
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

https://www.issmge.org/publications/online-library


P r inc ipa l Stress Ra t ios  and T he ir  Infue nce  on the  

Compre s s ibility  of Soils

Le s  Ra p p o r t s  de s  c o n t r a in t e s  p r inc ipa le s  e t le ur  in flue nc e  s ur  la  c o m p r e s s ib ilit é  de s  s ols

> N . JA N B U , T e chnical Univ e rs ity  o f  N orw ay , T rondhe im , N orw ay

E. I. H JE L D N E S , T e chnical Univ e rs ity  o f  N orw ay , T rondhe im , N orw ay

S U M M A R Y

Firs t, some s imple  analyses are carried out to obta in numer ica l 
values for the pr incipal stress ratios  as a function of mobilized 
shear stress, both on effective and total stress bases. Secondly, 
based on the theory of e las ticity, an inves tigation is made  of 
the influence  o f the pr incipal stress ratio on shear s train and 
de formation modulus  o f elastic materials . This  analysis appears 
to throw some new light on the de te rmination o f initia l de forma ­
t ion of clays (under  undraine d conditions ). Fina lly, the influence 
o f the pr incipal stress ratio on the compress ibility characteris tics 
o f sand is described from the experience gained fr om some 50 
laboratory tests. Fo r  pr incipal stress ratios higher than K '  =  
0.55 the influence  resembles elas tic behaviour, but for  decreasing 
K ' be low 0.5 the influence o f shear stress appears to play a 
much more  predominant role in sand than in elastic materials .

S O M M A IR E

Premièrement, quelques simples  analyses ont été effectuées 
afin de trouver des valeurs numér iques  pour  les rapports  des con ­
traintes principales  en fonction de la contrainte  tangentielle  
mobilisée , sur la base des contraintes  effectives et des con­
traintes totales. Deuxièmement, fondée  sur la théorie de l’élas ­
t icité, une élude  de l’influence des rapports  des contraintes  pr in ­
cipales sur la  déformation de  cisaillement et le module  de 
déformation pour  les matér iaux élastiques a été effectuée. Cette 
analyse  semble  apporter une  lumière  nouve lle  sur la  déte rmina ­
t ion de la déformation initiale  de l’argile  (dans  l’état non 
dr a iné ). Finaleme nt, on décrit l’influence  des rapports  des con ­
traintes principales  sur les caractéris tiques de compressibilité 
pour  le sable, en par tant des résultats  d’environ 50 essais expéri­
mentaux. Quand il s’agit des rapports  des contraintes  pr inci­
pales plus  grands que  K ' =  0,55, il semble que l’influence corre ­
sponde au compor tement élas tique , tandis que  pour  K '  infér ieur  
à 0.5, il semble que  l’influence de la contrainte  tangentielle  
joue  un rôle plus  domina nt pour le sable que pour  les matériaux 
élastiques.

P R IN C IP A L  S T RE S S  RA T IO

a s  a n  i n t r o d u c t i o n  a s tudy will be  ma de  o f the  ac tual 
range  o f nume r ic a l va lue s  o f the  p r in c ip a l stress ra tios  
ne eded in the  la bor a to r y  fo r  tr iax ia l compre s s ibility  tests 
on soils . F ig . I s hows  a c y lindr ic a l s oil s pe cime n s ubje cted 
to e ffective  p r in c ip a l stresses cr\  a nd  <t '-> =  cr':i. He r e in  the  
ra tio  be twe e n the  m in o r  a nd m a jo r  e ffec tive  p r in c ip a l stress 
is de note d by K ',  hence

K ’ =  o ' 3/ o ' 1. ( 1)

Wh e n  the  r a t io  is re quire d on tota l stress bas is , it  is  de note d 
by K .

T he  ra tio  K '  (o r  K )  can, in ge ne ra l, be  expressed in  te rms  
o f a  no m ina l s ta le  o f e q u ilib r ium , de fine d by the  shear 
s tre ngth a nd a fa c tor  o f safe ty. T hus  the  s he ar  stress r  on a 
pla ne  r is ing  a t an angle  a  will be  expressed as

r  =  r  ,//•-  (2)

whe re  \ /F r epre sents  the  degree  o f m o b iliza t io n  o f the  shear  
s tre ngth r r. F o r  give n shear - s trength prope r tie s  the  p r in c ip a l 
stress r a t io  is a func tio n  o f the  shear - s trength pa rame te rs  
a nd  the  degree  o f m o b iliza t io n . Base d on this  p r inc ip le  a 
compre he ns ive  s tudy o f K '  a nd  K  has  been unde r ta ke n at 
o ur  ins t itute , fr o m w hic h  tw o cases w ill be  cons ide re d be low. 
In  bo th  the  s he ar  s tre ngth is expressed by one  par ame te r .

