t ,

r  4

a nd

u  =  2 r ,  [ l  -  ( 0  ]  (5 >  5 , -  So). (Gb)

T he  ave rage  va lue  fo r  the  r e lo a ding  curve  is:

h C ? "  [■-©']'“ •

- £[ «- :& ] ■  <’> 
Ac c o r d ing  to  o u r  as s umptions , the  to ta l s he a r  for ce  w ill

+  :

be :

t  =  è ( l  —  +  t 2)  +  ^ a ( r  3  +  r 4 )

=  7WT { (1  — a )5 B5 r - 

T his  give s  the  fina l fo r m ula :

= {(i -  a )s"s,  +  a [a"(5, -  a) +  as",]). (8)
Of

<»>
T he  cons tant s  n  a nd  a, w h ic h  bo th  mus t  lie  be twe e n

0 a nd 1, s hould  be  de te rmine d  e x pe r ime nta lly  in  a ny  give n 
case . It  s hould  be  no te d that  e qua tion (9 )  is va lid  o nly  
fo r  f irs t loading . F o r  un lo a d in g  a nd re loa ding , e qua t io n  (1 )  
applie s .

In  mos t pr a c tic a l cases  the  bes t re s ults  s ee m to  be  obta ine d 
w ith  a  =  1, i.e .:

t / t  i = (6 /6  {) +  (6/ 61)” — (6 / 6 f)'i+1 

T his  e qua t ion  w ill be  used in the  fo llow ing .

S P E C IA L  C A S E S  

Wit h  n  =  a nd  Va r e spe ctive ly we  find :

(10)

(6 / 6 j)  [2 -  (6/ 61)] ,t / t

t / t ,  =  V(S/S,)[1 -  (a/5,)]  +  (a/5,),

( 10a )

( 10b )

and

t / t ,  =  \ / { h / h ) [ \  -  (a/a,)]  +  (a/a,). (lOc)

Cor r e s ponding  curve s  are  dr aw n in  F igs . 2 , 3 , a nd  4  
re s pe ctive ly ( in  the  la tte r  the  fu ll c u r ve ). U n lo a d in g  a nd  
r e lo a d ing  curve s  are  a ls o s hown. T he  diffe re nt curve s  seem
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f i g . 2. Curve  corre sponding to e quation 
( 10a ).

f i g . 3. Curve  cor re sponding to equation 
( 10b ).
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f i g . 4 . Curve  cor re sponding to equations  
(1 0c ), (1 2c ), and (13a ).

to a p p ly  to diffe re nt k in ds  o f  s oils , fo r  e x a mple  F ig . 2  
ofte n a pplie s  to  s o ft c lay , F ig . 3 to  loos e  s and, a nd  F ig . 4  to  
dens e  s a nd. Mor e ove r , the  curve s  see m to a pp ly , no t  o nly  
to dire ct s he ar  tes ts , b u t  to  a lm os t a ny  tes t, in  w h ic h  s he ar  
stresses p la y  a  d o m in a n t  role , fo r  e x ample  t r ia x ia l tes ts , pla te  
lo a d ing  tes ts, p ile  lo a d ing  tes ts.
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A D E F IN IT ION  OF  F A IL U R E

If  the  r  — 8 cur ve  has  a m a x im um , it  is na tur a l to de fine  
fa ilu re  as co r re s ponding  to this  m a x im um . Howe ve r , in  
m a ny  cases  no  s uch m a x im u m  occurs , a nd  fa ilure  is the n 
de fine d mor e  o r  less a r b it ra r ily . A  s uitab le  de fin it io n ca n be  
fo und , whe n it  is obse rve d (fr o m  the  fu ll curve  in  F ig . 4 ) 
that 8 =  0 .5Sf cor re s ponds  to  t  =  0 .9 r f. T his  gives  the  
de finition a lr e a dy  propos e d  by  the  wr ite r  (Br inc h  Hans e n, 
19 63 b) : F a ilu r e  cor re s ponds  to the  load , a t w hic h  the  de for 
m a t io n  is twice  the  de fo r ma t ion  a t 90  pe r  ce nt o f the  load . 
It  is a lso w or th  no t ic ing  tha t 8 =  0.1 Sf cor re s ponds  to 
r  =  0 .5 r r. T his  leads  to the  s im ple  r ule : Wh e n  the  fa c to r  o f 
safe ty is a bout 2, the  de fo r ma t ion  a t w o r k ing  loa d  w ill be  
appr ox ima te ly  10 pe r  ce nt o f the  de fo r ma t ion  a t fa ilure .

