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Stochas tic  Processes  in  the  Gr a in  Ske le ton of Soils
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P h é n o m è n e s  s to c a s t ique s  d a n s  la  s t r uc tu r e  g r a n u la ir e  de s  s ols

R. J. M A R S A L ,  Re s e arc h  E n g in e e r , In s t it u t o  de  In g e n ie r ía , U n iv e rs id ad  N a c io n a l A u t ó n o m a  de  M é x ic o , M é x ic o

S U M M A R Y

It is recognized in soil me chanics  that the grain s tructure  of 
a soil does not  react ins tantane ous ly to changes  in stresses. How ­
ever, little  a t te ntion has  been given to this  fact in theore tical 
developme nts . T ime  lags are attr ibute d gene rally to interference 
between the fluid and solid phases . This  pape r  is conce rned with 
trans ie nt phe nome na in the grain ske le ton dur ing one - dimen­
s ional compres s ion. Moveme nts  o f particles  are cons idered the 
consequence  o f e rratic impulse s  trans ferred to each grain by 
the ne ighbour ing ones, coupled with cons tant action. Fur the r ­
more , particles  are  assumed to move  in a viscous  me dium. The  
process is analysed by stochas tic me thods , and it is conclude d 
that the process is governed by the diffus ion e quation (Fokker-  
P lanck). A solution is offered for  specified boundary conditions , 
and results  discussed. T he  proposed stochas tic theory may find 
applica tion in the s tudy o f trans ient phe nome na, like  cons olida ­
tion of soils.

S O M M A I R E

Il est r econnu dans  la mécanique  des sols que  la structure  
granulaire  d ’un sol ne r éagit pas ins tantanéme nt aux variations  
de contrainte s . Ces  re tards sont généraleme nt attr ibués  à  l’inte r ­
férence entre  les phases fluide  et solide. T oute fois , peu d ’atte ntion 
a été, jusqu’à ma inte nant , accordée  à ce fait dans  les tr avaux 
théoriques . Cette  communica tion traite  des phénomène s  tr an­
sitoires dans  une  s tructure  granulaire , sous l’action d ’une  com ­
press ion unidire ctionne lle . Les mouve me nts  de par ticule s  sont 
cons idérés  comme  une conséquence  des impuls ions  e rratiques  
transmises à  chaque  grain par  les vois ins , plus  une  action con ­
s tante. En outre , on suppose que  les par ticule s  se me uve nt en 
milie u visqueux. Le  phénomène  est analysé par  un  calcul de 
probabilités  et il en est conclu que  ce phénomène  est régi par  
l’équation de diffus ion (Fokke r - Planck). Une  solution est offerte 
pour  les conditions  limites  spécifiées et les résultats  en sont 
discutés. Ce lte  théorie  s tocas tique  proposée  pe ut t rouve r  son 
applica tion dans  l’étude  des phénomène s  trans itoires  tels que  la 
cons olidat ion des sols.

D E F IN IT IO N S  A N D  G E N E R A L  R E L A T IO N S H IP S

l e t  u s  c a l l  V r  the  to ta l v o lu m e  o f a s oil e le me n t w h ic h , 
due  to va r ia t ions  in  the  s ta te  o f s tress , unde rgoe s  a v o lu ­
me tr ic  change  A V . In  the  dir e c t ion  o f r e fe r e nce  axes  x, y, 
a nd  z, de fo r m a tio ns  o f the  v o lu m e  e le me n t ar e  Ax, Xv and 

r e s pe ctive ly . Co r r e s po nd ing  s tr a ins  w ill be  de fine d as 
fo llo ws :

ev =  a V / V t  (1 )

cx =  V\ /fx> €y  =  €ii =  ^7,/h. ( 2 )

/x, ly , a nd  L, b e ing  the  in it ia l d im e n s io ns  o f the  s oil e le me nt. 
Ex ce p t  fo r  te rms  o f h ig he r  or de r , s uch s tr a ins  ar e  r e la te d by 
the  e x pre s s ion,

ev =  +  c.v +  6Jt (3 )

As s um in g  tha t  v o lum e tr ic  change s  A V  are  e qua l to  va r ia t ions  
in the  v o lu m e  o f voids , A V v, the  c o r r e la t ion  be twe e n s tr ains  
an d  vo id  r a t ios , e, is:

ev =  - A e / ( l  +  e ) .  (4 )