In  the  firs t case  the  she ar  s tre ngth is give n by the  expres ­
s ion (c  =  0)

t { =  cr/  tan 4> ( 3 )

whe re  <r' is the  e ffective  no r m a l stress on the  s he ar  p la ne  
cons ide re d. C o m b in in g  Eqs  (2 )  a nd (3 )  it  is re adily  seen 
that the  m in im u m  value  o f F  cor re s ponds  to  the  r e quir e me nt

t / V  =  ta n 4>/F =  m a x im um  ( 4 )

whe n 0  is as s ume d cons tant.
It  is a ls o we ll know n that  E q  (4 )  leads  to c r it ica l shear  

plane s  give n by (fo r  K '  <  1)

=  ±  (77/4 +  <f>J2 )  (5 )

whe re  <f>n is de fine d by

ta n </>„ =  tan <f>/F. (6 )

Mor e ove r , the  va lue  o f K '  is e qua l to

K ' — t a n2(ir / 4  — <£n/ 2 ) .  (7 )

T his  value  o f K '  is plo tte d versus  <f> in F ig . 1, fo r  thre e  d if ­
fe re nt value s  o f F , 1.0, 1.3, a nd  1.6; fo r  c ompa r is on Ja k y ’s 
va lue  o f

K 'g =  1 — s in </> (^a )

is inc lude d in the  figure .
T w o e xample s  illus tra te  the  a p p lic a t io n  o f the  g r aph. A  

large  hor izonta l s and laye r  w ith  <f> =  35 ° is a t  res t w ith  a 
no m ina l s afe ty fac to r  o f F „ =  1.6 c or re s ponding to K 'q =  
0 .42, acc or ding  to po in t  S in  F ig . 1. T his  s and is no w  loade d 
ove r  a very large  area (to  a void ro ta tion o f the  pr inc ipa l 
s tre s se s ), a nd  the  shear  stresses are  cons e que ntly increase d.
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a lu e s  o f (- p- )

Tt  =  s  =  cons tant. ( 8 )

■ =  /2 (<7" |  — 0-;{) =  /2 (o . )  =  s / F .

He nce

0-3 =  O-, -  2 (5 / F ) .

(9 )

( 10)

K  =  1 -  ( 2 j/ F > ) . (10

K ' = l -  (2 s / Fp ') ( 11a )

T he  va lue s  o f K  a nd  K7 are  p lo tt e d  in F ig . 2  v ersus  { s / p )  
a n d  { s / p ')  fo r  diffe re nt value s  o f F .

T o  illus tr a te  the  a pp lic a t io n  o f F ig . 2 , le t  us  as s ume  that  
the  s he ar  s tre ngth o n  to ta l stress bas is  (u n d r a in e d ) is 
is o tr op ic  a t e ach de p th , but varie s  line ar ly  w ith  de p th . F o r  
the  give n s oil p r o file  the n , s / p  a nd  s / p '  a re  cons tants .

f i g .  1 . Effective pr incipal stress ratio 
K ' as function o f mobilized shear stress 

tan ipn =  tan 0/ F  for  c =  0.

Le t  the  ne w  co n d it io n  co r re s pond to F l  =  1.3. As s um in g  no  
increase  in  <f>' due  to co ns o lida tion , the  ne w s tate  o f e qui­
lib r iu m  yie lds  K\  =  0 .3 6  as  s hown by  the  po in t  o f the  
ve r tica l ar r ow. T he  ave rage  K '  to be  use d in  the  la bo ra to ry  
fo r  c ompr e s s ibility  de te r m in a tio n  w ith  cons tant e ffective  
stress ra tio  c o u ld  the re fore  be  chos e n as  the  m e a n K '  =  0 .39. 
If  the  c ons o lida tio n  o f the  s and leads  to a n incre as e d tf>', 
the n the  s itua tion is  as  illus t ra te d by  the  inc line d  a r r ow  fr om  
p o in t  S.