S IM P L E R  F O R M U L A S

Alt ho ug h  the  de ve lope d fo r m ula s  are  no t  very c o m p li
ca te d, the y  have , w ith  the  e xce ption o f (1 0 a ) ,  the  dr aw ba ck  
tha t  S/8 f c a nno t  be  expressed e x plic it ly  in  r / r f. It  ma y, 
the re fore , be  pr e fe ra ble  to e mplo y  s till s imple r  for mula s , 
us ua lly  o f the  “hype r bo lic ” type . T he  s imple s t fo r m ula  o f 
this  type  was  propos e d by Ko n d n e r  (1 9 6 3 ). H is  fo r m ula  
m a y  be  wr it te n as:

t / t r  =  (a 4 -  1 ) 5 / (a5  +  Ôt)  ( l i a )

Ô/5t = r/ [ (a  +  1 ) r  r — r t r ] ,  ( 1 1 b )

F o r  s mall stresses this  implie s  a line ar  r e la t ions hip. H o w 
ever , in  re a lity  this  r e la tions hip is mor e  o fte n  pa r abolic , 
w hic h  fact le d the  wr ite r  (Br inc h  Ha ns e n, 1963 a) to  p r o 
pose  a  fo r m ula  o f the  fo llo w ing  type :

t / t ,  = V [ ( 6  +  1 ) « / ( M  +  S t ) ]  (1 2 a ) 

S / S , =  t 2/ { (b  +  l ) r 2 -  b$ ]. (1 2 b )

In  orde r  to fu lfil the  above - me ntione d 90 pe r  ce nt cr ite r ion, 
we  have  to pu t  6 =  3, w ith  w hic h  we  ob ta in :

t / t ,  =  V [ 4 i / ( 3 S  +  i, ) ]  (1 2c )

S /S , =  t 2/ ( 4 t , 2 -  3 t 2). (1 2 d )

T he  c or re s ponding cur ve  is s hown w ith  a dot te d  line  on 
F ig . 4 . In  a ma jo r ity  o f cases the  wr ite r  has  fo und  this 
re la tion to be  the  bes t a pp r o x im a t io n  to  e x pe r ime nta l results .

Ano the r  us e ful fo r m ula , pr opos e d by  the  wr ite r  (Br inc h  
Ha ns e n, 19 63b) is:

T he  me a n no r m a l stress crm ma y  s till be  as s ume d to  p r o 
duce  a vo lume  decrease  as expressed by  (1 4 ) .  T he  de via tor  
stress cr1 — cr;< =  o-, — cr., has  two effects . Fir s t , it  pr oduce s  
she ar  de for ma tions  e, — =  c, — e2* a n d s econd it  pro 
duce s  a vo lume  dila ta t ion , w hic h  is us ua lly  p r opor tiona l 
to the  s he ar  d e for ma tion . In  an oe dome te r  tes t (e 2 =  e3 =  0 ) 
the  stress ra tio  (r;1/o- 1 =  K u is fo und  to be  a ppr ox ima te ly  
inde pe nde nt o f cr, (o r  <rm). T his  me ans  tha t the  pare nthe s is  
in  (1 4 ) mus t a ls o be  a fa c to r  fo r  the  s he ar  de fo r ma tion  a nd 
d ila ta tion.

If  we  de fine  a  “ stress angle ” v by the  e qua tion:

s ill V =  (cr, -  <73)/ (c r , +  cr3 +  2c  c o t  <j,) (1">)

we  have , ac cor ding  to C o u lo m b ’s fa ilu r e  cr ite r ion, vf =  <f>.
We  c a n the n c ombin e  ( 1 2 b ), (1 4 ) ,  a nd  (1 5 ) as  fo llows :

A N IS O T R O P IC  C O M P R E S S IO N

61 -  =  3 B ( c n / M ) M ( 10)
(,k  s in  0 / s in  v)~ — 1 

F ur th e r  we  ge t:

eP =  6i +  263 =  ZA{am/ M )m — /3(ei — e3). (1 7 )

It  is then easy to de r ive :

, l +  : |

L {k  s m <£/s in v ) — 1 J
ei =  (cr, J U T  ■ A  + (1 8 )

a n d

-  i / i- n ”  L  _ _ 8 ( I ± 1 ) _  1
e j ( a J M )  L A  (fc  s i n  0 / s i n » ) 2 - l j '

( 1 9 )

T he  dime ns ionle s s  quant it ie s  m , 0 , k , A  a nd  B, as we ll as 
the  de fo r ma tion  m o dulus  M  mus t, o f course , be  de te r mine d 
e xpe r ime nta lly . T he y  are , w ith  the  e xce ption o f M ,  func 
t ions  o f w  or  e.