As  k no w n , Ae  is o b ta ine d  by  d iv id in g  a V v by  the  to ta l 
v o lu m e  o f gr a ins  V s. T he  r a t io  V JV - v w ill be  ca lle d  co nc e n ­
t r a t io n  o f the  s olid  ma tte r , q .  T h is  s oil cha r ac te r is t ic  in te rms  
o f v o id  r a t io  is  e qua l to

q  =  1 / (1  +  e ) .  (5 )

F r o m  ( 5 ) ,  change s  in  c o nc e nt r a t io n ar e :

A q  =  — Ae/{\  4* e )-  =  ev/ (  1 - f e ) (6 )

O n  the  o the r  h a nd , the  gr a in co nc e n tr a t io n , n v, is  de fine d 
as the  n u m b e r  o f pa r t ic le s  pe r  un it  o f vo lum e . As s um in g

tha t  the  ave rage  v o lu m e  o f in d iv id u a l gr a ins  vs is  k no w n; 
the n,

q  =  (7 )

(F o r  de te r m in a tio n  o f vs see Ma r s a l, 19 63 ).

i d e a l i z e d  s o i l  s t r u c t u r e  

Soils  ar e  two- phas e  or  thre e - phase  sys te ms . A  gr a in 
s ke le ton e nclos e s  voids  w h ic h  are  fille d w ith  a flu id . T his  
flu id  m a y  be  c o m pos e d  o f gases  a nd  a liq u id . In  fu r th e r  c o n ­
s ide ra t ions  o f this  pa pe r , the  ac t ions  o f ne ithe r  gas  no r  liq u id  
phas e s  w ill be  take n in to  a cco unt . T he  abo ve - me ntione d 
s ke le ton cons titute s  a dis cr e te  bo dy  com pos e d  o f gr a ins  
h a v in g  a gr e at  va r ie ty  o f s hapes  a nd  s izes . Als o  the  m ine ra l 
c o m po s it io n  o f these  pa r t ic le s  m a y  chang e  w ith in  wide  
r ange s . Du e  to this  fund a m e n t a l cha r ac te r  o f soils , one  is 
for ce d to w ork  w ith  s ta tis tica l va lue s  o f the ir  phys ica l p r o ­
pe r tie s . It  is a lso  r e quir e d tha t  the  n u m b e r  o f pa r t ic le s  pe r  
u n it  v o lu m e  be  la rge  e no ugh  tha t  a s y mpto tic  fo r m u la e  
de r ive d fr o m  a s tochas t ic  ana lys is  be com e  acce ptable .

Am o n g  the  me c ha nic a l s oil pr ope r t ie s  o f s ta t is t ica l na ture , 
the  vo id  r a t io , co nc e nt r a t io n o f s olids , a nd  coe ffic ie nt  o f 
com pre s s ibility  are  the  e s s ential one s  in the  c a lcu la t io ns  tha t  
fo llo w . A ll o f th e m  de p e n d o n  the  s hape  a nd  s ize  o f gr a ins  
as  we ll as  o n  the  pa r t ic le  a r r ange m e n t in the  s ke le ton. S ub ­
s tan tia l br e akage  o f gr a ins  ma y  oc cu r  in  s ome  cases  a nd  
a ffe ct  these  s oil prope r t ie s .

F r o m  the  s tochas t ic  ana lys is  dis cus s e d he re in, tw o  othe r  
prope r t ie s  o f the  s olid phas e  w ill e volve : the  coe ffic ie nt  o f 
d iffus io n a n d  the  d r ift . Bo th  are  s ta tis t ica l pa r ame te r s  w hic h  
take  in to  ac co unt g r a in dis place me nt s  induce d in  the  s oil 
s ke le ton by change s  in  stresses.
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In  this  pa pe r , the  s olid phas e  is  cons ide re d is ot ro pic . T he  
ana lys is  w ill be  co nfine d to  the  one - dime ns iona l case .

ST AT IC E Q U IL IB R IU M  OF  A S OIL 

Le t Pji be  th e  in te r g r a nu la r  for ce s  ac t ing  o n  a  pa r t ic le  j  
a nd  a s s ume  tha t  this  g r a in  is  in  e q u ilib r iu m  (F ig . 1 A ) .  Als o  
cons ide r  th a t  x , y , z  is  the  Car te s ian  fr a m e  o f  r e fe r e nce . 
Ac c o r d in g  to  th e  pr inc ip le s  o f  s ta t ics , the  s u m  o f  a ll c o m ­
po ne n ts  a n d  m o m e n ts  o f  for ce s  m us t  be  ze ro . N o w  
de tac h a c ub ic  e le me n t fr o m  a g r a n u la r  mas s  w h ic h  is  in  
e q u ilib r iu m . In t e r g r a n u la r  for ce s  cance l o u t  ins ide  the  
e le m e nt , b u t  a lo ng  its  o u te r  face s  the re  ar e  sets o f  ve c tor s  
Py as  s how n in  F ig . IB . Ma g n it ud e s  a n d  dir e c t ions  o f 
va ry  fr o m  co n ta c t  to  co nt a c t  in  a m a n n e r  th a t  w o u ld  be  
e x t r e me ly  diffic u lt  to  pr e dic t .