If  we  were  de a ling  w ith  a  ve ry s o ft  c la y  laye r  whe re  
t a n  <}> =  0 .2 , the  s ame  a t  re s t ( F 0 =  1 .6) a n d  lo a de d c o n ­
d it io ns  (F j =  1 .3) w ould  give  K '0 =  0 .77  a nd  K\  =  0 .73 , 
g iv ing  a n  ave rage  K '  =  0 .75 if  the re  was  no  increase  in  ta n  <f> 
due  to  co ns o lida tion . If  a n increase  in $  took plac e , the  
inc line d  a r r ow  fr o m  p o in t  C  illus trate s  the  s itua tion.

F o r  the  s e cond case , the  s he ar  s tre ngth is  give n in  te rms  
o f to ta l stresses; it  is  as s ume d c ons ta nt  a nd  is o tr opic  a t  e ach 
de pth  bu t m a y  var y  fr o m  one  de p th  to anothe r . He nc e , 
fo r  a give n de pth

f ig .  2 . In- situ values  o f K  and K ' as 
functions  o f shear s trength ratios  (s / p  

and s / p ')  and safety fac tor  F.

F o r  no r m a lly  c ons olidate d  Nor w e g ia n  m a r ine  c lays  the  
r a tio  s / p '  (de te r mine d by va ne  tes ts ) o fte n  range s  be twe e n 
0.1 a nd  0 .3 , a c c or ding  to  Bje r r um  (1 9 5 4 ).  He nc e  s / p  is  o f 
the  o r de r  o f ma gn itud e  o f  0 .0 5  to  0 .15 fo r  y  ~  2 y .  F o r  a  
give n a t  res t c o nd it io n  co r re s ponding  to  F 0 =  1.6 one  w o uld  
find  fo r  s / p '  =  0.1 tha t K '  =  0 .87 a n d  K  =  0 .9 4, w hile  fo r  
s / p '  =  0 .3  the  c o r re s ponding  value s  are  K '  =  0 .6 2  a nd 
K  =  0 .8 1. T hes e  h ig h  va lue s  are  see n to  co r re s pond to  lo w  
value s  o f ta n  <f> in  F ig . 1 as w o uld  be  e xpe cte d. A  d ia g r a m  
c or re la ting  K ',  t a n  F ,  a n d  s / p '  cons ide re d b o th  as 
is o tr op ic  a n d  a nis ot ro pic  qua ntitie s  ha s  been e s tablis he d, 
but is cons ide re d to  be  be yond  the  s cope  o f th is  ar tic le .

Kcr-)—

In  s uch cases , it  is we ll kno w n tha t  fo r  a  p r in c ip a l stress 
e le me nt the  m a x im um  s he ar  stress a t  a n =  ±  4 5 ° e quals

2  05

F o r  a  se mi- infinite  body  le t <r, =  p  de s ignate  the  total 
ove r burde n pre ssure . T he n the  to ta l p r in c ip a l stress r a t io  
become s

^“0.5

v»p 2 3 -""

X / 
\  / 
\ /

^ 0 3 ^ —
/ \̂ \

y/ j 0.45___

-̂0.5

/ _

Dr-05

VALUES OF K - K -

I f  <t \  =  p '  de note s  the  e ffe ctive  ove r burde n, the n the  e ffective  
p r in c ip a l stress r a tio  be come s , a c c or ding  to (9 ) ,

f i g . 3. Influence  of pr incipal stress ratio on 
shear s train and de formation modulus  for  

e las tic materials .

C O M P R E S S IB IL IT Y  O F  E L A S T IC  M A T E R IA L S  U N D E R  P R IN C IP A L  

S T RE S S  C O N D IT IO N S  

F ig . 3 s hows  a c y lindr ic a l s pe c ime n o f a n e las tic  body  
s ubje cte d to  a  m a jo r  p r in c ip a l stress <r a nd a m in o r  a nd 
in te r me dia te  p r in c ip a l stress Kcr (to ta l stresses e qua ls  e ffec ­
t ive  stress, he nc e  K  =  K ') .
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T A D L E  I.  IN D R A IN E D ,  IN IT IA L  D E F O R M A T IO N  M O D U L I O F  C L A Y ( L A D E M O IN ,  T R O N D H E IM )

De pth
(me te rs )

Unc oil fined 
¿¿¡(tons / s q .m .)

K  = 0 .8  
^/ ¡ (to n s / s q .m .)