S im ila r  re la t ions hips  m a y  be  de ve lope d us ing , ins te ad o f 
(1 2 b ) ,  one  o f the  othe r  e qua tions  fo r  8.

T H E  O E D O M E T E R  T E S T

T he  c ond it ion  e.> =  €:1 =  0  gives  the  fo llo w ing  fo r m ula  fo r  
the  stress angle  v0 in  the  oe dome te r  test:

k  s in  <f>

v r f r i .  "3- w
T he  s pecial fe a ture  o f this  fo r m ula , as  oppos e d to (1 1 ) a nd
(1 2 ) ,  is that  it  gives  a m a x im u m  at fa ilure . T he  cor re s pond 
ing  cur ve  is s how n w ith  a das h- dotted line  on F ig . 4 . It  
s hould  be  notice d  tha t (1 2 c ,d ) a nd  (1 3 ) give  the  s ame  
re sults  fo r  s ma ll stresses.

IS O T R O P IC  C O M P R E S S IO N

Wh e n  we  cons ide r  firs t loa d ing  only , the  res ults  o f an 
is otr opic  compre s s ion tes t ca n us ually  be  expressed ap pr ox i
ma te ly  by the  e qua tion:

ev =  €, +  e.j +  e:, =  3A (t rm/ M ) m (1 4 )

whe re  M  is a c ons ta nt  “d e fo r ma t ion  m o d ulus ” fo r  the  soil 
in que s tion, whe re as  A  a nd  m  m a y  de pe nd upon the  wate r  
conte nt  w  o r  the  void r a tio  e.

V:f  (1 + 0) + 1
(20)

T he  coe ffic ie nt K 0 =  <r3/o- j ca n the n be  fo und  fr o m  (1 5 ) 
whic h , in  the  case  o f c =  0, gives :

K 0 =  (1 — s in v0) / ( l  +  s in vrt) (2 1 a )

and

s in v„ =  (1 -  K 0) / ( i  +  K 0).  (2 1 b )

By  me ans  o f (2 0 ) it is pos s ible  to wr ite  e qua tions  (1 8 )-  
(1 9 ) as fo llows :

a / / u \ « T , i (fc s in  (f>/ s in »o )2 — 1 / i o \
ei =  A ( a m/ M )  • 1 +  V /T  :- - 7 T ^-- - - - - T  ( 1 8 a )

L ( « s in  0 / s in t f )  — 1 _l

and

, . / t r\  "I T i (k  s in  4>/s\ nv0ÿ  -  l  | , t „ N
e■» =  É3 =  A ( f f m/ M )  • l - - J7- . — -- To- - - -  L (n )a )

L ( « s in  0 / s in v )  — l J
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T HE  T R IA XIA L  T E S T

If  only  the  de for ma tions  dur ing  the  compre s s ion test 
are  w ante d, we  mus t de duct  the  (is o t r op ic ) de for ma tions  
due  to the  c ons o lida tion pre ss ure  o-c:

„ =  i b v  1
1 \M /  L (k sin 0 / s i n  v )2 — 1 J

- fe )“ '4 <22) 
, = = ( ^ L  - + 1
2 63 \M /  L ( ¿ s in  0 / s i n  v)" — l j

~Gf) 'Am 2̂3)
Equa t io ns  (1 8 a )- (1 9 a )  ca n, o f course , be  change d s imi
la r ly.

Co m pa r a t ive ly  s im ple  e quat ions  have  been de ve lope d, 
w h ic h  s hould  be  s uitab le  fo r  de s c r ibing , in  a pur e ly  e m p ir i
c a l wa y, the  ac tua l re la t ions hips  be twe e n stresses a nd 
s tra ins  in  soils , c o r re s ponding to  the  us ua l la bor a to r y  tests.
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