A  B

f i g .  I .  A ,  in t e r g r a n u la r  f o r c e s  a c t in g  o n  a  p a r t ic le ;  B ,  c u b ic  

e le m e n t  a n d  c o n t a c t  f o r c e s .

Le t us  c a ll S x, T xy, T xz the  c o m po ne nts  o f  for ces  P t a c t ing  
o n  the  e le me nt face  n o r m a l t o  ax is  x  (s ee  F ig . 2 A ) .  Ac c o r d ­
ing ly , S ,,, T yx, T yz a n d  S=, T~x, T iy , a r e  the  co m po ne nts  
a s s ocia te d to  face s  (jc, z ) a n d  (* ,  y ) ,  r e s pe ctive ly . T he  
in te r g r a nu la r  s tresses  a-x, rxy, e tc. w ill be  de fine d  as  the  
a r it hm e tic  s um s  o f  fo r c e  co m po ne nts  pe r  u n it  o f to ta l ar ea . 
T he re fore ,

N s N a N s

&x y  '  S x i, T Xy  — I  xv iy 7ZZ ~  y  -J I  zz iy  Ct l . (8 )
i = l  1 =1  i = l

whe re  N H is  th e  ave rage  n u m b e r  o f  con ta c t s  pe r  u n it  o f 
to ta l a r e a . F o r  de te r m in a tio n  o f  JVS a n d  r e la te d ma tte r s  see 
Ma r s a l (1 9 6 3 ) .

Alt h o u g h  dir e c t  in fo r m a t io n  o n  co n ta c t  for ce s  Pt is  no t  
a va ila ble , o ne  ca n  im a g ine  th a t  th e  m a g n itud e  o f  th e ir  c o m ­
po ne n ts  va r ie s  so ir r e g ula r ly , th a t  the y  m a y  be  cons ide re d 
as  r a n d o m  e vents . In  a d d it io n , if  s uch  e ve nts  ar e  in de pe n ­
de nt  fr o m  e a ch  othe r , the  e ffe ct ive  s tresses <r a n d  r  ar e  
gove rne d b y  d is tr ibu tio n  func tio ns  th a t  conve rge  t o  the  
no r m a l type  (c e n tr a l lim it  the or e m, Cr a m e r , 1 9 4 6 ). C o n ­
s e que ntly , it  is  ne ce s s ary to  de a l w ith  ave rage  va lue s  o f  <r 
a nd  t  as  w e ll as  th e ir  r e s pe c tive  va r ia nc e  in  or de r  to  m a ke  
s ta t is t ica l c o m p u ta t io n s . It  w o u ld  be  difficu lt  t o  pr e d ic t  
acc ura te ly  th e  e r r or  w h ic h  is  inv olve d w he n  stresses  ar e  
me as ure d o n ly  by  me ans  o f  ave rage  va lue s  ins te ad  o f  us ing  
the  d is tr ibu tio n  func tio ns  fu r n is he d  by  the  the o ry  o f  p r o b a ­
b ilit ie s . How e v e r , fo r  the  p r o b le m  de a lt  w it h  in  th is  pa pe r , 
it  w ill be  a s s ume d th a t  the  s a id  e r ro r  is  no t  s ignific ant .

t r a n s i e n t  p h e n o m e n a

Co ns id e r  th a t  a s oil laye r , in fin ite  in  e x te nt  a n d  2H  t h ic k, 
w hic h  a fte r  be ing  in  e q u ilib r iu m  und e r  a ve r t ica l s tress  o-1