Ra t io
M i/ E i Ro u t in e  da ta

4 .2 - Ô.0 145 430 3 .0 W p =  18- 19 pe r  ce nt
10.2- 11.0 255 i)20 3 .6 W  L =  31- 36 pe r  ce nt
1 4 .2 - 1 5 .0 295 1250 4 .2 W =  32- 33 pe r  ce nt
1 8 .2 - 1 9 .0 475 >1 2 5 0 < 2.0 (.Vt 5- 15)

A V E R A G E 3 .3

F r o m  the  the or y o f e las tic ity the  ve r tic a l s tra in e ca n be  
expressed as follows :

e =  (t r / E  -  v / E ) ( K a  +  K<r)

=  (1 -  2 v K )t r / E .  (1 2 )

T his  s tra in can be  d iv ide d  in to  two co mpone nts  (F ig . 3 ) ,  
one  due  to a ll- round pre ss ure  en, a nd  one  due  to de via tor  
stress €(1, whe r e  the  la tte r  e quals

£„ =  (1 -  K )(<r / E ) .  (1 3 )

He nce , the  r a tio  be twe e n the  s tra in c om po ne nt caus e d by 
de via to r  stress (s he a r  s tress) a nd  the  tota l s tra in becomes

ea/ e = ( l - K ) / ( l  - 2 v K ) .  (1 4 )

T his  r a tio  is plo tt e d  in  F ig . 3 fo r  va r ious  va lue s  o f v a nd  K ,  
fr o m  w hic h  it  is seen that the  s tr a in due  to de via to r  stress is 
the  mos t  s ignifica nt  c o m po ne nt  fo r  s m a ll K '  va lue s  (s a nd 
K ' =  0.3 to 0 .5 ) a nd  a ls o fo r  large r  K '  va lue s  (c la y  K ' =  
0 .5  to 0 .8 ) w he n v ^  0.4.

I Sinc e  the  s he ar  stresses a ppe a r  to be  re s pons ible  fo r  a 
\  m a jo r  pa r t  o f the  ve r tic a l compre s s ion fur the r  inve s tiga tion 

o f the  influe nce  o f K  on the  compre s s ibility  is indica te d.
If  K  is ke pt cons ta nt  dur ing  a compre s s ibility  tes t on an 

e las tic  s pe c ime n the  ve r tic a l stress- vertical s tra in curve  is 
line a r , a nd  the  tange nt m o d ulus  M  =  dcr/de  fo r  this  curve  
is  seen to  be  cons tant, E q  (1 2 ) ,  a nd  e quals

M  =  E / ( l  -  2 v K ).  (1 5 )

If  K  varie s  fr o m one  tes t to  ano the r  (b u t  is ke pt cons tant 
fo r  e ach te s t) a re fe re nce  va lue  is ne e de d fo r  co mpar is on , 
and  le t the  value  M n fo r  a ll- round pre s sure  ( K  =  1 .0) be  
chos e n, i.e .,

M a =  E / (  1 -  2v ).  (1 6 )

He nce ,

M / M a =  (1 -  2 v ) / (  1 -  2 v K ) .  (1 7 )

T his  ra tio  is plot te d  in  F ig . 3 versus  K  =  K '  fo r  diffe re nt v, 
fr o m  w hic h  it is seen that  M / M a increase s  fo r  inc re as ing  K .

T his  cons ide r a tion ca n be  he lpful in  c la r ify ing  an 
im p o r ta n t  issue  in c onne c tion w ith  the  m o d ulus  o f init ia l 
d e fo r m a t ion  o f c lays  (in it ia l s e ttle me nt unde r  und r a ine d  
c o nd it io n s ). F r o m  e xpe rie nce , the  No r w e g ia n  Ge o te c hnic a l 
Ins titu te  has  conc lude d that fo r  e s timat ion o f in it ia l se ttle ­
me nts  o f c lay the  m o dulus  de r ive d fr o m  the  stress- strain 
curve  o f the  unc onfine d  compre s s ion has  to  be  m ult ip lie d  
by 3 o r  4  to cor re s pond w ith  obs e rvations .

T his  e xpe r ience  is now  re adily  e x pla ine d  bo th  by  theory 
and by  labor a tor y  e x pe r ime nts . T he  s lope  o f the  unc onfine d  
s tress- strain curve , whe re  K  =  0 , yie lds  M  =  In  nature , 
howe ve r , the  ac tua l K  (to ta l stresses, und r a ine d  c o nd it ions ) 
is o f the  ave rage  orde r  o f ma gnitude  o f 0 .75 to 0 .85 fo r  
N C  clays  (F ig . 2 ) ,  he nce  fr o m  Eq  (1 5 )

M|  =  £¡ 7 (1  -  2 v K ).  (1 5 a )

F o r  e x ample , if  K  =  0 .75- 0 .85 a nd  v — 0 .4 0  to  0 .4 5, =  
(2 .5 - 4 .2 )£j w hic h  appe ars  to cove r  the  exper ie nce s  o f N G I.  
It  s hould  the re fore  a ppe a r  log ic a l to car ry  o ut  K  tests (0 .7 5  
to 0 .8 5 ) fo r  the  de te rm ina tion o f M { to be  use d fo r  es ti­
ma t in g  in itia l s e ttleme nts , s ince  v is in  re a lity  unknow n.

F o r  fur the r  illus tr a tion the  re sults  o f s ome  labora to ry  
und r a ine d  K  tests are  give n in  T a ble  I fo r  one  c la y pr ofile . 
T he  results  are  in good agr e e me nt w ith  the  above  findings , 
ina s muc h as the  average  test va lue  o f M i/ E i is  e qual to  3.3.

T E S T S  O N  S A N D

In  a pre vious  pape r  (Ja n b u , 1 9 6 3 ), the  a uth o r  sugges ted 
us ing  the  tange nt  m o d ulus  M  o f the  cr' — € curve  as a 
me as ure  o f the  compre s s ib ility  o f soils , he nce  M  =  do- '/de. 
F o r  the  types  o f s and tes ted fo r  cons ta nt  K '  the  tange nt 
m o dulus  va r ie d w ith  stress acc or ding  to the  fo r m ula

A/  =  m<T;l(o- '/crn) l~ a (1 8 )

whe r e  <ra =  re fe re nce  stress — 1 a tmos phe re  =  1 kg / s q .c m ., 
a-' =  e ffective  ve r tica l stress, m  =  m o d ulus  num b e r  (pur e  
n u m b e r ), a nd  a =  stress e x pone nt (pur e  n u m b e r ). Equa t io n  
( 1 8 )  is c lose ly re la te d to the  fo r m ula  propos e d by Ohde
(1 9 3 9 ).

F o r  a  ve r tica l stress increase  fr o m  <x'0 to cr' =  <r'0 +  
A<r one  obta ins  the  ve r tica l s tra in e by inte g r a t ion o f do- '/M 
be twe e n these  stress limits . He nce

e =  ( l / « « ) [ ( ff' A . ) a -  ( o V O " ]  (1 9)

fr o m  w hic h  it  is seen tha t the  re fe re nce  stress <ra is in tr o ­
duce d sole ly fo r  the  purpos e  o f ob ta in in g  a d ime ns iona lly  
cor re ct e quat ion.

T he  m a in  obje ct  o f the  e x pe r ime nta l analys is  (Ja n b u ,
1963) was  to ob ta in  ty pica l num e r ic a l va lue s  fo r  m  a nd  a 
fo r  va r ious  types  o f soils . T he  m a in  que s tion de alt  with  
be low is ho w  a a nd  m  var y  whe n K '  varie s  fr o m test to 
test, while  K '  is ke pt  cons tant fo r  e ach test. On ly  the  e xper i­
me nta l re sults  o f two types  o f s and will be  given here . 
Some  char acte r is tic  pr ope r tie s  o f the  s ands  are  give n in  
T a ble  II. F o r  bo th  s ands  gr a ins  large r  th a n  1 m m  in d ia ­
me te r  were  re move d  by  s ieving. T he  tests we re  dr a ine d 
a nd  were  car r ie d  o ut  in  tr ia x ia l ce lls  o f the  N G I type . 
In it ia lly , s ome  tests we re  r un  fo r  the  purpos e  o f ob ta in ing

T AU LF . I I .  C H A R A C T E R IS T IC  P R O P E R T IE S  O F  S A N D  A A N D  S A N D  13

I nde x prope r tie s A s and B s and

Spccilic  g r a v ity  7., 2 .7 3  g /e n.cm . 2 75 g /c u .c m.
Ma x im u m  por os itv >/„mx 4 0 .2  pe r cent 43, .) pe r  ce nt
Min im u m  por os ity »mi„ 3 4 .0  pe r  cent 3 0 .0  pe r ce nt
Gr a in  s ize  Dm 0 .1 3  mm 0 . 11 mm
Gr a in  s ize  D co 0 .4 2  mm 0 . 42 mm
Gr a in  s ize  /J>ioo 1.00 mm 1 .00 mm
Angle  of fr ic tion $  for 