is  s ubje c te d to  a  lo a d  in c r e m e nt A<x. Le t us  co nce ntr a te  
o u r  a t t e n tio n  o n  a s ingle  pa r t ic le  o f  the  s oil mas s  a w a y  fr o m  
the  bo unda r ie s . P r io r  t o  th e  a p p lic a t io n  o f A t r ,  co nta c t  for ces  
Pi t r an s m it te d  by  ad ja c e n t  g r a ins  to  this  pa r t ic le  s a t is fy  s ta t ic  
c o nd it io ns  o f  e q u ilib r iu m . In  or de r  t o  inve s t iga te  w ha t  
hap pe ns  a fte r  a p p ly in g  A ?  to  the  s oil lay e r , w e  w ill m a ke  
th e  fo llo w in g  hypothe s e s : (a )  move m e nt s  o f the  pa r t ic le  
a r e  p r o d uc e d  b y  unb a la nc e d  con ta c t  for ce s  a c t ing  o n  it ;
( b ) s u r r o und ing  g ra ins  tr a ns fe r  c o n ta c t  for ce s  a n d  also  
ope r a te  a s  a  homog e ne o us  m e d iu m  re s tr ic t ing  the  pa r t ic le  
d is p la ce m e n t, its  r a te  be ing  c ons tan t . F u r th e r m o r e , ac t ions  
o n  the  pa r t ic le  a r e  s plit  in tw o  pa r ts : a  c ons ta n t  inte r-  
g r a n u la r  for ce , a n d  e r r a t ic  con ta c t  for ce s , the  r e s ulta n t  ve ctor  
c h a n g in g  in  m a g n itud e  a n d  d ir e c t ion w ith  t im e  (F ig . 2 B ) .

I I
3 7  8  

T i m e

t t

I 4 1

a  b

f i g . 2. A, idealized cubic  e leme nt and average components  of 
inte rgranular  forces. B, components  o f inte rgranular  forces  in 

the  z  direction.

T he  above - de s c ribe d mode l is  s im ila r  to  tha t  a dop te d fo r  
the  Br o w nia n  m o ve m e nt.  In s t e a d  o f  th e  m o le c u la r  ac t ivity  
o f  the  liq u id  we  ha ve  e r r a t ic  for ce s  tr ans fe r r e d  by  the  
n e ig h b o ur ing  gr a ins . In  bo th  case s , the  pa r t ic le  move s  
ins id e  a N e w to n ia n  bo dy . T he  ax is  n o r m a l to  the  s ur face  
o f  the  lay e r  is  z . Since  we  a r e  d e a ling  w ith  a  one - dime n-  
s io na l case , c o m po ne nts  o f the  pa r t ic le  dis place me nt s  in  the  
x  a nd  y  dir e c t ions  cance l o u t  a nd  a r e  o f n o  cons e que nc e  in  
fu r th e r  ana lys is  o f  the  proce s s . Du e  to  the  a c t io n  o f  inte r-  
g r a n u la r  for ces  c o m b in e d  w ith  the  r e s tr ic t ion to  dis p lace ­
m e n t in  the  g r a n u la r  mas s , the  pa r t ic le  w a lk s  bac k  a nd  
fo r th  by  s te ps  a n d  is  d r ift e d  d o w n w a r d  a lo ng  the  z- axis . 
A t  th is  s tage  we  m a ke  us e  o f  th e  s tochas t ic  m e th o d  o f 
ana lys is  o r ig ina lly  de vis e d by  Ma r k o v  (1 9 1 2 ) ,  a nd  fur the r  
e x te nde d b y  Ko lm o g o r o v  (1 9 3 6 ) ,  F e lle r  (1 9 5 7 ) ,  C h a n ­
dr a s e k har  (1 9 4 3 ) ,  a n d  othe r s . T h is  m e th od r e quir e s  tha t  
th e  m a g n itu d e  a n d  d ir e c t io n  o f  e a ch  d is p la ce m e n t o f  the  
pa r t ic le  be  ind e pe nde n t  o f  the  p r e c e d in g  one s  a n d  tha t  the  
p r o b a b ilit y  o f  e a ch  s te p a lo ng  th e  z  line  ad jus ts  its e lf t o  a 
d is tr ibu tio n  fu n c t io n  se le cte d a prio ri. In  o u r  case , d ue  to 
the  ch a r ac te r  o f  th e  co n ta c t  for ce s  b e ing  e x e r te d b y  ne ig h ­
b o u r in g  g ra ins  o n  the  pa r t ic le , th e  ind e p e n de nce  o f  e vents  
s e e ms  mo s t  like ly . E q u a l p r o bab ilit ie s  fo r  th e  fo r w a r d  a nd  
b a c k w a r d  d ir e c t ion w ill be  a dopte d in  r e s pect  to  th e  dis t r i­
b u t io n  law.

f r e e - m o v i n g  p a r t i c l e s  

Ac c o r d in g  to  Ch a nd r a s e kh a r  (1 9 4 3 ) ,  the  p r o b a b ilit y  tha t  
a  pa r t ic le  finds  its e lf be twe e n z  a n d  z  +  Az a t  t im e  /, is  
g ive n by,