11 = 35.5 pe r ccnt 
Angle  of fr ic tion  <f> for 

v  = 3 1 . 9  pe r  cent

4 1 .8 °

43. 50
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a  ra te  o f loa d ing  s uffic ie ntly s low to  s ecure  c omple te  
dra inage .

T y pic a l cr' — s curve s  a nd M  — cr' curve s  are  s hown in  
F ig . 4  fo r  two  K '  va lue s  fo r  B s and. Be fore  a c ompr e s s ibility  
tes t w ith  cons ta nt  K '  was  s tar te d, the  s a mple  ha d  to be  s ub ­
je c te d to  a s m a ll in it ia l a ll- round pre s sure  ( K ' =  1 .0 ), so 
that  the  a c tua l p o in t  o f ze ro  s tra in is u nk n ow n. F o r  the  
s tudy o f the  tange nt m o d ulus  howe ve r , this  has  no  influe nce  
e xcept pe r haps  ve ry ne ar  ze ro  stress.

Wh e n  a  tes t curve  {cr' — e ), o r  pr e fe r a bly  ( M  — a- '), is 
obta ine d , bo th  par ame te rs , a  a nd  m , c a n be  c o mpute d  by 
r e a d ing  o ff M  a nd  a- ' at  a ny  tw o  points . T he  ob ta ine d  value s  
o f m  a n d  a a re  ge ne ra lly a lmos t inde pe nde nt o f w h ic h  po ints  
are  s e lected, b u t  in  pra ct ic e  the  use  o f ave rage  va lue s  
o b ta ine d  fr o m  a  fe w  sets o f po in ts  se lected w ith in  the  
ac tua l stress r ange  is sugges ted. T he  value s  o f m  a nd  a fo r  
the  curve s  in  Fig . 4  are  give n in  the  figure .

F ig . 5 s hows  by  a lim ite d  num be r  o f ave rage  curve s  how  
the  stress e x pone nt (a )  a nd  the  m o dulu s  num b e r  (m )  var y

w ith  poros ity  fo r  diffe re nt p r in c ip a l stress  ra t ios  K '  fo r  bo th  
types  o f  s and. T he  figure  illus tra te s  c le ar ly  h o w  the  m o d ulus  
n um be r  increase s  w ith  incr e as ing de ns ity  a nd  w ith  incr e as ing 
K '.  A  s im ila r , bu t  no t  s o ma rke d, va r ia t io n  is  obs e rve d fo r  
the  stress  e x pone nt a; a nd  the  pe r  ce nt va r ia t io ns  are  
mode ra te .

In  or de r  to de mons tr a t e  h o w  c ompr e s s ibility  de pe nds  on 
the  p r in c ip a l stress r a tio  fo r  both  s ands , it  is  advantage ous  
to use  the  re la tive  de ns ity  D ' t on a n  n  bas is ,

D 'r  =  ( " m a y  —  n ) / ( « m n x  ~  « m h , )  ( 2 0 )

ins te ad o f the  poros ity  its e lf.
F o r  the  tw o  types  o f s and the  r a tio  be twe e n the  m o d ulus  

num b e r  m  a nd  the  re fe re nce  va lue  m ft fo r  K '  — 1 .0  is 
p lo tt e d  in  F ig . 6 v ersus  e ffective  p r in c ip a l stress r a t io  K '  
fo r  thre e  diffe re nt re la tive  dens itie s , D 'r =  0 .2 5 , 0 .50 , a nd  
0 .75. T h is  figure  de mons tra te s  tha t  the  va r ia tio n  o f m / m n 
versus  K '  is  s im ila r  to the  e las tic be ha v iour  fo r  K '  >  a bo ut 
0 .55  (see  a ls o F ig . 3 ) .  Howe ve r , fo r  K '  <  0 .5  the  r a tio

f i g . 6 .  Rat io  m / m a as a  function o f K ' for  relative 
densities D 'r =  0.25 to 0.75.

f i g . 4. T ypical variation o f s train (e ) and de formation modulus  
(M ) vi. stress ( ^  =  a’).