0  =  2 (irDt y  c x p I - * 7 4 0 < ) ;  ( 9)

304



whe re ,

(1 0 )

n  b e ing  th e  n u m b e r  o f dis p lac e m e nt s  pe r  u n it  t im e  a n d  l-  
the  m e a n  s q ua re  le n g th  o f  the  s te ps  p e r fo r m e d  by  the  gra in. 
D  w ill be  c a lle d the  coe ffic ie nt  o f  diffu s io n  o f  th e  s olid  
phas e . It  is  o f  inte r e s t  t o  inve s t iga te  th e  a m o u n t  o f  pa r t ic le  
m o t io n  r e s tr ic te d by  the  pre s e nce  o f a r e fle c t ing  b a r r ie r  or  
a bs o r b in g  w a lls  (Ch a n d r a s e k h a r , 1 9 4 3 ). In  th e  firs t case , 
the  p r o b a b ilit y  th a t  the  g r a in  is  in  the  inte rva l ( z , z  +  Az) 
a t  t im e  t, r e s ults  in

W ( Z ,  t  \ Zy)
1

' t  je x p ( —z i / A D t )
2 ( t t D I)  1

+  e x p [ — (2 s i -  z f / iD t } }  (1 1 ) 

Zi d e n o t in g  the  lo c a t io n  o f  th e  r e fle c t ing ba r r ie r . F r o m  this  
e x pre s s ion, it  is  fo u n d  th a t

(d W / d z ) i=ll =  0. ( 12)

Wh e n  a  pe r fe c t  a bs o r b in g  w a ll exis ts  a t  z2> th e  p r o b a b ility  
is  g ive n  by  th e  fo llo w in g  e q ua tio n :

W ( z , t ]

He nc e ,

l )  =  2 T ïd T ÿ  | e x p ( _ z ' / i D l )

— c x p [ — (2z- > — z ) 2/ADt}\  (1 3 )

W (z 2, t; Zo) =  0. (1 4 )

D ( d 2W / d z 2) =  d W / d t (1 5 )

a n d  th a t  (1 2 )  a n d  (1 4 )  c o r r e s po nd to  b o un d a r y  c o nd it io ns . 
F ig . 3 A  s hows  the  p r o b a b ility  curve s  (E q  9 )  fo r  s e ve ral 
t ime s .

P A R T IC L E  D R IF T  A T  C O N S T A N T  S P E E D  

I f  th e  pa r t ic le  is  no t  o n ly  ac te d up o n  by  e r r a t ic  impuls e s , 
b u t  a ls o  by  force s  w h ic h  d r ift  it  a t  a  co ns ta nt  s pe e d c , the  
p r o b a b ilit y  fu n c t io n  (F e lle r , 19 57) re s ults

W ( z ,  I)  =  . , ^ D ly , e x p [ -  (z -  2 c l) l / iD t ] .  ( l( i)

T h is  is  the  fu n d a m e n t a l s o lu t io n  o f th e  Fokke r - P lank  
e q ua t io n

D { d *W / d z *)  -  2 c (d W / d z ) =  a w / a t .  (1 7 )

f i g .  3. A ,  probability  curves  as  time  elapses (/0 <  tY <  / .,), 
free- moving par tic le . B, probability curves  as time  elapses, 

par ticle  dr ift  at cons tant speed.

Cur ve s  r e pr e s e nting the  p r o b a b ilit y  fu n c t io n  (1 6 )  ar e  dr a w n 
in F ig . 3B. T he  s o lu t io n  o f  E q  ( 1 7 ) ,  s a t is fy ing  in it ia l a nd  
b o un d a r y  c o nd it io ns  o f  o u r  p r o b le m , is  the  ans we r  be ing  
s ought.

P R O B A B IL IT I E S  V E R S U S  G R A IN  C O N C E N T R A T IO N S  

T he  p r o b a b ilit y  o f  find ing  a s ingle  pa r t ic le  in  th e  inte r va l 
(z ,  z  +  Az) a t  t im e  t has  be e n in tr o duc e d . How e v e r , one  
ca n  im a g ine  th a t  fu n c t io n  W  a ls o  r e pres e nts  th e  fr a c t io n  o f 
a  la rge  n u m b e r  o f  pa r t ic le s  loca te d be twe e n z  a n d  z  +  Az 
a t  t im e  /, the  in it ia l c o n d it io n  fo r  a ll the  g r a ins  be ing  th a t  
z =  0  a t  t  =  0 . T h is  int e r pr e t a t io n o f  W  pe r mits  the  c a lc u ­
la t io n  o f  the  phys ic a l m e a n in g  o f  this  fu nc tio n . In  fac t , 
W { z , / i )  AZ  g ive s  the  n u m b e r  o f  pa r t ic le s  tha t  ar e  loca te d 
be twe e n z a n d  z  +  Az a t  t im e  r , (s e e  F ig . 3 B ) . Wh e n  At has  
e laps e d, t.> =  / t +  At. T h e n , the  n u m b e r  o f pa r t ic le s  in  the  
in te rv a l (z , z  +  Az) is  e qua l to  W ( z , /2)AZ. T he  diffe r e nce , 
W (z , (._,) AZ  — W { z , / , )  AZ  s hown  in  F ig . 3B by  the  s hade d 
a r e a  be twe e n curve s  fo r  t x a n d  /.>, is  the  ch a ng e  in  g r a in 
co nc e n tr a t io n  An v d u r in g  th e  inte r va l A t . T he r e fore , fu n c t io n  
W  ide ntifie s  w ith  n v> a n d , ac co r d in g  to  E q  ( 7 ) ,  it  is  p r o ­
p o r t io n a l t o  q.

S O L U T IO N  F O R  T H E  O N E - D I M E N S IO N A L  C A S E  

It  fo llo w s  th a t  fr o m  the  p r e v io us  p a r a g r a ph , the  d if ­
fe r e n tia l e q ua tio ns  o f  the  proce s s  in v o lv in g  a la rge  n u m b e r  
o f  pa r t ic le s  is,

It  is  eas y to  de m ons tr a te  th a t  e x pre s s ion (9 )  sat is fies  the  
we ll- known e q ua tio n  o f  diffus io n

D È J , _ 2 c * l  =  Ì 2 .
d z ' dz  dt

( 18)

F o r  a n  in fin it e  lay e r  2 H  th ic k , a s s ume d to  be  is o tr op ic  a n d  
ho m oge n e o us , b o u n d a r y  c o nd it io ns  a re :

? ( z ,  0 )  =  q x\ q ( 0 , t )  =  q.2; q ( 2 H ,  t )  =  q ,  (1 9 )

whe re  q x a n d  q> ar e  the  in it ia l a n d  fina l c o nc e nt r a t io ns  o f 
the  s olid  phas e .

E q  (1 6 )  is  a  s o lu t io n  o f  the  diffu s io n  proce s s  w ith  d r ift , 
b u t  it  doe s  no t  s a t is fy  c o nd it io ns  ( 1 9 ) .  In  or de r  to  inte gra te  
E q  (1 8 )  le t  us  h o m o g e n ize  the  bo un d a r y  c o nd it io ns  us ing

( 20 )Q (Z ,  0 =  q (z ,  o  -  q->.

T he n , t r a ns fo r m  va r ia b le  Q  by  me ans  o f  E q  ( 2 1 ) ,  so th a t  
the  d iffe r e nt ia l e q ua tio n  be com e s  the  k n o w n  diffu s io n  la w  
( E q  1 5 ).

Q{ z , t )  =  U (z ,  f)e x p [ c z/ £> — c2t / D ] . (21 )

F in a lly , the  ge ne ra l s o lu t ion is  a s s ume d to  be

! / ( M ) = Ê i . * , ( s ) * , ( l ) .  (22)
«=0

In  w h ic h  an a r e  a r b itr a ry  cons tants . E a c h  pa r t ic u la r  s o lu t ion 
is  o f the  fo r m

^«(z * 0  =  ( an / c fl) ( A h  s in  K nz  +

B n cos  K „z )  e x p ( — D t )  (2 3 )

Ap p ly in g  b o u n d a r y  c o nd it io ns  to  E q  (2 3 ) ,  its  coe ffic ie nts  
c a n  be  e va lua te d, a n d  we  o b ta in  fina lly

7 ? /P)1
/  n'ir'Dl\  . nirz

XexP̂ — iW ) Sm2H- (24)

305



T a k in g  in to  a c c o unt p r e v io us  tr a ns fo r m a tio ns , the  ge ne ra l 
s o lu t io n  o f  (1 8 )  be come s :

S ( z > 0  =  S 2 + ( 3 i - 3 ’- ) X )

«7 t / 2[ 1  — ( — 1)" e x p ( —2 H c / D ) ]  

( H c / D f + ( n ir / ' 2 ) -

4n~K i - i y a ^ p ]

[( f ) 1 +  ( n i r ) 2J r

X  exp |^  —

In  the  above  e x pre s s ion D t / H 2 a nd  c - t / D ar e  dime ns ion-  
less. Le t  us  ca ll th e m , d iffus io n a n d  d r ift  t im e  fac tors , 
r e spective ly.