- Q7"'

-  A - s a n d

-  B- sand

n % - - - - - ►

f i g . 5. Diagram showing stress exponent («) 
and modulus  numbe r  (m ) as a function of 
poros ity («)  for  pr incipal stress ratios  K '  =  

0.35 -  1.0.

dr ops  m u c h  m o r e  r a p id ly  th a n  fo r  e las tic  ma te r ia ls  (the o ­
r e tica lly  m / m a =  0  fo r  K ' =  t a n2 (4 5 ° — <£/ 2 )).

In  o r de r  to  p o in t  out  the  a pp lic a b le  r ange  o f the  curve s  
fo r  no r m a lly  co ns o lid a te d  s ands  the  po in ts  c o r re s ponding 
to F  ~  1.6 { K 'n — c o n d it io n s ), F  =  1.4 a nd  F  =  1.3 have  
been o b ta ine d  fo r  A  s and fo r  e a ch  o f the  thre e  re la tive  
densitie s . T his  has  be en achie ve d fr o m  a n  e s t imate d <f> — n  
r e la tions hip  fo r  the  s and, bas e d o n  one  de te rmine d  <f> va lue  
(T a b le  I I ) .  K 'n is c a lc ula te d  fr o m  fo r m u la  (7 a ) .  T he  cor re ­
s po nd in g  curve s  fo r  B s and are  no t  s how n in  the  figur e , b u t  
see m to be  loca te d s ome w hat  lowe r  th a n  thos e  fo r  A  s and.

In  m os t cases  o f no r m a lly  c ons olidate d  s ands  the  K '  
c o nd it io n  fo r  a  s pecific  cas e  o f lo a d ing  w o uld  be  loca te d  
be twe e n the  unlo a de d  c o nd it io n  (K 'q) a nd  the  lo a de d  c on ­
d it io n  c or re s ponding to  a n ave rage  s afe ty fa c to r  w ith  
re spect to  s he ar  fa ilu re , s ay F  =  1.3 to  1.4. F o r  ins tance  
fo r  A s and w ith  a n  ave rage  F  =  1.4 the  a pplic a ble  range  
o f m / m u w ould  be  the  s hade d are a  in F ig . 6.

F in a lly , a  cons ide ra tion w ill be  give n to  the  ac curacy  o f 
us ing  K '  =  cons ta nt fo r .c o m p r e s s ib ility  de te rm ina tions  o f 
s and fo r  pr a c tic a l a pp lic a tio n  to  s e t tle me nt analys is . F o r  
this  pur pos e  cons ide r  a  no r m a lly  c ons olidate d , m e d iu m  
dens e  s and w ith  D\ . =  0 .5 , a nd  le t m / m a be  a  re la tive  
me as ure  o f  the  compre s s ibility  s ince  the  a  va r ia tion  is fa ir ly  
s mall. Be fore  lo a d ing  K '0 =  0 .41 , (c o r r e s pond ing  to  F  ~
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1.6) g iv ing  m / m n =  0 .43 (F ig . 6 ) .  Afte r  loa d ing  F  =  1.4 
c or re s ponding to K\  =  0 .3 6, a nd  m / m .A =  0 .35. Us ing  an 
ave rage  K '  =  0 .3 85  =  c ons ta nt  in  a tr ia x ia l compre s s ion 
tes t one  w o uld  have  fo u n d  m / m ix =  0 .39  w h ic h  is only  ±  
10 pe r  ce nt diffe re nt fr o m  the  lim it in g  ra tios  fo r  the  K '0 and 
K\  (F  =  1 .4 ) conditions .

T he  ac tua l co mpre s s ibility  is  be lie ved to be  locate d be twe e n 
the  tw o limits  fo r  K '0 a nd  K\ , so tha t the  e r ror  o f us ing  a 
cons tant , ave rage  K '  s hould  the re fore  the ore tica lly  be  less 
t h a n  the  lim it in g  e r rors  ± 1 0  pe r  cent. T he  the ore tica l e r rors  
o f cons ta nt  K '  tests are  the re fore  in  mos t cases ne gligible

in  c ompa r is o n to the  pr ac tica l difficultie s  o f o b ta in ing  
re liab le  in fo r m a t io n  a bout the  in- s itu r e la tive  densitie s  a nd 
s hear - s trength pr ope r tie s  o f s and depos its .
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