7\  =  Dt / H '1, T , =  c - t /D

He nce

JT JT ¡  =  H c / D  =  J

1 be ing  inde pe n de n t  o f t ime .

(2 7 )

(2 8 )

Aga
. /  ^ 4 » V [ l - ( - l ) U 2 ; ]

X e x p f - ^ + i 2) ^ ] } .

K
n'ir'Dl c 2A l  ( c z i • nirz a->-\

-  ~ u T  -  D ) r P\D/ sm 2H~ ■ ( 2 o )  

We  a re  a ls o inte r e s te d in  ave rage  va lue s  o f  c o nce nt r a t ions  
q  fo r  the  laye r  2 H  t h ic k , as  t im e  e lapse s . T h r o u g h  int e g ra ­
t io n  o f  ( 2 5 ) ,  the  fo llo w in g  e q ua tio n  is  fo u n d :

3 . ( 0  =  3 ”- +  (« i -  S í)  H

t
y —

j z 50- A 20 10 5 \— O.i —

' / / /

/
/

/ / =0

/
/ /

/ /
■¿S

/ / / / /

/ / / ,
/

1 / / /  <

7 i /

II// v /

V

/

H
/

j  1f/
CO

A - . - I
n=c

4n2TT2[l-(-l)nCh2j]
«p [ - K - ¿ - w lT ,]

/
[4 Jz + nz Tlz] 2

j = j i : s c h

T, D

Tt= ; D , coe fficie nt  of d iffus io n  

T z= t r  c  , d r ift

0.3 0.4  0.5  0.6  0.7

Time Factor, T,

f ig . 4. Time- s train r e lations hips  for  the  grain skeleton.

F o r  diffe r e nt  va lue s  o f  / ,  fu n c t io n  (3 3 )  was  e va lua te d  a n d  
r e s ults  p lo t t e d  in  F ig . 4 . Wh e n  J  de creas es , E q  (3 3 )  te nds  
to  a  lim it in g  curve  g ive n  by  e x pre s s ion,

TIME- COMPRESSION CURVES 

F ur th e r  a p p lic a t io n  o f the  r e s ults  s o fa r  o b ta ine d  ne ce s ­
s ita te s  co nve r t ing  th e  co nc e n tr a t io n  change s  in t o  s tr a ins . If  
we  c a ll Aq =  q 2 — q\  th e  to ta l v a r ia t io n  o f  q  fo r  a co ns ta nt  
inc r e m e nt o f  in te r g r a nu la r  pre s s ure  Air, th e  ch ange  in  c o n ­
c e n tr a t io n a t  t im e  t  is  e qua l to :

A?a(0 =  a? -  [q-2 -  ?a(0] =  9a(0 “  ¥l (29)

Subs t itu t ing  ( 2 6 ) ,  a ffe c te d b y  e x pre s s ions  (2 7 )  a n d  (2 8 )  in  
the  above  e qua tio n , we  have :

1
o I n  t t  

■ 2 s  e x Pl  — ~~r~ 1 1
" o  n  7T \  4

(3 4 )

As  3 inc r eas e s , curve s  A  — T x m o ve  to w a r d  the  o r dina te  
ax is , the  firs t p o r t io n  be ing  a lm o s t  a s tr a ight  line  fo r  J -  >  5. 
E q  (3 3 )  is  no t  a c o nve n ie n t  func t io n  fo r  fu r th e r  a p p lic a t io ns  
in  s oil me chanics . T h e  series  conve rge s  r a the r  q u ic k ly  w he n  
3 is  s m a lle r  t h a n  u n ity . Ho w e ve r , conve r ge nce  be come s  s low 
fo r  la rge  va lue s  o f  pa r am e te r  J,  p a r t ic u la r ly  w he n  T x te nds  
to  ze ro . F o r  J-  =  2 0  and T x =  0  o ne  h u n d r e d  te rm s  we re  
r e quir e d to  fin d  o u t  t h a t  the  series  in E q  (3 2 )  has  a  lim it in g  
va lue  o f  u n ity . T h is  fa c t  led to  a n  inve s t iga t ion o f a pp r o x i­
m a te  e x pre s s ions  fo r  fu n c t io n  (3 3 ) .  It  s e e ms  th a t  the  fo llo w ­
in g  one s  w o u ld  be  s im ple  a nd  a de qua te  in  mo s t  cases .

(3 0 )
A =  1 -

Co ns id e r in g  r e la t io ns h ip  ( 6 )  a nd  tha t  — Ae =  a vAcr (a v b e ing  
the  coe ffic ie nt  o f  c o m p r e s s ib ilit y ), change s  in  co nc e nt r a t io n 
ar e  expre s se d as fo llo w s :

A q  =  m v Act/  ( 1 +  e ) =  ev/ (  1 +  e ) (3 1 )

whe re  m y is  the  b u lk  m o d u lu s  o f  c o m pr e s s ibility  a n d  ev the  
v o lu m e tr ic  s tr a in. F o r  the  one - dime ns iona l cas e , ev =  
the n,

. j ,  ^  4 * V [ i -  {- \ ych2j]
=  m vA a ) 1 — 2 - / - - - - r,| Ti  , JTî- - - -

I  [ 4 J  +  n  7T ]

X e x p [ - ( ^ +  J 2) ? ' , ] } .  (3 2 )

T h e  p r o d uc t  m vA<r is  the  fina l s tr a in €f. T he re fore , the  s tr a in 
r a t io  A is  e q ua l to

[ 4 / 2 +  ir 2r
e x p [ - ( ^  +  7 2) r 1] ,

A =  es/ m v Act . (3 3 )

fo r  J  <  1 (3 5 ) 

A =  1 — ( aT x +  1 ) e x p ( —bT x) ,  fo r  J  >  1. (3 6 )

F u n c t io n  (3 5 )  a cc ount s  fo r  th e  firs t te rm o f the  series  o nly . 
In  E q  (3 6 ) ,  a  and b have  to  be  s e le cte d so t h a t  the  bes t 
fit t in g  to  (3 3 )  is  o b ta ine d. F o r  ins t anc e , a  =  6  a n d  ¿ > = 1 1  
a r e  s uitab le  va lue s  fo r  J2 =  10.

CLOS IN G RE MARKS  

Bas e d o n  th e  s tochas t ic  in te r pr e t a t io n o f  p h e no m e na  
o c c u r r in g  in  the  g r a in  s tr uc tur e  o f  a  s o il, s tr a ins  o f  the  
s ke le ton a lo ne  a re  no t  ins ta nta ne ous . A s  no te d , inte r fe r e nc e  
be twe e n th e  s o lid  a n d  flu id  phas e s  we re  no t  cons ide re d in  
these  th e or e t ica l de ve lopme nts . F o r  th e  u n id im e n s io n a l case , 
the  proce s s  in  the  g r a n u la r  s ke le ton is  gove rne d b y  the  
thickne s s  o f  th e  s oil lay e r  a n d  tw o  pa r ame te r s , the  coe ffic ie nt  
o f d iffus io n a n d  th e  d r ift . T he  la te r  o ne  se e ms  to  de pe n d
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o n  phys ica l charac te r is t ic s  o f the  gra ins , the  vo id  r a t io , a nd  
the  in c r e m e nt o f  e ffect ive  pre s s ure  a pp lie d  to the  s oil. T he  
coe ffic ie nt  o f diffu s io n  is  a  p r ope r ty  o f  the  g r a in  s truc ture  
r e la te d to  the  n u m b e r  o f r a n d o m  dis place me nt s  pe r  u n it  t ime  
a nd  the  m e a n  s qua r e  le ng th  o f s te ps  pe r fo r m e d  by  the  
pa r t ic le s  d u r in g  the  co mpr e s s io n o f the  laye r  (r e fe r  to E q  
1 0 ). It  is  w o r th  n o t in g  th a t  the  proce s s  is gr e a t ly influe n ce d 
by  the  thickne s s  o f the  lay e r  (s ee  F ig . 4 ) .  T h is  r e s ult  is o f 
im po r ta nc e  fo r  ap p lic a t io ns , s ince  compre s s ibility  prope r t ie s  
o f soils  ar e  o b ta ine d  by  te s t ing s ample s  whos e  thickne s s  is 
ve ry  s m a ll as  c o m pa r e d  to th a t  o f the  s t r a t um  in  the  
pr oto type .

T he  the ory  he re in de s c r ibe d was  de ve lope d in  o rd e r  to 
e x p la in  the  s o- calle d s e c ondary  co mpre s s io n o f s oils . T his  
ca n  be  do ne  c o m b in in g  the  diffu s io n  la w  fo r  gr a ins  in  the  
s ke le ton w ith  T e r za g h i’s the o ry  o f co ns o lid a t io n , as  p r o ­
pos e d by  the  wr ite r  (Ma r s a l, 1 9 6 1 ).
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